
5sinx θ=  
5cosdx dθ θ=  

( )1sin 5xθ −= ∈QI or QIV 
2 225 25 25sinx θ− = −  

225(1 sin )θ= −  
225cos θ=  

225 5 cos 5cosx θ θ− = =  
Since cos 0θ >  for  
θ ∈ QI or QIV 

θ 

opp=x 
hyp=5 

adj= 225 x−  

tanx a θ=  
2secdx a dθ θ=  

( )1tan x aθ −= ∈QI or QIV 
2 2 2 2 2tana x a a θ+ = +  

2 2(1 tan )a θ= +  
2 2seca θ=  

( ) ( )2 22 2 2 2seca x a θ+ =  
4 4seca θ=  

More Examples of Inverse Trigonometric Substitutions  
 

Find 
2 2

1

25
I dx

x x
=

−
∫  

The integrand involves 2 25 x−  which suggests the substitution 
5sinx θ= . 

So 2
2

5cos 1 1
csc cot

25sin 5cos 25 25
I d d C

θ
θ θ θ θ

θ θ
−

= = = +
⋅∫ ∫  

Now consider θ as an angle in a right triangle with sine (opp/hyp) equal to 
x/5 and draw.  Calculate the adjacent side by the Pythagorean theorem 
( 2 2 2adj opp hyp+ = .)  Note the missing side on this triangle is the precisely 
the expression that suggested the original substitution!  This is not a 
coincidence.  We can complete the simplification of this integral by 
recalling the right triangle definition of 
cotangent function as adj/opp. 
 

2

2 2

1 1 25
2525

x
dx C

xx x

− −
= ⋅ +

−
∫  

 
 
 
 

Find 
( )22 2

1
I dx

x a
=

+
∫ , with a given as a constant.  

The integrand involves 2 2a x+  which suggests the substitution 
tanx a θ= . 

So 
2

2
4 4 3 3

sec 1 1 1 1
cos cos2

sec 2 2
a

I d d d
a a a

θ
θ θ θ θ θ

θ
 = = = + 
 ∫ ∫ ∫  

 
3 3

1 1 1 1
sin2 sin cos

2 4 2 2
C C

a a
θ θ

θ θ θ   = + + = + +   
   

 

( )3

1
sin cos

2
C

a
θ θ θ= + +  

Note the use of the double angle formula sin2 2sin cosθ θ θ= .  It is at this point that we again consider θ as an 
angle in a right triangle.  This time θ has tangent (opp/adj) equal to x/a.  The missing side on this triangle is 
again the expression that suggested the original substitution. 
 

( )1
3 2 2 2 2

1
tan

2
x a

I x a C
a a x a x

− 
= + ⋅ + 

+ + 
 

 

( )
( )1

2 3 2 22 2

1 1
tan

2
ax

dx x a C
a a xx a

− = + + + +
∫  

 
 

 

θ 

opp=x 
hyp= 2 2a x+  

adj=a 


