Welerstrass Substitution

This process applies to integrals in which the integrand is a rationa function in sin(x) or
cos(X) asinthe generd form | = Z R(sinx,cosx)dx The substitution

t = tan g . X1 (-p,p) U x=2tan’*(t), t1 A,
changes the integra of a rationa function in (sin x) or (cos X) . Recdling the double angle
Identities:

hyp =+t* +1
sin(2a) =2»>sin(a)>cos(@), opp = t
—  Q@n2
cos(2a) =cos’(a) - sSn*(a) a0 = tan 1
and using the right triangle shown as a =1
mnemonic device, notice how:
sinx = sin(2tan"(t)) = 2 xsin(tan"(t)) xcos(tan™1(t)) = 2 x—_. 1 - 2.
Jt?2+1 «/t r1 P+l
1 t 1-t?
cosx = cos(2tan (t)) = cos’ (tan 1(t)) - sin?(tan *(t)) = - ==
S( (1) (tan"(t)) (tan”"(t)) N Jeel £+l
2
dx = 22 dt . Theintegral will now have the form | :ZR 22t ,12_t 22 dt.
t+1 t?+1t7+1 t°+1

Another sometimes-useful substitution involvesintegrals of the form | :Zf n/g(x) dx.

Heewelet lu=2/g(x) U u"=g(x)|. By the chain rule in differential form, we aso have:
n-1

nxu
9%x)

differential expression f 3/g(x) xdx may be expressed in the form, h u xdu, inwhich hisa
recognizably integrable function.

nxu™xdu=ggx)xdx U dx=

xdu. Thus this substitution is effective only if the

Non-Elementary or Specia Functions
These integrals, and many others, do not simplify in terms of e ementary functions:

_ 2 X _ t2 _ X B 2 _ X, B 2
erf (X)_TQG dt, FresneIC(x)—ZDcos 2t dt, FresneIS(x)—Zosm 2t dt
Si(x) = ZUSI—ntdt Ei(x) = Ls—mdt



