A Procedure for Partial Fraction Decomposition

This procedure details how arational fraction can be expressed as a sum of simpler

rational functions. First though let us review some of the terminology associated with the
process. A rational function, the quotient of two polynomials, is called proper if the degree of
the denominator exceeds that of the numerator. Every polynomial of degree greater than one
and having rea coefficients may be factored over the real numbers as a product of:
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unique linear factors (ULF) eg. X, X-3

repeated linear factors (RLF) eg. X, (x-3)°

unique irreducible quadratic factors (UIQF)  e.g. X+x+1, X+4
repeated irreducible quadratic factors (RIQF)  e.g. (¢+x+1)%, (6¢+4)?

This is a consequence of the fundamental theorem of algebra and the conjugate zeroes theorem.
When a polynomia is written as the product of such factorsit is said to be fully factored over
the reals. Now consider the partial fractions procedure for the rational function f(x).
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If the rational function, f (X), isimproper, use polynomia divison to writeit asa
quotient polynomia plus aremainder term, r (X), which is a proper rationa function.
Otherwise consider r(x)=f(x).

Find the decomposed form of r(x) = % by first factoring q (X) over thereals. The
form will consist of a sum of smpler rational terms that are assigned as follows:

i.)  for each ULF of the form (ax + b) inqg (X) add aterm of the form ﬁ;

ii.)  for each RLF of the form (ax + b)" in q (x) add the n terms of form
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ax+b (ax+b)? 7 (ax+b)"’
iii.) for each UIQF of the form (ax¢ + bx + ¢) inq (x) add aterm of the form
Cx+D
ax*+bx+c’

iv.) for each RIQF of the form (ax’ + bx + ¢)" inq (x) add the n terms of form
Cx+D, N C,x+D, - C x+D,
ax?+bx+c (ax?+bx+c)? = (ax®*+bx+0)"’
Equate r (X) to the decomposed form determined in Il. Clear the denominators from this
equation by multiplying both sides of the equation by g (X) in its fully factored form.
Establish a system of linear equations in the unknowns A,, B, and C, by equating
coefficients on the polynomials given on either side of the equation determined in [11.
Solve the system of linear equations from IV and express r(X) using this and the form
giveninll.
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