Dominant Terms Concept for Considering Limitsto I nfinity

Quite often we are interested in finding the limit on a function, which is expressed as aratio, asitsinput
goproachesinfinity. To amplify this process we may introduce the dominant terms concept. Simply put, in

considering lim i )weneedonlyconsderllm Dom ()}
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We define Dom{ f (x)} asthe dominant term of f (x). In comparing two terms a( X) and b(X) we say that:
a(X) isthe dominant term if lim——- & )
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a(X) iscomparableto b(X) if L{@@? =L, O<L<Y¥,

()
and b(X) isthe dominant termif lim——- a(x) _ =0.
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As gated above, this concept appliesto functions of red variables and aso applies to functions of natural
numbers or sequences. With that in mind we can give the following chart of dominant terms from most to least
dominant terms.

A More Dominant

1.) “hyper-exponential” j!
2.) factorid J!
3)) exponential, ranked by base b b', b>1
1 P
4.) power, ranked by power p 17, p> 0 e Dorminent
5.) logarithm, &l bases comparable log, j, b>1. v

This hierarchy can be proved in steps:
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Which is afinite positive congtant when both a and b are greater than 1. So al logarithms of base base b >1
grow comparably.
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So any power p > 0 functions dominate any base b > 1 logarithm function.
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So the largest power function dominates.
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In congdering the relative growth rate of an exponentid function againgt a power function we use L’Hopitd’s
rule and the redization that repesated derivatives of an exponentiad function are merdly a congtant times the

exponentia function. On the other hand repested derivatives of a power function decrease the power by one
until it islessthan zero. When the derivative of the power function has a power less than or equd to zero, it's



limit as the base gpproaches infinity is a constant or zero. In either case, the resultisany base b >1
exponentid function dominates any power P > Ofunction.
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The quatient of two exponentia functions is another exponentia with the larger base being dominant.
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Thisfallows from the fact that the factors in the numerator continue to increase while the dways-equa number
of factorsin the denominator remains fixed.
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Thisfollows from congdering the quotient as a product of an increasing number of factors which sart a one
and successively grow larger. How large must j be for this quotient to exceed N?

Examples.
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The dominant term concept can be used in compodtion with functions, but not functions of the independent
vaiable.
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d.) IIm + 1 IImL =1. We cannot apply the dominant terms concept inside the function of j.
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Thislimit instead would be found as;
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Thisisa0/0 form so we may use L’ Hopitd’s Rule.
I
: =
InL=Iim&=l =} L=e.

i®¥ -

Cdculus |1 student mathematicians should be able to verify the relative dominance amongst any particular pair
of these five function types using these concepts.
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