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■ Often high order plant models are available

■ The standard design methodologies lead to high order
controllers

■ Computational and numerical constraints limit the order of
the applicable controller

■ Evolutionary Algorithms (EA) are a powerful tool for
attacking non-convex problems

■ The computation cost associated with EA is high
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Designing H∞ controller of order k < n is a non-convex problem
see e.g. [Skelton et al.(1997)]
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Bisection method according to [Boyd et al.(1988)]

==

Eqs (1)
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Bisection method according to [Boyd et al.(1988)]

1. Calculate lower and upper bounds for the H∞ norm using the
Hankel singular values.
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Bisection method according to [Boyd et al.(1988)]

1. Calculate lower and upper bounds for the H∞ norm using the
Hankel singular values.

2. If boundaries closer than desired precision STOP
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Bisection method according to [Boyd et al.(1988)]

1. Calculate lower and upper bounds for the H∞ norm using the
Hankel singular values.

2. If boundaries closer than desired precision STOP
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5. If Mγ has no imaginary eigenvalues.
γup = γ

else
γlow = γ

GO TO step 2;

Eqs (1)

ω

kT(s)k∞

jT(s)j



2�����Evolutionary Algorithms

Motivation

Computing the H∞ norm

Evolutionary Algorithms

Population bisection

Numerical results

Conclusions

7



2�����Evolutionary Algorithms

8

Selection

Evaluate Cost Function

Generate Initial Population

Offspring Population

Evolutionary Operators

Elitism

Crossover

Mutation
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2 31

c2 c3c1

1 100.1

fitness F(c)

cost funct. f (c)

k
f (c) kp

rank(c)
0.09 0.0090.9 0.44 0.31 0.25

Function proportional Ranking selection

rank
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5% 41% 54%

Computing Hankel SVD Performing bisections

■ Hankel SVD is computationally expensive

■ Introduce ”skip factor” F(ci) = 1p
rank(ci)
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■ Spinning Satellite (2� 2, 8th order) [Balas et al.(2001)]

■ Two-link flexible manipulator (2� 2, 14th order)
[Apkarian et al.(1996)]

θ2

θ1
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8th order controller: H∞ norm = 70.5351. With: 2nd order: Tbl 1
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14th order controller: H∞ norm = 3.82. With 2nd order: Tbl 4
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■ Developed generic population bisection technique

■ Experimentally shown that the population bisection applied
for H∞ controller design:

◆ reduces the number of necessary bisections with more
than 20% without loss of information!

◆ can reduce the computation time down to 1/10
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Thank you for your attention!
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Bisection method according to [Boyd et al.(1988)]

1. Calculate lower and upper bound for the H∞ norm

γlow = max fσmax(D), maxfσHi

gg (1)

γup = σmax(D) + 2
n

∑
i=1

σHi

2. If (γup � γlow) � 2ǫγlow STOP.

3. γ = (γlow + γup)/2;

4. Form Mγ and compute its eigenvalues

Mγ = �
A� BRDTC �γBRBT

γCTSC �AT + CTDRBT

�

(2)

5. If Mγ has no imaginary eigenvalues γup = γ,
else γlow = γ

GO TO step 2;
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■ Evolutionary Algorithm: Genetic Algorithm Toolbox (GADS)
of MATLAB [Mathworks(2005)]

■ Controller representation: Companion canonical form

AK=
266640 . . . 0 a1

1 . . . 0 a2
...

. . .
...

...
0 . . . 1 ak

37775 ; BK=
266641 b12 . . . b1m

0 b22 . . . b2m
...

...
. . .

...
0 bk2 . . . akm

37775
CK and DK are full matrices.

■ Computations performed on Pentium IV, 3GHz processor, 512
MB RAM.

■ Initial range for each parameter between [�1; 1℄.
■ Crossover rate = 0.8.
■ Mutation shrink = 1.
■ Mutation scale = 1.
■ Crossover type - intermediate.
■ Number of elite children = 2.
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Average results of 10 optimization runs.
Population size = 20; Number of generations = 100

Table 1: Results for the satellite problem
Skip Bisections H∞ norm

factor [% of stnd.] mean STD

0 79.27 70.6086 0.0460

0.1 67.62 70.5953 0.0574

0.2 46.06 70.6153 0.0526

0.3 32.86 70.5974 0.0541

0.4 28.57 70.6352 0.0651

0.5 22.55 70.5972 0.0360

0.6 17.25 71.0078 1.1755

0.7 10.09 72.3539 3.5015

0.8 0.00 216.6496 122.3274

0.9 0.00 202.9761 155.3374

1.0 0.00 634.4 1115.6
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Table 2: Influence of the modifications to the population bisection
Skip Bisections H∞ norm

factor [% of stnd.] mean STD

0 ? 82.30 70.5567 0.0172

0 a 80.35 70.6238 0.0777

0 b 79.61 70.5933 0.0286

0 79.27 70.6086 0.0460

0.3 ? 68.62 70.5488 0.0112

0.3 a 64.46 70.5521 0.0108

0.3 b 33.43 70.6126 0.0294

0.3 32.86 70.5974 0.0541
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Average results of 10 optimization runs.
Population size = 20; Number of generations = 1000

Table 3: Results for the two-mass-spring problem
Skip Bisections H∞ norm

factor [% of stnd.] mean STD

0 63.36 1.1891 0.1079

0.1 55.07 1.1593 0.0663

0.2 45.00 1.1506 0.0822

0.3 38.25 1.1792 0.1446

0.4 36.24 1.1651 0.0694

0.5 22.27 1.2674 0.0933

0.6 9.20 1.5408 0.3225

0.7 1.21 1.79 107 4.41 107
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4th order controller: H∞ norm = 0.6014. With: 2nd order:
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Average results of 5 optimization runs.
Population size = 50; Number of generations = 2000

Table 4: Results for the two-link flexible manipulator problem
Skip Time H∞ norm

factor [sec] mean STD

0 432.79 9.9492 2.2616

0.1 344.93 9.7795 1.8187

0.2 298.68 10.1905 1.1601

0.3 227.65 9.0235 0.3303

0.4 122.67 10.4607 3.0890

0.5 85.47 9.4452 0.5784

0.6 67.36 9.3681 0.5942

0.7 67.18 12.6639 3.1250

0.8 44.19 13.1278 2.0433

0.9 22.73 1795.65 1780.50

1.0 24.49 9479.72 19862.77
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