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MATHEMATICS AND YOUTH MAGAZINE

A PROBLE M-SOLYING JOURNAL AT SECOMNDERY LEVEL

Note. This is not official published production and we only post in here new
problems and some solutions to old problems. We hope this can help the Journal
be more popular. Beside it, this may helps someone who are interested in solving
Mathematics problems at the secondery level. This is also a good source for
teachers in preparing problems for some purposes and students in improveing
their skills in solving problems.

In each paper we will post all new problems and all in English, solutions to
some previous problems and all posted solutions are in Vietnamese. This can
not reproduce, copy or in any form and by any mean without the permissions
of the official publisher! Any futher informations about these works you can
contact me by email at the address pluricomplex_amath@yahoo.com or the
airmail address at: Ha Duy Hung, Department specialized in Mathematics and
Informatics School, Hanoi University of Education, Hanoi,Vietnam. That's all
we want to talk!

NEW PROBLEMS IN THIS ISSUE

desieske

Volume 41 Number 328 December 2004
PROBLEMS FOR LOWER SECONDERY SCHOOL

Problem 1 (T1/328 for 6! Grade) Compare the numbers
23 2
2% and 3%
Proposed by Nguyén Thi Nga

Problem 2 (T2/328 for 7" Grade) Calculate the following sum of 2004 numbers

1 2004

f(2005)+f(2005)+“‘+f(m)
where L00*
o) = To0e 7 10

Proposed by Pham Xuan Trinh
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Problem 3 (T3/328) Find all positive integer solutions of the equation (n +
1)(2n +1) = 10m2,

Proposed by Bui Van Chi

Problem 4 (T4/328) Find all positive integers n. such that the polynomial with
n + 1 terms
P(z) =a* + 240D 4 a¥ pat 41

is divisible by the polynomial with n + 1 terms
Qz) =2+ V4 ot + 2?41
Proposed by Nguyén Thi Minh
Problem 5 (T5/328) Find the greatest value of the expression

o+l P41 A+
B2+ 1 241 a2+1

where a,b.c are non-negative real numbers satisfying a + b+ c = 1.
Proposed by Truong Hoang Hiéu

Problem 6 (T6/328) Let ANABC be a triangle with acute angle A and AC =
2AB. The angle bisector AD cuts the atitude BH at K (D lies on BC, H on
AC). The line CK cuts AB at E. Prove that NABC is right at B when and
only when the areas of the triangles NBDE and ANHDFE are equal.

Proposed by Tran Vian Thinh
Problem 7 (T7/328) On the side AB of an equalateral triangle NABC take a
point N, on the side AC take a point N so that AN > NB and AM > MC'. The
line BM cuts CN at H. Let P,Q be respectively the orthorcenters of NABM
and NACN. Prove that BN = CM when and only when HP = H(Q).

Proposed by Trinh Bing Giang

PROBLEMS FOR UPPER SECONDERY SCHOOL

Problem 8 (T8/328) Find the least prime number p such that [ (3 + /p)*" |+1
is divisible by 2" for every natural number n, where |x] denotes the greatest
integer not exceeding .

Proposed by Bui Thé Hung
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I

Proposed by Tran Tudn Anh

Problem 9 (T9/328) Prove that

() () (

where a, b, c are positive real numbers and k > *

OQII\.«

Problem 10 (T10/328) Find all positive real numbers a such that there exist a
positive real number k and a function f : R — R satisfying the condition

f(w);rf(y) > f(x+y)+k|x_y|a

for all real numbers x.y.
Proposed by Han Ngoc Dic

Problem 11 (T11/328) The altitudes AD,BE,CF of an acute triangle ABC
intersect at H so that AH > HD,BH > HE,CH > HF'. Prove that

tan? A + tan® B+ tan’C > 6
Proposed by Pham DPic Quang

Problem 12 (T12/328) Let be given n distinct points Ay, A, ... , A,. Prove that
(i) >0, Aiﬁi‘lwz >
(i) > AiQAi 1 < (n— )

where A, 1 is considered as Ay, A, .o is considered as Ay and Q) is an arbitrary
point distinct from Aq, Ao, ... , A,.

Proposed by Vii Hoang Hiép
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SOLUTIONS TO PREVIOUS PROBLEMS

Volume 41 Number 324 June 2004
fesfesfestesy

Problem 1 (T1/324) S6'22%° ¢6 bao nhiéu chit s6? Hdy xdc dinh chit s6 ddu tién
bén trdi s6 do.

Bai giai. Ddp s6 1a ¢6 31 chit s6 va chif s6 ddu tién bén trdi bang 1.
Hay chd ¢ ring 1025 > 210 — 1024 > 10° tir d6 ma

100 41 .10 40 39 31 4

S (e YO

1030 40 39 38 30 3
hay ta nhan duge 2% < 21030 .| Tir c4c bat dang thitc néi trén ta nhan duge bat
dang thitc

1030 < 2190 < 2. 10%

Bét dang thitc cu6i cling cho ta thdy ring s6 219 c6 31 chit s6 va chit s¢ dau tién
bén trdi bang 1.

Problem 2 (T2/324) Cho tam gidge NABC ¢6 ABC = 70°, ACB = 50°. Trén
canh AC ldy diém M sao cho ABM = 20°. Trén canh AB ldy diém N sao
cho ACN = 10°. Goi P la giao diém ciia BM va CN. Hay chimg minh rdng
MN =2MP.

Bai giai. Dung tam gidc déu ABCQ vé6i diém ) nim & vé cling mot phia b 12
duong thang BC do6i vé6i diém A.

Tir cdch dung ta nhan théiy/{ﬁ\ng AQMB = AQMC (theo trudong hop c.g.c)
do d6 ma BQM = CQM = B9 — 30°. Vi tam gisc ABCN can tai N nén ta
suy ra NC' = BN = QC. Mat khic ta lai c6 NOM = QCM = 10° nén ta lai
nhan duoc AQCM = ANCM do d6 ma MNC = MQC = 30°. Cudi ciing dé
y ring MPN = 90° ta nhan dugc MN = 2M P,
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Problem 3 (T3/324) Gidi hé phuong trinh

22ty =2
Y+ =2
Bai giai. Bang cdch trir hai phuong trinh cho nhau ta nhan duge (z,y) = (1,1)

1a nghiém duy nhat cua bai toan.

Problem 4 (T4/324) Chitng minh bdt ddng thitc

Vat + 04+t +Va2bh? + 022 + c2a2 > Vadb + b3c + c3a + Vab® + bed + cad
voi moi a, b, c duong.
Bai gidi. Theo bat dang thitc Bounyakovsky ta c¢6
(a4 + bt + 64) (a2b2 +b%* + 02a2) > (agb +bic+ cga)2

(a4 +bt + 64) (a2b2 + b2+ 02a2) > (a63 + b+ ca3)2

cong hai bat ding thitc d6 ta thu duoc két qua 12

2(‘/(a4 +b% + ) (a20% + b2 + c%a?) > Vadb+ b3c+ a+ Vab? + bed + cad

Bay gitr 4p dung bat ding thitc Cauchy cho hai s6 & trong cin clia biéu thitc vé
trdi ta nhan duoc két qua.

Problem 5 (T5/324) Cho tam gidc NABC vuéng tai A. Véi méi diem K ndm
trén canh AC dung duong tron tam K tiép xiic véi BC & diém E. Dung BD tiép
xiic v6i duong tron tam K tai diém D khdc E. Goi M, N, P,Q ldn luot la trung
diém ctia cdc doan thing AK, AD,BD.MP. Goi S la giao diém ciia hai duong
thing QN va,BD. Hdi rdang diém S sé chay trén duong thdng nao khi ma K di
dong trén canh AC?

Bai giai. Cic trudng hop dic biet khi ma K tring véi C hodc A hodc giao diém
clia AC véi phan gidc géc B duoc kiém tra khong mdy khé khan.

B
F
S,
N

Ta hiy xét kha niang & d6 K nim giita giao diém ndi trén véi diém C hay tuong
ting 14 giao diém S nim & trong doan AF. Goi I 1a trung diém clia doan thing
BK khi d6 dé thdy ring bon diém N, Q,S,I thang hang. Goi F' 1a giao diém
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clia AS v6i dudng thing BC. Ta sé& chitng minh ring diém F chinh Ia trung diém
ciia doan thing BC. Thuc vay dé y rang /A = IK = I D nén tam gidc ATAD
can & diém I. Diéu d6 suy ra rang diém S nim trén trung truc clia doan thing
AD hay tam gidac ASAD can tai S. Ta cé

SAD = SDA=BKA=BCA+KBC = BCA+KBD = BCA+ DAK

vy ta ¢6 SAC = BCA hay tam gidc FAC can tai F. Tir d6 va tir gid thiét vé
diém K ta suy ra ring diém F' Ia trung diém cla doan thang BC. Tic diém F
thuoc viio dudng thang c6 dinh AF 13 trung tuyén cua tam gidc AABC.

k2

Problem 6 (T6/324) Cho da thiic f(x) c¢6 bdc 2003 thod mdn f(k) = T

moi k=1,2,...,2004. Hdy xdc dinh gid tri cia f(2004).

Bai giai. Xét da thitc g(z) = (z + 1) f(x) — z? khi d6 da thic g(z) c6 bac 2004
nhan cdc gid tri 1,2,...,2004 1am khong diém nén ta cé thé viét né dudi dang
g(z) =a(z —1)(z — 2)--- (x — 2004). Tu diéu kién g(—1) = —1 ta nhan dugc

ring a = — Thé cong thitc nay vao ta nhan duge cong thic tinh da thic

2005!"
f(z) va tir d6 khong khé khian dé nhan duge ring

2005% —1 8060150124
F(2005) = 2005 - 2006 4022030

Problem 7 (T7/324) Chiing minh rdang 4x° +4y? < zy +yz + zx + 52> trong dé
r,Yy, 2 la cde s6 thuc duong thod man diéu kién v < y < z. Pdng thitc xdy ra khi
nao?

Bai giai. Tir gid thiét ta nhan duoc danh gid 72 < zy < 72 < yz < 22, do d6
ma 422 +4y? < zy + zx + 2% + 42° = 2y +yz + 22 + 522, Déng thic xdy ra khi
va chi khi x =y = 2.

Problem 8 (T8/324) Goi r,.1y. 7. la bdn kinh cia cdc duong tron bang tiép cdc
goc twong ung la A, B. C ctia tam gidc NABC. Chiitng minh rdng ta cé bdt ddng
thitc sau ddy

. A+ . B+ . C<rf’;+r§+rf 11 1
T S — Ty S — TFeSINl—— S ———(— - - 5 sy
2 T 2 6 r2 22

Bai giai. Bai todn nay c6 thé chi cin ching minh ma khong st dung may tinh
chat hinh hoc, muon vay hay chd y dén bat déng thitc dang

22 4+ y? + 2% > 2xycos A+ 2yzcos B + 2zxcos C
v6i moi s6 thuc z, 1y, z va moi A, B, C 1a ba géc clia tam gidc AABC véi

VTaTvTe Y TaTpTe o VTaTbTe

ro Ty re

Tr =
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sau d6 van dung bat dang thitc Cauchy dé nhan dugc két qua.
Ngoai cach giai néi trén cdc ban ciing c6 thé sir dung phuong phép vector dé
chiing minh bai todn nay. Mu6n vay hay goi e, €, e3 1a céc vector don vi cling

. 7 N o se A
huéng véi cac vector @ L,CA, 1@ va sau do xét tong
o\ 2
Y Ta
cyclic

ta s& nhan dugc mot bat ding thifc manh hon
T

cyclic a

ti€p d6 dung bat dang thiic Cauchy dé thu duge két qua.

Z . A<1 1+1+
resin — < —r,rpre - | —= + —
2 g b 72 2

1
r2
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