G8 SguareRootsand Pythagoras Theorem

G8.1 Squareand Square Roots
Definitions:

If axa=n,then

(1) nisthesquareof a,i.e. n=a’.
(2) aisthesqguareroot of n.

For example, since2 x 2 =4 and (-2) x (-2) =4,
(1) Thesquareof 2is4 and the square of -2 isalso 4.
(2) 2and -2 arethe square roots of 4.

The symbol for square root is \/_ , caled the radical sign. We may write Ja=2.

In fact, for any positive number n, there are two sgquare roots, the positive square root Jn and
the negative square root —+/n. So if a?=9, then a=+/9=3 or a=-+/9=-3. Note that

\/5:3 but \/§¢—3.

Checkpoint 1

By the use of a calculator, evaluate the following: (Give the answers correct to 1 decimal place
where necessary.)

© 3ol @ 289
(e) \/m (f) \/63-1- 2
J3-1 2533



Facts:
For positive numbersa and b,

(1) +axb=+ax+b;
ﬁ_ﬁ
b Vb

We may use these results to evaluate square roots and expressions involving square roots.

Example 1
Evaluate the following without using a calculator:
(8 484 (b) 1764
(c0 +/1600 (d) 70.04
36 1
e — f 2=
(e) 29 (f) 2
Solution
(3 /484 =2x2x11x11=~2%x11°
= \/? x /117
=2x11=22

(b) 1764 =/2x2x3x3xTx7 =22 x3Z x 72

= 2% <32 <77

=2x3x7=42

(c) /1600 =/16x100
— /16 x+/100

=4x10=40

(d) /0.04=+4%0.01

=4 x/0.01
36
© \/4—9

=2x0.1=02
(f) \/7

ﬁd%' \Jlm
le
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Checkpoint 2
Evaluate the following without using a calculator:

(@ 1369 (b) /6400
(©) +/2.56 (d) 152 x9
@ 2 M a0

1156 81



G8.2 Pythagoras Theorem

The figure shows aright-angled triangle ABC.

hypatenuse

N

B a c

The longest side, which is opposite to the right angle, is called the hypotenuse.

Pythagoras' Theorem:
In aright-angled triangle, the square of the hypotenuse is equal to the sum of the squares of the
other two sides.

i.e. If AABCisright-angled at C, then a® +b® =c”.
[Reference: Pyth. Theorem]

Proof:

Consider two congruent right-angled triangles ABC and PAQ
placed as shown in the figure so that QAC is a straight line.
We are going to find the area of the trapezium BCQP in two
different ways.

(1) Areaof trapezium BCQP
= Areaof AABC+ Areaof APAQ-+ Areaof APBA

I PAIIE PO IS
2 2 2

1
=—(2ab+c?
2( )
(2)  Areaof trapezium BCQP
:%(BC+ PQ) x QC
1
= (a+b)a+b)
1 2 2
:E(a +2ab+Db”)
1 2 1 2 2
E(Zab'FC ):E(a +2ab+Db )

2ab+c? = a® +2ab+b?

i.e a’+b?=c?



Example 2
In the figure, find the value of b.

Solution

92 + (v/40)? = b? (Pyth. Theorem)
b? =81+ 40
=121

b=+v121

=11

Example 3
In the figure, find the values of x and y. (Give the answers correct to 2 decimal places where
necessary.)

Solution
(@ InAABC,

X2 = 62 + 82 (Pyth. Theorem)

=100
X = /100 =10

(b) InAACD,

47 +y? = x? (Pyth. Theorem)

16+ y? =100

y?=100-16=84

y=-/84

=9.17 (corr. to 2 decimal places)



Checkpoint 3
In each of the following figures, find the values of the unknowns. (Correct the answersto 2
decimal places where necessary.)

@ (b)

(©

i3x— Ao

[4.x+2)cm

bxem



Example 4
Inthefigure, ZB = 90°. BC = CD = DE = EF. Provethat 7AC? + 3AF? = 7AD? + 3AE?

Solution

In AABC,

AC? = AB* + BC? (Pyth. Theorem)
In AABD,

AD? = AB? + BD? (Pyth. Theorem)
= AB? + (2BC)?
= AB? + 4BC?

In AABE,
AE? = AB? + BE? (Pyth. Theorem)

= AB? + (3BC)?
= AB? + 9BC?

In AABF,
AF? = AB? + BF? (Pyth. Theorem)

= AB? + (4BC)?
= AB? +16BC?

7AC? + 3AF?
= 7(AB? + BC?) + 3(AB? +16BC?)
=10AB? +55BC?

7AD? + 3AE?
= 7(AB? + 4BC?) + 3(AB? + 9BC?)
=10AB? + 55BC?

- 7TAC? + 3AF* = 7AD? + 3AE®



G8.3 Applications of Pythagoras Theorem

There are many problems that involve right-angled triangles and some times Pythagoras
Theorem can be used to solve them.

Example 5

A ladder 4 m long leans against a vertical wall. Itsfoot is 1.2
m from the wall. How far up the wall will the ladder reach?
(Correct the answers to 2 decimal places.)

Solution
Let h m be the height reached.

h? +(1.2)* = 4° (Pyth. Theorem)
h?+1.44=16
h* =16-1.44 =14.56
h=+14.56

=3.82 (corr. to 2 decimal places)
. Theladder will reach a height of 3.82 m.

Example 6

A boat sails 6 km due north and then 4 km due east. How far
isit from its starting point? (Correct the answers to 2 decimal
places.)

Solution
Let d km be the required distance.

d? =62+42 (Pyth. Theorem)
d? =52
d=+52
=721 (corr. to 2 decimal places)

. Theboat is 7.21 km from its starting point.



Checkpoint 4

Ship A and Ship B leave a port together. Ship A sails due east
at 15 km/h and Ship B sails due north at 20 km/h. What is the
distance between Ship A and Ship B after 3 hours?

Checkpoint 5

Two vertical walls are 24 m apart. One post is 22 m high and
the other is 15 m high. What is the distance (d) between the
tops of the two posts?

22m

1Em




G84 Converseof Pythagoras Theorem

The converse of Pythagoras' Theorem is also true.
i.e. INAABC, if a® +b? =c?, then £C=90°. ¢ b
[Reference: Converse of Pyth. Theorem]

Proof:
Construct aright-angled triangle A'B’C’ such that £/C =90°, B'C =aand AC’ =b.

By Pythagoras' Theorem, we have

Blclz_l_ﬂilclzzﬁlBlz
A'B?=a +2° B 3
a’ +b'=¢
Since AER A2
A'B'=r

BC=R'C'=a (By construction)
AC=A'C'=h (By construction)
AB=A4AB'=¢ (proved)
AABC = ALR'YWC (SSS)
We then have ~C = ZC’ = 90°.

Example 7
In the figure, determine whether AABC isright-angled.

B 2 [
Solution
AB? =132 =169
BC? =12% =144
AC?>=5%=25
BC+ AC=AB
ZC=90° (Converse of Pyth. Theorem)

Hence AABC isright-angled at C.

10



Checkpoint 6
In the following figures, determine whether they are right-angled triangles.

€Y (b)

10 G

11



G8.5 Rational Numbersand Irrational Numbers

Definitions:

(1) A rationa number isanumber that can be expressed as afracti onm , Where mand n are

n
integers.

(2) Anirrational number isanumber that is not arational number, i.e. a number that cannot

. .m .
be expressed as afraction — , where mand n are integers.
n

Example 8

5, % 1%,3.2 are rational numbers.

Proof:

5= ,wherem=5andn=1;

RO
Il
5|3

winN

,wherem=2andn=3;

=

=—,wherem=6andn=>5;

1
5

— glo >3

3.2= 6,Wherem:16andn:5.

=5, 1

5
2 )
3’ , 3.2 are rational numbers.

gl
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Example 9

\/E is an irrational number.

Proof: (by “ Suppose the Converse”)

Suppose\/i isarational number.

Then /2 = m or 2n=m, wheremand nare integers and they do not have common
n

factors except 1.

We havem?® = 2n”...(*).

Since mand n are integers, 2 isafactor of m®.

So m* isan even number. Also misan even number and can be expressed as m= 2k .
By equation (*), we have 4k* =(2k)*> =m* =2n* or 2k* =n’.
Since n and k are integers, 2 isafactor of n®.

Hence n? isan even number and so n is also an even number.

But m and n have acommon factor 2. This contradicts our supposition.
Thus we can conclude that our supposition is afalse statement,

i.e. v/2 isnotan irrational number

or /2 isarational number.

Usually, radicalslike v2, /6 areirrational numbers. But /4 isarational number since
Ja = 2:%

There are non-radical irrational numbers like r.

Checkpoint 7
Are the following numbers rational or irrational?

@
(b)
(©
(d)
()

J2+5
J3-3
V2x+/2

2
e

3V2-23

13



G8 Exercises
Square Roots and Pythagoras Theorem

G8.1
1.  Evauatethefollowing with a calculator:
@ B2 o 32
5 J3+4/2
o 2342 @ 22,
V5 V2++/3
2. Evaluate the following without using a calculator:
(@ 729 (b) /14400
(o0 —+/0.000225 (d) %
@ 22 o 2
49 3/3
G8.2
3. Findthe values of the unknownsin the following figures.
(@ (b)
= a 503 2°
24 I
(©) (d)
2 5 5 A
/1 I :
|
r ' [ s
C { ' |
3 ) . “ I I.!-
|
0

14



(€) (f)

B
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i | I:‘.l 4 L
(9) (h)
B
B ."lllll.".
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(i) ()
= o o1 !
- . Jx """ 0 B
4. In the figure, ABC is a triangle right-angled at B. i

BD L AC.AB=6cmand BC=8cm.
(@  Find thelength of AC. D

(b)  Find the areaof AABC. fem
(c) Usingtheresult of (a) and (b), find the length of BD.
(d) Findthelength of AD. 8 Torm

G8.3
5. A boat sails 3 km due east and then 3.5 km due south. How far is the boat now from its
starting point? (Correct the answer to 1 decimal place.)

3 km l
4 —_— |
suulmq:
Pmini



Two flagpoles are 7 m and 10 m tall respectively. If the distance between the tops of the

two flagpoles is 10 m, find the horizontal distance between them. (Give the answers
correct to 2 decimal places.)

I

L
|..._.

Horizonal disiance

7.  Aladder 13 mlong is placed against a vertical wall and reaches a height of 12 m. If the
top of the ladder slides 4 m down the wall, how far will the foot of the ladder slide?
(Correct the answer to 2 decimal places.)
G84
8.  Determine whether the following triangles are right-angled.
(@) (b)
B H
s ;
AN - |
., i -
4/ \\F p
. -~ _
. A I
(©) (d)
N
| ‘\\‘
| ..‘\' ]
15| \\
| N
| '\
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9. Inthefigure, ABCisatrianglewith AB=BC=acmanCA = JJ2acm. Show that #B
isaright angle.

dem a

10. Inthefigure, XYZ isatriangle. XN is the perpendicular from X to YZ. If YN = 9 cm,
NZ =16 cm and XN = 12 cm, show that £ YXZ = 90°,

X

1Z2em

Dem M T16em

Supplementary
11. Inthefigure, AABC is aright-angled triangle. D and E are the mid-points of two shorter
sides BC and AB respectively. Provethat 4(AD? + CE?) = 5AC”.

A
e,
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