A3  Laws of Integral Indices

A3.1  Positive Integral Indices

n

In a", a is called the base, n is called the index (also called the exponent). a” means

n times

Example 1
Simplify
(@) a’xa’ b) a°=+a (c) (a*)’

Solution

(a) a’xa’ =(axaxa)x(axaxaxaxa)
—axaxaxaxaxaxaxa
=4

4 axaxaxaxaxa

(b) a’+a

axaxaxa
=axa

:a2
(© (a*) =(a’)x(a*)x(a*)

=(axa)x(axa)x(axa)

:aé
Example 2
Simplify
3 a !
(@) (ab) (b) [Zj
Solution
(@) (ab)’ =(axb)x(axb)x(axb)
=(axaxa)x(bxbxb)
=a’b’
o (-BHEHY
b) \b) \b) \b
_ axaxa
~ bxbxb
(13



The results in Example 1 and Example 2 illustrate the following laws of indices:

If m and n are positive integers, then
(i) am Xan =am+n
(i) a"=a"=a"", a#0 andm>n

(iv) (ab)" =a"b"

a)' a"
\ —| =—, b#0
v) (b) Fr

Example 3
Simplify

a’xa’ 2a ! b? }
@ L b) (_j Wis

a’ xa b a

a ! 9 ?

(© (ab®) +(4a*h’)’ & (-ab’ [3—j x[—a—zj
Solution

a*xat o af _
(a) a3xa =a3+1 =?=a64=a2

4 2\3 4 243 4 4 23
(b) (ﬁ) be_] :(Za) x(b 3) :2 a xb =16a*bp"* =16ab’

b a b* a b* a’
1
© @) 4Dy =)
1
— 3b6><—
16a*b®
_ L
16a
4 2 4 2
a 9 a 9
(d)  (-ap®) x[%—zj x(—a—z} =(-1)’d’ ()’ ><34(b—2)4><(—1)2 o
at 81
el



Checkpoint 1

Simplify
5 3r2
@ L
P
() (“4p*)=@2p’) x@2p’)

(b)

(d)




A3.2  Zero and Negative Integral Indices

We are now going to extend the idea of exponents to zero and negative integral indices in such a

way that the laws of indices hold for all integral indices.

Consider the following patterns:

10° = 1000
10> = 100
100 = 10
10° = 1
100" = 2
102 = 2
v 10° = 2 v

These numbers are
decreasing each

The indices of 10
are decreasing step to L ofthe
each step by 1. 10

previous number.

From the patterns, we observe that

10° = 1
1
10" = —
10
1
102 = —
102
10° = —
10°

By the lawa™ xa" =a™™", we have if

(1) an _aO :an+0 :an

Thus, if a # 0 and # is an integer, we define
(1 a"=1

2 a'=

The indices of 2

22 = 8
22 = 4
2! =2
2 =1
2t =
27 = 9
273 = 9 v

These numbers are
decreasing each

are decreasing step to L ofthe
each step by 1. 2

previous number.

[\®) ™o | =
[\

N[ —



Now we have the following laws of indices:

+n

(i) am Xa" =am

(iii)y @")"=a™

(iv) (ab)" =a"b"

b

) (ﬁj =Z:, b0

If m and n are pesitive integers, then

(i) a"=a"=a"", a#0 and w=n

Example 4
Find the values of
(a) 3°-57 (b)

Solution

1 1
a) 3°.57%=1.—=—
@ 5% 125

(b)y 52+5'=5""=57=—=—

Example 5
Simplify
@ " -m” (b)

(©) (3%a™)(3a”) (d)

(Give the answers with positive indices.)

Solution
(a) co-m‘3:1.#:#
b)) (@")'=a"" =a"= }nn
a
() (*aHBa’)=3""a"*?=3%a" 22_3

(a—lb)Z . (a—l)ZbZ . a_2b2
ab ab ab

(d)

b

—-2-17.2-1 -3

=a b =a b:—3
a

52 =54

@y
(a”'by
ab




Checkpoint 2

Find the values of

9999 1’ ,
(a) (m} b (-4

© G] 24 d 27 x(%)

Checkpoint 3
Simplify the following:

(@) a”’xab” b) —(-h)7 <k (c) [ij

(Give the answers with positive indices.)



Checkpoint 4

Simplify the following:
3 -2
(@) (=2k)7x (E} (b)

(©) (a7 +b7)a”=b7)

(Give the answers with positive indices.)

a’b+(b'a*)”!



A3.3 Notations for Various Numeral Systems

A.  Numeral Systems around Us

In everyday life, we prefer using measuring units in the metric system (- éﬁjﬂ) to simplify

calculation and conversion. The metric system is a decimal (or denary) system, the conversion

factors are either 10 or powers of 10.

For example, units for measuring lengths are metre (m), centimetre (cm), millimetre (mm), etc.,

where ] m=100cm and 1 cm = 10 mm.

As well as metric or decimal system, other numeral systems are used in everyday life. The

following table shows some everyday examples of non-metric systems.

Non-metric system

Example

Remark

Catties(/7 ) and taels () or pounds (15%) and

ounces (4’ ) are used in measuring weights.

Hexadecimal 1l 1 catty = 16 taels
(Base 16) e 1 pound = 16 ounces
.’; It weighs 17 -“.\
{ taals, L&, 1catty )
I\__ﬁﬂ_d 1 t:a.il. ____J-"’X
Feet (~!) and inches (=] ) are used in
measuring heights.
Duodecimal )
T 1 foot = 12 inches
(Base 12) L 48 inches tall,
Vola 4 feet.
Y o
Computers store
) ) o information in the
Binary The numeral system is used in internal .
) form of combi-
(Base 2) operations of computers.

nations of ‘0’ and
‘1°.




B.  Place Value
Place Value of Decimal Numbers

In the decimal system of numeration, each digit (5yJ") can take any one of the following Arabic
numerals: 0, 1,2, 3,4,5,6,7, 8and 9.

For example, we can write ‘two hundred and thirteen’ as 213’.

In a decimal number, the position that each numeral takes has a certain value, which is called the
place value (% {fi1).

For example, in the number ‘213°, the place value of each digit from the right to left is as
follows:

The place value of the first digit, 3, is ‘one’ (1);

the place value of the second digit, 1, is ‘ten’ (10);

the place value of the third digit, 2, is “hundred’ (100).

Moreover, place values increase in powers of 10 from right to left. The place value of each digit

is 10 times that of the number to its right.

Hundreds Tens Ones
Digit 2 1 3
Place value 10 10 1
x 10 x 10

We can use a numerical expression which shows the place value of each digit to represent any
number.
e.g. 213=2x 1T02+ 1x10+3x 1T

Place value Place value
of 2 of 3

Place value
of 1

We call the numerical expression that shows the place value of each digit the expanded form (%
ff]=Y). By using the expanded form, we can show clearly the relation between the place values of
different digits.

For the decimal number 210, its expanded form is 2 x 10 + 1 x 10+ 0 x 1; ‘0’ is called the place
holder (} §7"). Although ‘0’ means ‘nothing in quantity’, it plays a very important role here.
It is because we can determine the place values of other digits only after ‘0’ has taken its

position.



Example 6

Consider the number 3004.

(a) What are the place values of 3 and 4?
(b)  Write 3004 in the expanded form.

Solution
(a) Place value of 3 = 10°
Place value of 4 =1
(b) 3004=3x10°+0x10*+0x10+4x 1

Checkpoint 5
Write the following decimal numbers in the expanded form.
(a) 2310 (b) 1670 (C)

Checkpoint 6

Represent each of the following expressions as a decimal number.
(@) 2x10°+5x10+6x1

b) 9x10°+0x10°+7x10+8x 1

(¢) 7x1000+ 8 x 100000+9 x 10+ 6

48519

10



Place value of Binary Numbers and Hexadecimal Numbers

Other than the decimal system, the binary and the hexadecimal systems are two common

numeral systems.
The binary system has two numerals: 0 and 1.

The hexadecimal system has sixteen numerals: 0, 1, 2, 3,4,5,6,7,8,9, A, B, C, D, E and F. The
table shows the decimal numerals corresponding to the numerals A to F in the hexadecimal

system.

Hexadecimal | Decimal
A 10

11

12

13

14

15

bm | |0 |®

In order to distinguish numbers in different systems, we indicate the base of the number at its
bottom right corner.
e.g. 26 is a decimal number.

11010, is a binary number.

1A is a hexadecimal number.

Like the decimal numbers, place values of binary numbers and hexadecimal numbers increase
from right to left.

For example:

(1) Place values of binary number 11010,:

Binary 1 1 0 1 0
Place value 24 23 2? 2

Theexpandedformof110102=1><24+1x23+0><22+1><2+0><1

(2) Place values of binary number 1A :

Hexadecimal 1 A

Place value 16 1

The expanded form of 1Ajs=1x16+10x 1

Note: All binary numbers and hexadecimal numbers expressed in the expanded form (i.e. the

right-hand side of the equal sign) are written as decimal numbers.

11



Checkpoint 7

Write down the place value of the digit ‘0’ in each of the following numbers.
(a) 70861

(b) 10111,

(c) S5E064¢

Checkpoint 8
Write the following binary numbers in the expanded form.
(a) 11, (b) 101, (c) 1111,

Checkpoint 9
Write the following hexadecimal numbers in the expanded form.
(a) 3516 (b) 27A46 (C) F696

12



Example 7
(a) Represent the expression 2° + 1 as a binary number.

(b) Represent the expression 8 x 16>+ 15 x 16 + 0 x 1 as a hexadecimal number.

Solution
(@) 2°+1=1x2+0x2>+0x2+1x1
=1001,

(b)  8x16% +15x16+0x1=8F0,,

Checkpoint 10

Represent each of the following expressions as a binary number.
(@ 1x2°+0x2+1x1

b) 1x2°+1x2*2+1x2+0x1

(c) Ix16+0x8+1x4+0x2+0

Checkpoint 11

Represent each of the following expressions as a hexadecimal number.
(a) 6x16°+7x16+9x1

(b) 15x16°+2x16+13x 1

() 5x16°+10x16+4+13x16°



A3.4  Conversions Between Numbers of Different Numeral Systems
A.  Converting Binary Numbers or Hexadecimal Numbers into Decimal Numbers

We can convert the original binary or hexadecimal number into a decimal number by evaluating
the expanded form of that number.

Example 8

Convert 11101, into a decimal number.

Solution

11101, =1x2* +1x2° +1x2?2 +0x2+1x1
=16+8+4+0+1
=29,

Example 9

Convert 21D;¢ into a decimal number.

Solution

21D, =2x16* +1x16+13x1
=512+16+13
=541,

Checkpoint 12

Convert each of the following binary numbers into a decimal number.
(a) 1101,

(b) 101101,

14



Checkpoint 13

Convert each of the following hexadecimal numbers into a decimal number.
(a) 3A;

(b) 508,

B.  Converting Binary Numbers or Hexadecimal Numbers into Decimal Numbers

We can form a binary number if we know its expanded form. For example,
I1x2*+1x2°+0x2*+1x2+0x1=11010,

When we convert a decimal number, such as 13, into a binary number, how do we find the

expanded form of binary number from the decimal number? The method is shown as follows:

(1) Divide the decimal number continuously by 2 until the quotient is 1, i.e. less than 2.

(2) Read the final quotient (i.e. 1) first, then all the remainders from bottom to top
successively.

For example, to convert 13 into its expanded form of binary number,

ey 2 71 3 Remainder
216 ... 1
213 .. 0
I . 1 (Quotient less than 2)
(2) 2|13
6 ... 1
3 0
| 1
(Read the binary number)

Thus, the expanded form of 13;¢ of binary number is 1 X 24+ 1x22+0x2+1x 1, and
13;0=1101,.

15



Example 10
Convert 23 into a binary number.

Solution
2123
21
2 1
212 ... 1
1 .0
2310=10111,

Similarly, we can also use the continual division to convert a decimal number into a hexadecimal
number. The method is to divide the decimal number continually by 16 until the quotient is less

than 16.

Example 11
Convert 2001, into a hexadecimal number.

Solution
16 [2001
16125 .1
7 .13
20010 =7D1 4

16



Checkpoint 14
In each of the following,
(1) convert the decimal number into a binary number;

(11) convert the decimal number into a hexadecimal number.
(a) 2710 (b) 2731() (C)

16119

17



Exercise A3
Laws of Integral Indices

A3.1
1. Simplify the following:
@) (k" =k)+k? ) p'+(p*+p?)
¢’ xc? a*xb’xa’
© c*xc’ @ b’ xa®xb
() (-c*)’ ) (=b)* xb>
@ Q¢’r’)* (h) (=2x"y’z)°
. (-a’b)’ . (h*)* x9n°
O ey LT
G @ XC ) (3p) <@p°) +(6p°)
(—ac”)
A3.2
2. Find the values of the following and give the answers in fractions.
(a) 3°x37 (b) 87*+27°
) (-9’ x[%) (d 27x(4’+8%
() 27x(37+67) 6 (*x15%)+37 &)
“2),(3) 2 2
® [3 }(—2] 3 T

3. In each of the following, simplify the expression and express the answer with positive

indices. All letters given represent non-zero numbers.

@ (@)" b) ")

(c) a'xa’ (d a'xa’xaxa’

© —(o'sc? ®  (2a°)"

@ (b)) ) (‘bj
C

0 @R ¢ o)
ab

®  (a’b) s (-bay o ) (s)
s7)

18



A3.3
4.  Represent each of the following expressions as a decimal number.
(@) 2x10°+6x10+3x1
(b) 7x10°+0x10*+2x 10
() 3x10*+1x10°+1x10*°+9x10+5x 1
(d 2x10°+1x10+4x1+5x%10°

5. Represent each of the following expressions as a binary number.
(@ 1x2°+0x2+0x]1
b) 1x2°+0x22+0x2+1x1
() 1x2*+1x2°+0x22+0x2+0x1
d 1x2°+1x2*+1x1

6.  Represent each of the following expressions as a hexadecimal number.
(a) 2x16+3x1
(b) 5x16°+1x16+0x 1
(c) 7x16°+14%x16+10x 1
d 1x162+9x16+4x1+12x16°

7. Write the following numbers of different systems in the expanded form.

(a) 5761 (b) 9805
(c) 1234y (d) 1110,
(e) 1100, () 10001,
(g) 546 (h) 10146
(i) AD7i () BEAj6
A3.4
8. Convert the following binary numbers into decimal numbers.
(a) 101010, (b) 111111,
(c) 1000101, (d) 1100111,

9.  Convert the following hexadecimal numbers into decimal numbers.
(a) AB 16 (b) 1 OEIG
(C) 36916 (d) DCS8i5

19



10. Convert the following decimal numbers into binary numbers.
(a) 1710 (b) 8910
(C) 14640 (d) 23510

11. Convert the following decimal numbers into hexadecimal numbers.
(a) 9710 (b) 184‘10
(C) 50610 (d) 432149

12.  Mr Yung bought a safe to keep some precious property at home. The password of the safe
was a 5-digit number in the decimal system. He told his daughter, Debby, the password and
asked her to find a way to remember it. Debby thought for a while and used her name as a
hint to the password. She considered the first four alphabets of hers name as a 4-digit
hexadecimal number. The password of the safe would be the number obtained by

converting this hexadecimal number into a decimal number. Find the password.
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