S.5 Additional Mathematics
1% Term Pre-exam

Time allowed: 2.5 hours

Total Mark: 110

" Answer ALL guestionsin Sections A and B.

" All workings must be clearly shown.

" Unless otherwise specified in a question, numerical answers must be exact.

" The diagrams in the paper are not necessarily drawn to scale.

FORMULASFOR REFERENCE

sin(A+ B) =sin AcosB + cosAsin B
cos(A+ B) = cosAcosBFsin AsinB

+
tan(A B) = tan A+ tanB
1x tan Atan B

sinA+sinB = 2sin A+ BcosA_ B

2 2
SnA-sinB = ZcosA+ Bsin A-B

2 2
cosA+ cosB = ZcosA+ BcosA_ B

2 2
cosA— cosB = —2sin A; Bsin A; B

2sin AcosB =sin(A+ B) + sin(A— B)
2cos AcosB = cos(A+ B) + cos(A— B)
2sin Asin B = cos(A- B) —cos(A+ B)

SECTION A (62 marks)

1. Find the coefficient of x> inthe expansion of (1—2x+3x%)".

2. Prove, by mathematical induction, that
1 1

+ tot———————— =
1x2x3 2x3x4 n(n+)(n+2)

for al positive integers n.
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(5 marks)

(5 marks)



X+2
(x+1)?
(@ Express(*)intheform ax®+bx+c=0.

(b) Hencefind the range of values of y for real values of x.

Giventhat y=

(5 marks)

Find di(\/l—x), 0< x<1, fromfirst principles.
X

(5 marks)

In the figure, the circle x* + y* =5° cutsthe x-axisat A and B. Theline L, with slope
m passes through A. The line L, with slope 1 passes through B. M s the point of
m

intersectionof L, and L, . Find the equation of the locus of M as mvaries.

¥

r !+.1__.'= 5!

(5 marks)

The equations x*-aX+b=0 and x*+bx—a=0, b>a> 0, have acommon root .
Find the value(s) of «.

(6 marks)
(@ Provethat cos® x+ cos®2x =1+ COoSXCOS3X.
(b) Hence, or otherwise, find the general solution of the equation
coS” X+ C0S° X+ oS’ 3x=1.
(6 marks)



8. Giventhecurve C:y=tan(x+y?*)-1.
(@ Find & :
dx
(b)  Find the equation of the tangent to C at the point (% oj .
(6 marks)
9. A draight line L, :y=mx+c, where m and c are constants, makes an angle of 45°
withtheline L,:x+7y-3=0.
(@ Findthetwo values of m.
(b) If the distance from the point (2, 0) to L, is4 and m> 0, find the two values of c.
(6 marks)
10. Given two circles C,:x*+y?=r? (r>0) and C,:x*+y?-8x+6y+21=0.If C,
and C, touch externaly at P, find the coordinates of P, the value of r and the equation
of the common tangent at P.
(6 marks)
11. Let x=acosfd and y=asind whereaisaconstantand 0<6 < 2r.
2
(@ Find & and d_g/ intermsof x and y.
dx dx
2 2
(b) Hencefind the value of (ﬂj oy 3.
dx dx
(7 marks)
SECTION B (48 marks)
12. Giventhat C, isthecurve yszx, where 0< x< 7.
2—C0S2X
(& Findthex- and y-interceptsof C,.
(2 marks)
(b)  Find the turning point(s) of C,.
(7 marks)
(¢ () Sketchthecurve C,.
) [sin24
(if)  Sketch, on another graph, thecurve C, iy =————.
2—C0Ss2x
(3 marks)



13. Two circles C,:x*+y*+6x—4y+5=0 and C,:x*+y*+8x-3y+4=0 intersect

14.

a Aand B. C, isanother circle passing through A and B such that the areaof C, isa
minimum.
(@ Find the common chord of thecircles C, and C,.

(2 marks)
(b) Hencefind the equation of C,.
(5 marks)
() Two tangents are drawn from the originto C, withslope m, and m,.
Show that m, and m, aretherootsof m’-3m-3=0.
(5 marks)

A metal sheet is used to make avessdl in the shape of a cylinder with a hemisphere in the
bottom (see the figure). The capacity of the vessel is 144z cm?®. Let r cm be the radius
of the hemisphere and the circular base of the cylinder Let Acm?® be the area of the

metal sheet used.
N

P 2 r i —=

(@ Show that Az(
r 3

@2_},
(4 marks)
(b) For the convenience of transportation, the radius of the hemisphere cannot be
greater than 3 cm. Find the dimensions of the vessel if minimum amount of metal
isused.
(5 marks)
(c) Waterisflowing at therateof 7 cm®s™ into the vessel with the dimensions found
in (b) and the depth of water is greater than 3 cm.
How fast isthe water level rising?
(3 marks)



15. The figure shows a tetrahedron such that VA =VB=AB=2a, VC=+5a and
CA =CB=3a. O isthe foot of the perpendicular from V to the base ABC. M is the
mid-point of AB. Pisa point on BC such that BP=ra where 0<r <3. ZVMC=¢
and £ZVPO=4¢.

(@) Express CM? and VM? intermsof a.
Hence find the value of cosé in surd form.

(5 marks)
(b) Usingtheresultsof (a), find singd and OV. (Give your answersin surd form.)
(3 marks)
(c) Express VP? intermsof aandr.
Hence show that sing = 5 45 :
8(3r° —-8r +12)
(4 marks)

END OF PAPER
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