Chapter 20 Definite Integrals

20.1 The Riemann Definition of Definite Integral

Let the graph y = f(x) be continuous and f(x) >0 on the interval [a, b]. Divide [a, b] into n
subintervals by the points x,,x,,x,, ...,x,,,x,. Let Ax denote the width of the subinterval

[x,,,x;] and &, be any arbitrary point in [ x,_,, x,]. The area, A, bounded by the curve, x = a,

x = b and the x-axis can be approximated by Z f(ED)Ax.

i=1
When 7n increases and Ax — 0, A can be found by limiting the sum and is defined as the
definite integral of f(x) fromx =a to x = b and it is denoted by

A= pyde=tim > £(£)Ax
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In the definite integral Ib f(x)dx, a and b are called the lower limit and the upper limit

respectively.

20.2 Fundamental Theorem of Calculus

If y= f(x) is continuous on the interval [a, b] and F(x) is any primitive function of f(x),

then

f f(x)dx=[F(x)], = F(b)-F(a).



Example 20.1

Evaluate

1]
—dx.
I
Solution

E% dx = Ex_; dx
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Example 20.2

Evaluate J: sin x dx .

Solution

Jj sin x dx = [~ cos x[]

=—cosxw +cos0
=2

Checkpoint 20.1

Evaluate the following definite integrals.

(a) Jj 2x dx (b) J‘:x3 dx



Checkpoint 20.2

Evaluate the following definite integrals.

(a)

T V4

J‘f cos x dx (b) jfseczx dx

20.3 Properties of Definite Integrals

Let f(x) and g(x) be continuous on the interval [a, b]. Then

)

2)

3)

4

)

(6)

[ reodx=0

J J(x) dx+ Jb f(x) dx, where c is a constant.

[ royde=—["r@dx

fk (%) dx = kjb f(x)dx, where k is a constant.
f[f(x) + g(x)]dx = Lbf(x) dx+ f’ g(x)dx

[[ reodx={ fwdu



Example 20.3

3 1 3
Evaluate L (4x+5) dx+‘|;5dx—4jl udu .

Solution

f(4x+5) dx+£5dx—4fu du

:f4xdx+5L3xdx—ﬁ35dx—ﬁ34xdx

=0
Example 20.4
71— 3 LA 3
Evaluate j3 & dy — jﬁ w dy .
0 cos”y 0 cos”y
Solution
“1—cos’y “1—cos’y
O R
cos” y cos” y

“1-cos’y “1—cos’ y “1—cos’y
g ey, ey,
cos’ y ¢ cos’y cos’ y

V4 3
_ FH# dy
s cos’y

= E(secz y—cosy)dy
6

=[tan y —sin y]g
6

T . T T . T
=|tan—-—sm— |—| tan——smn —
[an o |-[an s )

{591 hs




Checkpoint 20.3

Evaluate the following definite integrals.

7’1 . V4
(a) L §s1n xdx (b) L{ (cosx—2sin x) dx

(c) LZ sec? xdx+ E(l +tan” u) du (d) Lﬂ sec x dx + Jj sec x dx
6



20.4 More Examples on Definite Integrals

Example 20.5

jl4%(l+\/;)2 dx .

Evaluate

Solution

—(++x) 2 de=[ ==+ 2Jx +x)dx

[ [L
:J‘l(x2+2+x;)dx
_ e
= 2x%+2x+ i

L 1

=1 2(4)2 +2(4) + 2(4;)2

Example 20.6

Evaluate [ (y+11/y+3dy.

Solution

[Lo+Dy+3dy=] [(y+3-21y+3dy

202 +2(1) +

2(1)2
3

| 3 | 1
— 2 _ 2
=[Lo+32dy-2[ (y+3)2 dy

- E(y +3>2L - 2B<y +3>{2

2 4
=Z32-1)-=-@8-1
5(3 ) 3(8 )

_46
15



Checkpoint 20.4

Evaluate the following definite integrals.

(a) f@ dx (b) j:(2x+ Dx+1dx

© [ (eI a+3)dx



Example 20.7

3 + 2 _ 6
Evaluate J: sz dx .
x —

Solution

3 2 _
J'lx +x° —6x x_J‘lx(x+3)(x 2) dx
0 x—-2

1 3
= — 4 —
3 2
_u
6
Checkpoint 20.5
3 _ 2 _ 1
Evaluate J-S X ox wxm dx
2 x—1



Example 20.8

3 _2x? —4x+13
Evaluate J:x X Al dx .

(x—2)
Solution
3~ 2
J-lx 2x 42x+13dxzjl (x+2)+ 5 : I
0 (x=2) 0 (x=2)
:jo'[x+2+5(x—2)—2]dx
~ s 7
=|—x>+2x— }
L (x=2) 0
1 5 1 5
== +2()——— |- =(0)* +2(0) -
_2() ) (1_2)} {2() 0) (0_2)}
= 7+lj_§
2 2
=5
Checkpoint 20.6
3
EvaluateJ‘2 X+l dx

L(x+1)’



Checkpoint 20.7

34x* +4x° —3x* —4x

Evaluatej >

! 2x+1)
Example 20.9

z 2
Evaluate J-ﬂz— dx.

4cot™ +tan”t
2 2

Solution

F—z dx = F 2 dx

4 coti + ‘[ani
2 2

— 2 X .. 2 X
4 COS” —+Ssm —
2 2

.X X
Sm —COS —
2 2

V3
.. X X

= L}Zsm —cos—dx
" 2

T
= L}sin x dx
4

z
=[~cosx]?
4

7 7
=—C0S——| —COS—
)

V2

10



Checkpoint 20.8

Evaluate the following definite integrals.

(a) E[(sin x+cosx)® —sin 2x] dx

® |

05c0s2x +1

0lcos2x—1

dx

11



Example 20.10

% 2cos’x
Evaluate J-“ —dx .
0 1—sinx

Solution

z 3 z 1—sin?
J-4200s xdx:L4200sx( sin ~ x) I

01 —sin x 1—sin x

_ ﬁZcos x(1+sin x)(1 —sin x) I

0 1—sin x

= JEZ cos x(1+sin x) dx

= E(Z cos x +sin 2x) dx

o i
= {2sm x—acos Zx}

0

“2sin Z —Leos2l Z | =] 25in 0 - Lecos2(0)
4 2 4 2

=2+ 1
Checkpoint 20.9
a2 1 1
Evaluate J-" - jdx.
O\l—tanx 1+tanx

12



Example 20.11

T

Evaluate JE cos® 2xcosdx dx .

Solution

a

,[S cos’® 2xcosdx dx

= jg% (I+cos4x)cosdx dx
1 u

_ s 2

=3 IO (cosdx+cos” 4x) dx

15 1
:—J“’ cosdx +—(1+cos8x) | dx
270 2

lsin 4x+lx+l lsin 8x
4 2 218

1. (=) 1(x) 1 .
=—|—sin4 — |[+—| — |+—sin
204 (6) 2(6) 16

\/gﬂlx/gJ

1t
20472 12 16" 2

z 3
+ -

T4 32

Checkpoint 20.10

. . 3x
7 8in xsin —
[i—2ax
6

Evaluate |3
sin =
2

z
6

0

{

T

6

111 . 1 1 .
ﬂ - E{Z sin 4(0) + 5(0) + Esm 8(0)}

13



Example 20.12

n-2
(a) Show that "N+ xP) = (n=Dx "™ for any positive integer 1> 3.
\/1 +x° \/1 +x°
(b) Using (a), show that
n n-1_|[ 2 n-2
I al dx:x Itx” _n 1I al dx for n>3.
V14 x? n 1+x°
(c) Letl = le—ndx where 7 is a positive integer
o V1+x® ’
1
Using (b), show that 7, \/_ n-2 I, ,forn>3.
n
(d () Find di\/ 1+ x” . Hence evaluate 1,.
X
1 x%
(i) Using (c) and (d)(i), evaluate dx
L V1+x®
Solution
1 1
- 1 -
(a) X"+ X)) =(n=Dx" 21 +x7)2 +x"" = (1 +x7) 2(2x)
X
=(n-Dx" N1+ x> +
V1+x?
C(n-Dx" 1+ xz) x"
V1+x? \/1 +x7
_(n —x"? N nx"
\/1 +x° \/1 +x°
n-2 n
(b)  Since i(x”‘l NI+ x?) = (n—Dx + ™ wehave
dx V14 x? V1+x?

n

_ —x"? nx"
J-{ \/1+x2 \/1+x2

dx+ nJ-

-] G

|

a ——dx
VI+x?

J- x" d :x”_ VI+x?

5 _n—lj- x"? I
V1+ x? n n V1+x?

14



) [ {x"l\/1+x2]_n—l‘|~l

S

d @ d 414-x -—(1+-x ) (2x)

:j dx =[(1+x*)2]}
=J_
T dx =1,
iyt
N2 3-1
EEEEN
£—3(J_ D
_2—J5
3

Checkpoint 20.11

(a) Evaluate J: (1-x*)dx.
d 2\n 2\n 2\n-1
(b) Show that d—x(l—x ' =CQn+D(n—x")"-2n(1-x)"".
X

(c) Let I, :J: (1-x*)" dx . Using the result of (b), show that I, =
positive integer n.

(d) Hence find J: (1—x%)° dx . (Give the answer correct to 4 decimal places.)

I , for an
2n+1 " Y

15
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Exercise 20 Definite Integrals

204

Evaluate the following definite integrals.

(a) f3x(x2 +2)dx

© jos X dx

N4+ x

Evaluate the following definite integrals.
2x” +3x+2
a —dx
® ’[0 x+1
4x®—2x+6
c ——dx
© L x* —2x+1

Evaluate the following definite integrals.

V4

(a) J‘OE sin* x dx

V4

(c) J‘OZ sin 2xcos’ 2x dx

(a) Let y=sin’ x. Find ﬂ
dx

V4

(b) Hence evaluate J‘OE sin® xcos x dx.

2
Evaluate L |sin x| dx .

(b)

(d)

(b)

(d)

(b)

(d)

£4x\/1+x dx

[+ (r+3) ax

1(x+2)°

o dx
O(x+1
0 9x* —30x> +28x-10
J‘ 1 3 dx
) (Bx-2)

T
jj sin xcos2x dx
6

v
. . 2
L (cos3xsin x —cos xsin 3x)” dx

17



(a)

(b)

(©)

(d)

Let y =tan”" xsec” x where m and n are positive integers and m > 2.
dy m—2 n m n
Show that d_ =(m—-1tan™ " xsec”" x+(m+n—1)tan™ xsec” x.
X

Using (a), show that

-1 n
tan™ xsec” x m-—1 _
J- tan” xsec” x dx = - J- tan™ " xsec” x dx
m+n—1 m+n—1

for m>2 and n>1.

T
Let [, , = J“‘ tan” xsec” x dx where m and n are non-negative integers.
? 0

Using (b), show that

22 -1
I, = Sl Il,,,form>=2and n>1.
T m+n—-1 m+n-1 '

(i) Evaluate /,,.

T
(i) Hence evaluate J“‘ tan* xsec” x dx
0

18



Exercise 20 Answers

(Definite Integrals)
945
2. (a) 6
T
3. (a) 1
4.  (a) 7sin®xcosx
5. 4
6 (a) -
d @O 1

(b)

(b)

(b)

(b)
(ii)

116

15

37

24
V2 3
3 4

(b)
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(©)

(©)

< -

(©)
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(d)

(d)

(d)

49
60
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