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20.1 The Riemann Definition of Definite Integral 
Let the graph )(xfy �  be continuous and 0)( �xf  on the interval [a, b]. Divide [a, b] into n 
subintervals by the points 0x , 1x , 2x , …, 1�nx , nx . Let x�  denote the width of the subinterval 
[ 1�ix , ix ] and i�  be any arbitrary point in [ 1�ix , ix ]. The area, A, bounded by the curve, x = a,        

x = b and the x-axis can be approximated by �
�

�
n

i
i xf

1

)(� . 

When n increases and 0��x , A can be found by limiting the sum and is defined as the 
definite integral of )(xf  from x = a to x = b and it is denoted by 

��
�

��
���

n

i
ix

b

a
xfdxxfA

1
0

)(lim )( �  

 

In the definite integral dxxf
b

a
 )(� , a and b are called the lower limit and the upper limit 

respectively. 
 
 

20.2 Fundamental Theorem of Calculus 
If )(xfy �  is continuous on the interval [a, b] and )(xF  is any primitive function of )(xf , 

then 

)()()]([ )( aFbFxFdxxf b
a

b

a
���� . 
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Example 20.1  

Evaluate dx
x

 
11

8
1 3� . 

 
Solution 

8
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2
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Example 20.2  

Evaluate  dxx
�

�0 sin . 

 
Solution 

� �

2
0coscos

cossin 00

�

���

���
�

�x dxx
�

 

 
Checkpoint 20.1  
Evaluate the following definite integrals. 

(a) dxx 2
2

0�       (b) dxx  
3

1

3��    
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Checkpoint 20.2  
Evaluate the following definite integrals. 

(a) dxx cos2
0�
�

      (b) dxx sec4

6

2�
�

�    

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

20.3 Properties of Definite Integrals 
Let )(xf  and )(xg  be continuous on the interval [a, b]. Then 

(1) 0 )( �� dxxf
a

a
 

(2) dxxfdxxf
b

c

c

a
 )( )( �� � , where c is a constant. 

(3) dxxfdxxf
a

b

b

a
 )( )( �� ��  

(4) dxxfkdxxfk
b

a

b

a
 )( )( �� �� , where k is a constant. 

(5) dxxgdxxfdxxgxf
b

a

b

a

b

a
 )( )( )]()([ ��� ���  

(6) duufdxxf
b

a

b

a
 )( )( �� �  
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Example 20.3  

Evaluate duudxdxx  4 5 )54(
3

1

1

3

3

1 ��� ��� . 

 
Solution 

 

0

 4 5 5 4

 4 5 )54(    
3

1

3

1

3

1

3

1

3

1

1

3

3

1

�

����

���

����

���
dxxdxdxxdxx

duudxdxx

 

 
 
Example 20.4  

Evaluate dy
y

y
dy

y
y

 
cos

cos1
 

cos
cos1 6

0 2

3
3

0 2

3

��
�

�
� ��

. 

 
Solution 

 
6

33

2
1

3

1
2
3

3

6
sin

6
tan

3
sin

3
tan

]sin[tan

 )cos(sec

 
cos

cos1

 
cos

cos1
 

cos
cos1

 
cos

cos1

 
cos

cos1
 

cos
cos1

   

3

6

3

6

2

3

6
2

3

6
0 2

3
3

6
2

3
6

0 2

3

6
0 2

3
3

0 2

3
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dy

y
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y
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y

y
dy

y
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Checkpoint 20.3  
Evaluate the following definite integrals. 

(a) dxx sin
3
1

0�
�

     (b) dxxx  )sin2(cos�� �
�

�
  

(c) duudxx  )tan1( sec 4

6

24
0

2 �� ��
�

�

�

  (d) dxxdxx  sec sec
0

0 �� �
�

�
 



 

6

 

20.4 More Examples on Definite Integrals 

 
Example 20.5  

Evaluate � �
4

1

2  )1(
1

dxx
x

. 

 
Solution 

 

3
38

3
)1(2

)1(2)1(2
3
)4(2

)4(2)4(2

3
2

22

 )2(

 )21(
1
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2
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x

 

 
 
Example 20.6  

Evaluate �� ��
1

2
 3)1( dyyy . 

 
Solution 

 

15
46

)18(
3
4

)132(
5
2

)3(
3
2

2)3(
5
2

 )3(2 )3(

 3]2)3[( 3)1(

1

2

2
31

2

2
5

1

2
2
1

1

2
2
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1
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1

2

�
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Checkpoint 20.4  
Evaluate the following definite integrals. 

(a) dx
x

xx
 

)2(4

1

2

�
�

     (b) dxxx  1)12(
8

0� ��   

(c) dxxxx  )5)(4)(3(
1

4�� ���    
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Example 20.7  

Evaluate � �
��1

0

23

 
2

6
dx

x
xxx

. 

 
Solution 

 

6
11

2
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3
1

2
3

3
1

 )3(

 
2

)2)(3(
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x
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x
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Checkpoint 20.5  

Evaluate � �
���5

2

23

 
1

1
dx

x
xxx
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Example 20.8  

Evaluate � �

���1

0 2

23

 
)2(

1342
dx

x
xxx

. 

 
Solution 

 

5
2
5

2
1

7

)20(
5

)0(2)0(
2
1

)21(
5

)1(2)1(
2
1

)2(
5

2
2
1

 ])2(52[
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5
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)2(
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x
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xxx

 

 
Checkpoint 20.6  

Evaluate � �

�2

1 5

3

 
)1(
1

dx
x
x
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Checkpoint 20.7  

Evaluate � �

���3

1 2

234

 
)12(

4344
dx

x
xxxx

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Example 20.9  

Evaluate �
�

2

4

 
tancot

2

22

�

� dx
xx

. 

 
Solution 

 

2
2

4
cos

2
cos

]cos[

sin

 
2
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2

sin2
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Checkpoint 20.8  
Evaluate the following definite integrals. 

(a) � ��2
0.

2  ]2sin)cos[(sin
�

dxxxx   (b) � �
�5.0

1.0.
 

12cos
12cos

dx
x
x
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Example 20.10  

Evaluate � �
4
0.

3

 
sin1

2cos�

dx
x
x

. 

 
Solution 

 

2
1

2

)0(2cos
2
1

0sin2
4

2cos
2
1

4
sin2

2cos
2
1

sin2

)2sincos2(

)sin1(cos2

sin1
)sin1)(sin1(cos2

sin1
)sin1(cos2

sin1
cos2

4
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4
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 dx
x
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dx 
x
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 dx

x
x

�

.

�

.

�

.

��

.

 

 
Checkpoint 20.9  

Evaluate � 	



�
�



�
�

�
�

6
0.

 
tan1
1

tan1
1�

dx
xx
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Example 20.11  

Evaluate � 6
0.

2  4cos2cos
�

dxxx . 

 
Solution 

 
32

3
24

2
3

16
1

122
3

4
1

2
1

)0(8sin
16
1

)0(
2
1

)0(4sin
4
1

2
1

6
8sin

16
1

62
1

6
4sin

4
1

2
1

8sin
8
1

2
1

2
1

4sin
4
1

2
1

)8cos1(
2
1

4cos
2
1

)4cos4(cos
2
1

4cos)4cos1(
2
1

4cos2cos   

6

0

6
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6
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2
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6
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x dxx

x dxx

�

.

�

.

�

.

�

.

 

 
Checkpoint 20.10  

Evaluate � 3

6
.

 
sin

sinsin

2

2
3

�

� dx
x

x

x
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Example 20.12  

(a) Show that 
22

2
21

11

)1(
)1(

x

nx

x

xn
xx

dx
d nn

n

�
�

�

�
��

�
�  for any positive integer 3�n . 

(b) Using (a), show that 

��
�

�
�

�
�

�

��

dx
x

x
n

n
n

xx
dx

x

x nnn

2

221

2 1

11

1
 for 3�n . 

(c) Let �
�

�
1

0 21
dx

x

x
I

n

n , where n is a positive integer.  

Using (b), show that 2
12

�

�
�� nn I

n
n

n
I  for 3�n . 

(d) (i) Find 21 x
dx
d

� . Hence evaluate 1I . 

 (ii) Using (c) and (d)(i), evaluate �
�

1

0 2

3

1
dx

x

x
. 

 
Solution 

(a)

 

22

2

22

22

2

22

2
1

212
1

2221

11

)1(
11

)1()1(
1

1)1(

)2()1(
2
1

)1()1()1(

x

nx

x

xn

x

x

x

xxn

x

x
xxn

xxxxxnxx
dx
d

nn

nn

n
n

nnn

�
�

�

�
�

�
�

�

��
�

�
����

�������

�

�

�

����

 

(b) Since 
22

2
21

11

)1(
)1(

x

nx

x

xn
xx

dx
d nn

n

�
�

�

�
��

�
� , we have 
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�
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�
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�
��

��

�

�
�

dx
x

x
n

n
n

xx
dx

x

x

dx
x

x
ndx

x

x
n

dx
x

nx

x

xn
xx

nnn

nn

nn
n

 
1

11
 

1

 
1

 
1

)1(

 
11

)1(
1

2

221

2

22

2

22

2
21
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(c)
 

2

1

0 2

2
1

0

21

12

1

11

�

��

�
��

�

�
�

�
�
�

�

�
�
�

� �
� �

n

nn

n

I
n

n
n

dx
x

x
n

n
n

xx
I

 

(d) (i)
 

2

2
1

22

1

)2()1(
2
1

1

x

x

xxx
dx
d

�
�

���
�

 

  

12

])1[(
1

1

0

1
0

2
1

2

21

��

��
�

� � xdx
x

x
I

 

 

(ii)

 

3
22

)12(
3
2

3
2

3
13

3
2

1

1

3

1

0 2

3

�
�

���

�
��

�
�

�

I

Idx
x

x

 

 
Checkpoint 20.11  

(a) Evaluate � �
1

0

2  )1( dxx . 

(b) Show that 1222 )1(2))(12()1( ������� nnn xnxnnxx
dx
d

. 

(c) Let � ��
1

0

2  )1( dxxI n
n . Using the result of (b), show that 112

2
��

� nn I
n

n
I  for any 

positive integer n. 

(d) Hence find � �
1

0

62  )1( dxx . (Give the answer correct to 4 decimal places.) 
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Exercise 20  Definite Integrals 
 

20.4 
1. Evaluate the following definite integrals. 

(a) � �
4

1

2  )2(3 dxxx     (b) � �
4

1
 1 dxxx  

(c) � �

5

0
 

4
dx

x

x
    (d) �

�

�
��

1

2

23  3)()2( dxxx  

 
2. Evaluate the following definite integrals. 

(a) � �
��2

0

2

 
1

23
dx

x
xx

    (b) � �

�1

0 4

2

 
)1(
)2(

dx
x
x

 

(c) � ��

��4

2 2

2

 
12
62

dx
xx
xx

    (d) �� �

���0

3
1 2

23

 
)23(

1028309
dx

x
xxx

 

 
3. Evaluate the following definite integrals. 

(a) � 2
0

2  sin
�

dxx     (b) � 4

6

 2cossin
�

� dxxx  

(c) � 4
0

3 2cos2sin
�

x dxx    (d) � �
�

0

2)3sincossin3(cos  dxxxxx  

 

4. (a) Let xy 7sin� . Find 
dx
dy

. 

(b) Hence evaluate � 2
0

6 cossin
�

x dxx . 

 

5. Evaluate �
�2

0
sin  dxx . 
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6. (a) Let xxy nm sectan 1��  where m and n are positive integers and 2�m . 

Show that xxnmxxm
dx
dy nmnm sectan)1(sectan)1( 2 ����� � . 

 (b) Using (a), show that  

�� �
�

��
�

�
��

� dxxx
nm

m
nm

xx
x dxx nm

nm
nm  sectan

1
1

1
sectan

sectan 2
1

 

  for 2�m  and 1�n . 

 (c) Let �� 4
0,  sectan
�

dxxxI nm
nm  where m and n are non-negative integers. 

  Using (b), show that 

nm

n

nm I
nm

m
nm

I ,2

2

, 1
1

1
2

���
�

�
��

�  for 2�m  and 1�n . 

 (d) (i) Evaluate 2,0I . 

(ii) Hence evaluate � 4
0

24  sectan
�

dxxx  
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Exercise 20 Answers 
(Definite Integrals) 
 

1. (a) 
4

945
   (b) 

15
116

   (c) 
3

14
   (d) 

60
49

 

2. (a) 6   (b) 
24
37

   (c) 
3

16
   (d) 

6
5

�  

3. (a) 
4
�

   (b) 
4
3

3
2
�   (c) 

8
1

   (d) 
2
�

 

4. (a) xx cossin7 6     (b) 
7
1

 

5. 4 
6. (a) –   (b) –   (c) – 

(d) (i) 1  (ii) 
5
1

 

  
 


