Chapter 19 Techniques of Integration

19.1 More Integration Formulae

Here are three more important integration formulae:

_(ax+b)™

(D j(ax +b)" dx =———+C, where a #0 and n is a rational number other than —1.
a(n+1)
(2) jsin(ax+b) dx = —w+ C, where a=0.
a
3 jcos(ax+b) dx = M+ C, where a #0.
a
Example 19.1
Find [(3x+4)" dx.
Solution
[ax+ayr o= BED™
3(10+1)
11
_Gx+d o

33

Example 19.2

Find jcos(3x +2)dx.

Solution
[cos(@x+2) dx =W+ C
Example 19.3

Find J-sin(S —-2x)dx.

Solution

3 cos(5—2x) L C
-2
_ cos(52— 2x) L C

J-sin(S —2x)dx =



Checkpoint 19.1

Find the following indefinite integrals.

@ [Gx+2)dx ® dx

A1-2x
(&) [cos(Bx+7)dx () [sin @ - 1) dx

(c) J-sin Tx dx



19.2 More About Integration of Algebraic Functions

We may rewrite the algebraic functions into terms of the form (ax+b)" so that we can use the

n+l
formula J-(ax +b)" dx = (ax+b)™ + C to integrate the functions.

a(n+1)

Example 19.4

Find J-x«/x—l dx.

Solution
J‘x\/x—l dx:j[(x—1)+1]\/x—1 dx
:j(x—l)\/x—l dx+j\/x—1 dx
= [(r=1% de+ [(x=1)? dx

5 3

2 > 2 3
=—(x-D*+=-(x-1D*+C
S+ =D

Checkpoint 19.2

Find jx(2x+1)2°°5 dx.



Checkpoint 19.3

Find jz(x—s)(2x+1)” dx .

Checkpoint 19.4

Find I

1
—_——dx.
A2x+1—-+/2x



Example 19.5

x2+2x

dx .
(x+1)°

Find I

Solution

x2+2x X2 4+2x+1-1
J J dx
(x+1)? (x+1)?

{(x+l) 1 }
:J 2 2 dx
(x+1)% (x+1)

1
_’[dx_’[(x+1)2d

:x—|:— L :|+C
(x+1

+C

=x+
x+1

Checkpoint 19.5
x°—4x

Find J-—dx.
x"—4x+4



Example 19.6

Fi dJ~ 2 +10x+9 »
(x* +4x+4)°

Solution

J-2x2+10x+9 J-Zx +10x+9 e
(x> +4x+4)° (x+2)*
:J-Z(x +4x+4)+(2x+1)
(x+2)*
J-2(x+2) +2(x+2)- 3d
(x+2)*
J-2(x+2) J-2(x+2)dx_J-
(x+2)* (x+2)* (x+2)*
=2[(x+2)7 dx+2[(x+2)7 dx =3[ (x+2) " dx

C2(x+2)" N 2x+2)7 3(x+2)°
-1 -2 -3
2 - ! =+ ! -+C
x+2 (x+2)° (x+2)

+C

Checkpoint 19.6

Fi dj#dx.
2)



19.3 More About Integration of Trigonometric Functions

For some complicated trigonometric functions, we may use product-to-sum formulae to
reduce the integrand into a sum of simple trigonometric functions, which is easier to be
integrated.

Recall the three useful product-to-sum formulae:

(1) sinxcosy= %[sin(x+ y) +sin(x — y)]
(2) sinxsiny= —%[cos(x +y)+cos(x—y)]

(3) cosxcosy= %[cos(x +y)+cos(x—y)]

Example 19.7

Find j sin 2xcos4x dx .

Solution
. ¢ . .
jsm 2xcosdx dx = EJ[Sln(Zx +4x) +sin(2x — 4x) dx

Lo . .
= Ej[sm 6x +sin(—2x)] dx

¢, . )
= EJ (sin 6x —sin 2x) dx

1({—-cos6bx —cos2x
=7 - +C
2 6 2

1 1
=—cos2x——cosbx+C
4 12

Example 19.8

Find Jsin 4xsin 3x dx .

Solution

jsin 4xsin3x dx = —%J[cos(4x +3x) —cos(4x—3x)] dx

1
= —Ej(cos7x—cosx) dx

2

:lsinx—isin Tx+C
2 14

l(sm 7x—sinxj+C



Checkpoint 19.7
Find the following integrals:

(a) jsin 5xcos3xdx (b) jsin 2xsin 3x dx



Example 19.9

Find jsin xcos’ xdx.

Solution

1 .
jsin xcos’ xdx = EJ(Zsm xcosx)cos” x dx
= ljsin 2x L1+ cos 2x)} dx
2 2

1
= j lsin 2x +—sin 2xcos 2xj dx
4 4

:J lsin 2x+lsin 4xj dx

4 8

= —Cos2x —Lcos4x+ C
8 32

Checkpoint 19.8

Find Jsin3 xcos® xdx.



19.4 Reduction Formulae

We may denote [, be Jsin” x dx , where n is a positive integers. Then

I, = jsin xdx, I, :J‘sin2 xdx, I, = Jsin3 x dx , etc.
For such integrals, there are reduction formulae which express the integrals in terms of simpler

ones. For Jsin” xdx,

n-1¢. . 1. .
I, :—js1n” Zxdx——sin"" xcosx, where n>2
n n

Example 19.10

(a) Show that di(sin " xcosx)=(n—1)sin" > x—nsin" x.
X

(by Letl,= Jsin” x dx . Using the result of (a), prove that, for any positive integer n > 2,
-1 1.
[ =227 ——sin"" xcosx.
n n

(c) Hence find jsinzxdx, Jsin“xdx and Jsinsxdx.

Solution

(a) L.H.S.:i(sin”_1 XCOS X)
dx

— ain 1 d d s -l
=sin" x—cosx+cosx—sin"" x
dx dx

=sin"" x(—sin x) +cos x(n—1)sin" " xcos x
=—sin" x+(n—1)sin"* xcos* x
=—sin”" x+(n—1)sin" > x(1—sin” x)
=—sin" x+(n—1sin" > x—(n—1)sin” x
=(m-1)sin"? x—nsin" x
=R.H.S.

L.H.S.=R.H.S.

10



(b)

(©)

d . . o .
d—(sm” "xcosx)=(mn—-1)sin"* x—nsin" x
X

J‘i(sin”_l xcosx)dx = j[(n—l) sin” > x—nsin” x] dx
dx

sin”” xcosx = (n—l)J‘sin”_2 xdx—njsin” x dx
=(n-DI,,-nl,
nl, =(n-1)1I, ,—sin"" xcosx
I, :n—_lln_2 L gin" xcosx
n n
Isinz xdx=1,
2-1

1.,
=~—1,——sin"" xcosx
2 2

1¢. 1 .
:—J‘sm0 X dx ——sin xcos x

2 2

1 1 .
=—x——sinxcosx+C

2 2
jsin“ xdx=1,

4-1 1.
:714_2 —Zsm“‘l XCOS X

3 1.
==1,——sin’ xcosx
4 4

3. 1.5
=—x——sIn xcosx——sin’ xcosx+ C
8 8 4

Jsins xdx =1,

-1 1.
:STIS_Z—gsmS"xcosx

4 1.
=—1I,——sin* xcosx
575

4(3—1 1.4, j 1.,
=—|——1,,——=sin” xcosx |——sIn" xCOSx
503 ° 5

412 1 1
:_{_(_cosx)——sinz xcosx}——sin4 xcosx+C
503 3 5

4 .2 1 . 4
=——cosx——sin” xcosx——sin" xcosx+C
15 15 5

11



Checkpoint 19.9

(a)
(b)

(©)

Show that %cos”‘1 @sin @ = —(n—1)cos" > @ +ncos”" @ for any integer n>2.

Let I, = jcos” 0 dé . Using the result of (a), prove that, for any positive integer n>2,

-1 1 .
I =""21  4=cos" Osin@.

n n
() Find /; and I,.

(i) Hence evaluate the integrals Jcos3 6 do and jcos“ 0do.

12



Checkpoint 19.10

1

d - ™ Q2n+Dx"
(a) Show that —x"(1+x)? = +
dx V1+x 241+ x

n

X

Jl+x

any positive integer n.

(b) Letl, :J dx . By the result of (a), show that I =

1+2

n

for any positive integer n.

X"+ x -

2n

1+2

n

1

n—1

for

13



Exercise 19 Techniques of Integration

19.1

19.2

19.3

Find the following indefinite integrals.
4

@ [@x-1’ dx ® [

X dx
©) j\/3—5dx @ J‘x3—3x2+3x—1

Find the following indefinite integrals.

dx

-4
(a) Jcos(4x —7)dx (b) Jcos(s xj dx
3
X
c 2sin ——3cos2x) dx
© [@sin2 )
Find the following indefinite integrals.
@  [x(x=3)" dx ®)  [@x+Dx+D dx
xdx
(c) 2xvx—1dx (d)
‘[ ‘[ V3x-2

Find the following indefinite integrals.

- } 2 +81x+21
@ J- 3x(3x 3) dx b J-3x +27x +§ X+ I

Bx-1) (x+3)

2 —

(a) Let al 2+14x2 ! = A >+ B >, Where A and B are constant. Find A and B.
(x"=1) (x-D" (x+1)
2 —
(b) Hence find J‘% dx.
(x* =1
Find the following indefinite integrals.
(a) jcos 4xcosSx dx (b) jsin 2xcos’ 2x dx
2
c sin* xcos® x dx d 1—sin(x+£j dx

© @ :

(e) J-sin 4xcosxcos3xdx

14



19.4

10.

(a)

(b)

(a)

(b)

(©)

(a)

(b)

(©)

(a)
(b)

(©)

(d)

Find J-sin 3xsin xdx.

Show that COSSx—Cosx _ —4sin 3xsin x. Hence find j CosSx

COos Xx

dx .

COos Xx

342 z > L
oy (1+x)2 +nx""'(1+x)? for any positive integer

3
Show that ix” (1+x)% =
dx
n.

Let I, = J-x” A1+ x dx. By the result of (a), show that, for any positive integer n,

2n

3
= xX"(14+x)% —
3+2n 3+2n

n n—1

Hence evaluate J-xzle +x dx

Let n be an integer greater than 1. Show that

%sec”‘2 ftanf =(n—-1)sec" @ —(n—2)sec" > 0.

1 -2 .
Let J, = J-sec” 0 do . Show that J, :—1sec”‘2 t9tant9+n—1jn_2 for any integer
n-— n-—
n>1.

Hence evaluate J-sec(’ 0do .

Prove that for all integers n, sin xsin nx = cos(n—1)x—cosnxcosx.
d m . m m—1
Hence prove that d—cos xsin nx = (m+n)cos” xcosnx—mcos" xcos(n—1)x
X
for any positive integer m.
By the result of (b), show that

1 _ 1 )
jcos” xcosnx dx = chos” "xcos(n—1)xdx+ 2—cos” xsin nx.
n

Hence find Icos3 xcos3xdx.

15



Exercise 18 Answers
(Indefinite Integrals)

1. (a 2x*+C (b) 7x3+c (©) 7x5+C
3 W
d —x3+C
(d) IOX

4 1

2. (a) %x4+§x3—10x+c (b)) —273+2t'45+C  (c) 6t3+6t2+C

4 2 3

X x X 1 1 2
3. a ———+C b) —+4x+—+C c ——+—+C
@ -5 () Tt © -+
2 3 1
(d) Serlyionsc (e) =s2+2s2+C
3 2 5
6 Y 32 22 9
— 6 3422 4 C =X =8kx’ +16k’x+C
® 11 4 3 (&) 5
4
4. y:x_+(a b)xg—a—bx2+C
4 3 2
5. (a) —Tcscx (b) Stanx+2cotx+C (¢c) 2tanx+C
(d 2x-3cotx+C
6. (@) —cosx+sinx+C (b) 3x+2cotx+C (¢c) 2x+2sinx+C

(d x-cosx+C

1
7. (a) 3sec’ xtanx (b) Esec3x+C
8. 2sin x+C
y=x"—2x"—4

1
10. =—x" —-2x+—
Y 2

11. y=-sin x+x+%

3
12. y:%+2x—§

3, 5
13. (@ - (b) y=xte2esd
14. (a) -4 (b) y:%x2—4x+6
15. (@ 10/6ms™ (b) 20ms”

16. 1s,4s

17. (@ 75m (b) 85m

18. (a) (20¢* —1207+180) cm® (b) 3 min



