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19.1 More Integration Formulae 

Here are three more important integration formulae: 

(1) C
na

bax
dxbax

n
n �

�

�
��

�

� )1(
)(

 )(
1

, where 0�a  and n is a rational number other than –1. 

(2) C
a

bax
dxbax �

�
����

)cos(
 )sin( , where 0�a . 

(3) C
a

bax
dxbax �

�
���

)sin(
 )cos( , where 0�a . 

 
 
Example 19.1  

Find dxx  )43( 10
� � . 

 
Solution 

C
x

C
x

dxx

�
�

�

�
�

�
��

�

�

33
)43(

)110(3
)43(

 )43(

11

110
10

 

 
Example 19.2  

Find dxx  )23cos(� � . 

 
Solution 

C
x

dxx �
�

��� 3
)23sin(

 )23cos(  

 
Example 19.3  

Find dxx  )25sin(� � . 

 
Solution 

C
x

C
x

dxx

�
�

�

�
�

�
����

2
)25cos(

2
)25cos(

 )25sin(
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Checkpoint 19.1  
Find the following indefinite integrals. 

(a) dxx  )23(� �     (b)  
21�

� x

dx
    (c) dxx 7sin�  

(d) dxx  )73cos(� �     (e) dx
x

 1
5

sin� �
�

�
	



�
�  
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19.2 More About Integration of Algebraic Functions 

We may rewrite the algebraic functions into terms of the form nbax )( �  so that we can use the 

formula C
na

bax
dxbax

n
n �

�

�
��

�

� )1(
)(

 )(
1

 to integrate the functions. 

 
Example 19.4  

Find dxxx  1� � . 

 
Solution 

 

Cxx

dxxdxx

dxxdxxx

dxxxdxxx

�����

����

�����

�����

��

��

��

2
3

2
5

2
1

2
3

)1(
3
2

)1(
5
2

 )1( )1(

 1 1)1(

 1]1)1[( 1

 

 
Checkpoint 19.2  

Find dxxx  )12( 2005
� � . 
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Checkpoint 19.3  

Find dxxx  )12)(5(2 17
� �� . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Checkpoint 19.4  

Find dx
xx

 
212

1
�

��
. 
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Example 19.5  

Find dx
x

xx
 

)1(
2

2

2

� �

�
. 

 
Solution 

 

C
x

x
x

C
x

x

dx
x

dx

dx
xx

x

dx
x

xx
dx

x
xx

�
�

��

��



�
�
�

�

�
���

�
��

�



�
�
�

�

�
�

�

�
�

�

���
�

�

�

��

�

��

1

)1(
1

 
)1(

1

 
)1(

1
)1(
)1(

 
)1(

112
 

)1(
2

2

22

2

2

2

2

2

 

 
Checkpoint 19.5  

Find dx
xx

xx
 

44
4

2

2

� ��

�
. 
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Example 19.6  

Find dx
xx

xx
 

)44(
9102
22

2

� ��

��
. 

 
Solution 

 

C
xxx

C
xxx

dxxdxxdxx

dx
x

dx
x
x

dx
x
x

dx
x

xx

dx
x

xxx

dx
x

xx
dx

xx
xx

�
�

�
�

�
�

��

�
�

�
�

�

�
�

�

�
�

������

�
�

�

�
�

�

�
�

�

����
�

�

����
�

�

��
�

��

��

���

���

���

���

�

�

��

32

321

432

444

2

4

2

4

2

4

2

22

2

)2(
1

)2(
1

2
2

3
)2(3

2
)2(2

1
)2(2

 )2(3 )2(2 )2(2

 
)2(

3
 

)2(
)2(2

 
)2(
)2(2

 
)2(

3)2(2)2(2

 
)2(

)12()44(2

 
)2(

9102
 

)44(
9102

 

 
Checkpoint 19.6  

Find dx
x

xx
 

)2(
272

5

2

� �

��
. 
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19.3 More About Integration of Trigonometric Functions 

For some complicated trigonometric functions, we may use product-to-sum formulae to 
reduce the integrand into a sum of simple trigonometric functions, which is easier to be 
integrated. 
Recall the three useful product-to-sum formulae: 

(1) )]sin()[sin(
2
1

cossin yxyxyx ����  

(2) )]cos()[cos(
2
1

sinsin yxyxyx �����  

(3) )]cos()[cos(
2
1

coscos yxyxyx ����  

 
Example 19.7  

Find dxxx  4cos2sin� . 

 
Solution 

 

Cxx

C
xx

dxxx

dxxx

dxxxxxdxxx

���

��
�

�
	



� �
�

�
�

��

���

����

�

�

��

6cos
12
1

2cos
4
1

2
2cos

6
6cos

2
1

 )2sin6(sin
2
1

 )]2sin(6[sin
2
1

 )42sin()42[sin(
2
1

 4cos2sin

 

 
Example 19.8  

Find dxxx  3sin4sin� . 

 
Solution 

 

Cxx

Cx
x

dxxx

dxxxxxdxxx

���

��
�

�
	



�
���

���

�����

�

��

7sin
14
1

sin
2
1

sin
7
7sin

2
1

 )cos7(cos
2
1

 )]34cos()34[cos(
2
1

 3sin4sin
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Checkpoint 19.7  
Find the following integrals: 

(a) dxxx  3cos5sin�      (b) dxxx  3sin2sin�  
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Example 19.9  

Find dxxx  cossin 3
� . 

 
Solution 

 

Cx
x

dxxx

dxxxx

dxxx

dxxxxdxxx

��
�

�

�
�

�
	



�
��

�
�

�
	



�
��

�


�
��

�
��

�

�

�

�

��

4cos
32
1

8
2cos

 4sin
8
1

2sin
4
1

 2cos2sin
4
1

2sin
4
1

 )2cos1(
2
1

2sin
2
1

 cos)cossin2(
2
1

 cossin 23

 

 
Checkpoint 19.8  

Find dxxx  cossin 23
� . 
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19.4 Reduction Formulae 

We may denote nI  be dxxn  sin� , where n is a positive integers. Then 

dxxI  sin1 �� , dxxI  sin 2
2 �� , dxxI  sin 3

3 �� , etc. 

For such integrals, there are reduction formulae which express the integrals in terms of simpler 

ones. For dxxn  sin� , 

xx
n

dxx
n

n
I nn

n cossin
1

 sin
1 12 �� �

�
� � , where 2�n  

 
Example 19.10  

(a) Show that xnxnxx
dx
d nnn sinsin)1()cos(sin 21 ��� �� . 

(b) Let dxxI n
n  sin�� . Using the result of (a), prove that, for any positive integer 2�n , 

xx
n

I
n

n
I n

nn cossin
11 1

2
�

� �
�

� . 

(c) Hence find dxx sin 2
� , dxx sin 4

�  and dxx sin 5
� . 

 
Solution 

(a)

 

�

 

R.H.S.L.H.S.
R.H.S.

sinsin)1(

sin)1(sin)1(sin

)sin1(sin)1(sin

cossin)1(sin

cossin)1(cos)sin(sin

sincoscossin

)cos(sinL.H.S.

2

2

22

22

21

11

1

�

�

���

������

�����

����

����

��

�

�

�

�

�

��

��

�

xnxn

xnxnx

xxnx

xxnx

xxnxxx

x
dx
d

xx
dx
d

x

xx
dx
d

nn

nnn

nn

nn

nn

nn

n
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(b)

  

xx
n

I
n

n
I

xxInnI

nIIn

dxxndxxnxx

dxxnxndxxx
dx
d

xnxnxx
dx
d

n
nn

n
nn

nn

nnn

nnn

nnn

cossin
11

cossin)1(

)1(

 sin sin)1(cossin

 ]sinsin)1[( )cos(sin

sinsin)1()cos(sin

1
2

1
2

2

21

21

21

�
�

�
�

�

��

��

��

�
�

�

���

���

���

���

���

��

��

 

(c)

  

Cxxx

xxdxx

xxI

Idxx

���

��

�
�

�

�

�

�
�

cossin
2
1

2
1

cossin
2
1

 sin
2
1

cossin
2
1

2
12

 sin

0

12
0

2
2

Cxxxxx

xxI

xxI

Idxx

����

��

�
�

�

�

�
�

�

cossin
4
1

cossin
8
3

8
3

cossin
4
1

4
3

cossin
4
1

4
14

 sin

3

3
2

14
24

4
4

Cxxxxx

Cxxxxx

xxxxI

xxI

xxI

Idxx

�����

���


�
��

�
���

��
�

�
	



�
�

�
�

��

�
�

�

�

�
�

�
�

�

cossin
5
1

cossin
15
4

cos
15
8

cossin
5
1

cossin
3
1

)cos(
3
2

5
4

cossin
5
1

cossin
3
1

3
13

5
4

cossin
5
1

5
4

cossin
5
1

5
15

 sin

42

42

413
23

4
3

15
25

5
5
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Checkpoint 19.9  

(a) Show that ����
�

nnn nn
d
d

coscos)1(sincos 21 ���� ��  for any integer 2�n . 

(b) Let �� dI n
n  cos�� . Using the result of (a), prove that, for any positive integer 2�n , 

�� sincos
11 1

2
�

� �
�

� n
nn n

I
n

n
I . 

(c) (i) Find 0I  and 1I . 

 (ii) Hence evaluate the integrals �� d cos3
�  and �� d cos4

� . 
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Checkpoint 19.10  

(a) Show that 
x

xn

x

nx
xx

dx
d nn

n

�

�
�

�
��

�

12

)12(

1
)1(

1
2
1

 for any positive integer n. 

(b) Let � �
� dx

x
x

I
n

n 1
. By the result of (a), show that 121

2
1

21
2

�
�

��
�

� n
n

n I
n

n
xx

n
I  for 

any positive integer n. 
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Exercise 19  Techniques of Integration 
 

19.1 
1. Find the following indefinite integrals. 

(a) dxx  )18( 3
� �     (b) dx

x
 

)1(
4

3� �
 

(c) dx
x

 
2

3� �     (d) � ��� 133 23 xxx
dx

 

 
2. Find the following indefinite integrals. 

(a) dxx  )74cos(� �     (b) dx
x

 
3
45

cos� �
�

�
	



� �
 

(c) dxx
x

 )2cos3
2

sin2(� �  

 

19.2 
3. Find the following indefinite integrals. 

(a) dxxx  )3( 15
� �     (b) dxxx  )12)(14( 20

� ��  

(c) dxxx  12� �     (d) �
� 23

 

x

dxx  

 
4. Find the following indefinite integrals. 

(a) dx
x

xx
 

)13(
)23(3

2� �

�
    (b) dx

x
xxx

 
)3(

2181273
3

23

� �

���
 

 

5. (a) Let 
2222

2

)1()1()1(
114

�
�

�
�

�

���

x
B

x
A

x
xx

, where A and B are constant. Find A and B. 

(b) Hence find dx
x

xx
 

)1(
114

22

2

� �

���
. 

 

19.3 
6. Find the following indefinite integrals. 

(a) dxxx  5cos4cos�     (b) dxxx  2cos2sin 2
�  

(c) dxxx  cossin 44
�     (d) dxx� �




�
�
�

�
�
�

�
	



�
��

2

5
sin1

�
 

(e) dxxxx  3coscos4sin�  
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7. (a) Find dxxx  sin3sin� . 

(b) Show that xx
x

xx
sin3sin4

cos
cos5cos

��
�

. Hence find dx
x
x

 
cos

5cos
� . 

 

19.4 

8. (a) Show that 2
1

12
1

2
3

)1()1(
2
23

)1( xnxxx
n

xx
dx
d nnn ���

�
�� �  for any positive integer 

 n. 

(b) Let � �� dxxxI n
n  1 . By the result of (a), show that, for any positive integer n, 

1
2
3

23
2

)1(
23

2
�

�
��

�
� n

n
n I

n
n

xx
n

I  

 (c) Hence evaluate � � dxxx  12  

 
9. (a) Let n be an integer greater than 1. Show that  

����
�

22 sec)2(sec)1(tansec �� ���� nnn nn
d
d

. 

(b) Let �� dJ n
n  sec�� . Show that 2

2

1
2

tansec
1

1
�

�

�

�
�

�
� n

n
n J

n
n

n
J ��  for any integer 

 1�n . 

(c) Hence evaluate � �� d sec6 . 

 
10. (a) Prove that for all integers n, xnxxnnxx coscos)1cos(sinsin ��� . 

(b) Hence prove that xnxmnxxnmnxx
dx
d mmm )1cos(coscoscos)(sincos 1 ���� �  

for any positive integer m. 
(c) By the result of (b), show that  

nxx
n

dxxnxdxnxx nnn sincos
2
1

 )1cos(cos
2
1

 coscos 1 ��� ��
� . 

(d) Hence find � dxxx  3coscos3 . 
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Exercise 18 Answers 
(Indefinite Integrals) 
 

1. (a) Cx �42    (b) Cx �3
7

7
12

   (c) Cx �5
7

7
15

 

(d) Cx �3
10

10
3

 

2. (a) Cxxx ��� 10
3
2

4
3 34  (b) Cttt ���� �� 522 13  (c) Ctt �� 2

1
3
4

66  

3. (a) C
xx
��

24

24

  (b) C
x

x
x

���
1

4
3

3

  (c) C
xx
��� 2

21
 

(d) Cxxx ��� 2
2
7

3
5 23  (e) Css �� 2

1
2
5

2
5
2

   

(f) Ctttt ���� 2
3

3
4

6
11

3
2

4
3

11
6

     (g) Cxkkxx ��� 235 168
5
9

 

4. Cx
ab

x
bax

y ��
�

�� 23
4

23
)(

4
 

5. (a) xcsc7�    (b) Cxx �� cot2tan5  (c) Cx �tan2  
(d) Cxx �� cot32   

6. (a) Cxx ��� sincos  (b) Cxx �� cot23   (c) Cxx �� sin22  
(d) Cxx �� cos  

7. (a) xx tansec3 3   (b) Cx �3sec
3
1

 

8. Cx �sin2  
9. 42 35 ��� xxy  

10. 
2
1

2
2
3 2 ��� xxy  

11. 
2

sin
�

���� xxy  

12. 
2

2
6

3 �
��� x

x
y  

13. (a)     (b) 
4
5

2
4
3 4 ��� xxy  

14. (a) 4�     (b) 64
2
3 2 ��� xxy  

15. (a) 1ms 610 �    (b) 1ms 20 �  
16. 1 s, 4 s 
17. (a)  75 m    (b) 85 m 
18. (a) 32 cm )18012020( �� tt     (b) 3 min 


