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18.1 Concept of Indefinite Integrals 

Definition: 

If )(xF  is a primitive function of )(xf , i.e. )()]([ xfxF
dx
d

� , the indefinite integral of )(xf  

with respect to x, denoted by dxxf� )( , is defined as CxF �)( , 

i.e. � �� CxFdxxf )()( , where C is an arbitrary constant. 

Note: In the notation � dxxf )( , �  is called the integral sign; )(xf  is called the integrand. 

 
Example 18.1  

(a) Find )23( 25 xx
dx
d

� . 

(b) Using the result of (a), find � � dxxx )415( 4  

 
Solution 

(a)
  

xx

xxxx
dx
d

415

)2(2)5(3)23(

4

425

��

���
 

(b) By the definition of indefinite integral, 

Cxxdxxx �����
254 23)415(  

 

18.2 The Integration Formula for � dxxn  

For 1�n , � �
�

�
�

C
n
x

dxx
n

n

1

1

, where C is a constant. 

 

Example 18.2  

Find � dxx 4 . 

 
Solution 

C
x

C
x

dxx

��

�
�

�
�

�

5

14
5

14
4

 



 

2

 

Example 18.3  

Find  � 7x
dx

.  

 

Solution 

C
x

C
x

dxx
x
dx

���

�
��

�

�

��

�

��

6

17

7
7

6
1

17
 

 
 
Example 18.4  

Find  dxxx� .  

  
Solution 

Cx

C
x

dxxdxxx

��

�

�

�

�

�

��

2
5

1
2
3

2
3

5
2

1
2
3

 

 
Checkpoint 18.1  
Find the following indefinite integrals. 

(a) � dx5      (b) � dxx 6     (c) �
� dxx 3  
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Checkpoint 18.2  
Find the following indefinite integrals. 

(a) � dxx3       (b) � dxxx      

 
 
 
 
 
 
 

18.3 Theorems of Integration 
For any value of k and functions )(xf  and )(xg , 

(1) �� �� dxxfkdxxfk )()(  

(2) ��� ��� dxxgdxxfdxxgxf )()()]()([  

(3) ��� ��� dxxgdxxfdxxgxf )()()]()([  

 
 
Example 18.5  

Find  dxx� 3
2

6 .  

  
Solution 

 

Cx

Cx

C
x

dxxdxx

6
5

18

6
5

18

1
3
2

6

66

3
5

1
3
5

1

1
3
2

3
2

3
2

��

��

�
�
�
�

�

	










�

�

�

�

�

�

�

��
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Example 18.6  

Find  dx
x

x
�
� 4

.  

  
Solution 

 

Cx

C
x

dxxdx
x

x

���

�

�
�
�
�

�

	










�

�

�

��

��
�

�

��

2
3

1
2
3

2
1

3
8

1
2
3

4

4
4

 

 
Checkpoint 18.3  
Find the following indefinite integrals. 

(a) � dxx 26       (b) � dxxx 23      

 
 
 
 
 
 
 
 
 
Example 18.7  

Find  dxxxx� �� )2( 32 .  

  
Solution 

Cxxx

CxCxCx

dxxdxxdxxdxxxx

����



�

�
�
�

�
��

�

	


�

�
��
�

	


�

�
���

�

	


�

�
��

����� ����

243

3
2

2
4

1
3

3232

4
1

3
1

2
1

2
4
1

3
1

2)2(
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Example 18.8  

Find  dx
x

xx
�

� 226
.  

  
Solution 

 

Cxx

C
xx

dxxdxx

dx
x

x

x

x
dx

x

xx

���

�

�
�
�
�

�

	










�

�

�

�
�
�
�

�

	










�

�

�

��

��
�

	



�

�
��

�

��

��

2
5

2
3

2
5

2
3

2
3

2
1

22

5
4

4

2
5

2

2
3

6

26

2626

 

 
Checkpoint 18.4  
Find the following indefinite integrals. 

(a) � �� dxxx )73( 2
1

2      (b) � � dxxx )3(2      
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Example 18.9  

Given that 3

45 7263
x

xxx
dx
dy ���

� , find y in terms of x.  

  
Solution 

C
xx

xx

C
xx

x
x

dxxdxxdxxdxx

dx
x

xxx
y

x
xxx

dx
dy

�����

���
�

	



�

�

�
���
�

	



�

�

�
��
�

	


�

�
���
�

	



�

�
�

����

���
�

���
�

��

��

����

�

2
23

21
2

3

322

3

45

3

45

2
72

3

2
7

1
2

2
1

6
3

3

7263

7263

7263

 

 
Example 18.10  

Given that )8)(32( ��� tt
dt
dy

, find y in terms of t.  

  
Solution 

 

Cttt

dttty

tt
dt
dy

����

���

���

�

24
2

19
3
2

)24192(

)8)(32(

23

2  

 
Checkpoint 18.5  

Given that 4

232
x

xx
dx
dy �

� , find y in terms of x. 
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Checkpoint 18.6  

Given that )2)(1( ��� ttt
dt
dy

, find y in terms of t. 

 
 
 
 
 
 
 
 
 
 
 
 

18.4 Integration of Trigonometric Functions 

(1) Cxxdx ��� sincos  

(2) Cxxdx ���� cossin  

(3) Cxxdx ��� tansec 2  

(4) Cxxdx ���� cotcsc 2  

(5) Cxxdxx ��� sectansec  

(6) Cxxdxx ���� csccotcsc  

 
Example 18.11  

Find � � dxxx )cos(sin . 

  
Solution 

 
Cxx

xdxxdxdxxx

����

��� ���
sincos

cossin)cos(sin
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Example 18.12  

Find � � dxxxx )tan(secsec . 

  
Solution 

 
Cxx

dxxxxdxxxx

���

��� ��
sectan

)tansec(sec)tan(secsec 2

 

 
Example 18.13  

Find � �
�

	


�

�
� dx

xxx tan
1

sin
1

sin
1

. 

  
Solution 

 

Cxx

Cxx

dxxxx

dx
xxx

dx
xxx

���

�����

��

�
�

	


�

�
���

�

	


�

�
�

�

��

cotcsc
)csc(cot

)cotcsc(csc

tansin
1

sin
1

tan
1

sin
1

sin
1

2

2

 

 
Checkpoint 18.7  
Find the following indefinite integrals. 

(a) � xdx2sec4    (b) � � xdxx cotcsc2   (c) � dx
x

x
2cos

sin
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Recall some useful formulae which are useful in finding some indefinite integrals. 

(1) 1cossin 22 �� ��     (2) �� 22 sectan1 ��  
(3) �� 22 csccot1 ��     (4) ��� cossin22sin �  

(5) )2cos1(
2
1

sin 2 �� ��     (6) )2cos1(
2
1

cos2 �� ��  

 
Example 18.14  

Find � � dxx)tan6( 2 . 

  
Solution 

 

Cxx

dxx

dxxdxx

���

��

����

�

��

tan5

)sec5(

)tan15()tan6(

2

22

 

 
Example 18.15  

Find � dx
xx
2

cos
2

sin4 . 

  
Solution 

 

Cx

xdx

dx
x

dx
xx

dx
xx

���

�

�
�

	


�

�
�

�

�

�

��

cos2

sin2

2
2sin2

2
cos

2
sin22

2
cos

2
sin4
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Checkpoint 18.8  
Find the following indefinite integrals. 

(a) � � dxxxx )tan(sectan   (b) � �
�

	


�

�
� dx

xx
2

sin2
2

cos2 22  (c) � dx
x
2

sin 2 . 
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18.5 Geometric Meaning of Indefinite Integrals 

CxFdxxf ��� )()(  represents a family of curves CxFy �� )(  whose slope is the function 

)(xf
dx
dy

� . 

 
Example 18.16  

The slope of a curve at a given point (x, y) is x
dx
dy

2� . If the curve passes through (0, –1), find 

its equation. 
  
Solution 

The family of curves is 

Cxy

dxxy

��

� �
2

2  

Since the curve passes through (0, –1), 

� 
1

01 2

��

���

C

C  

The equation of the required curve is 12 �� xy  

 
Example 18.17  

The slope of a curve at a given point (x, y) is 383 2 �� xx . If the curve passes through the 
point (1, 3), find its equation. 
  
Solution 

Cxxxy

xx
dx
dy

����

���

34

383

23

2

 

Since the curve passes through (1, 3), 

� 
3

)1(3)1(4)1(3 2

�

����

C

C  

The equation of the required curve is 334 23 ���� xxxy . 
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Checkpoint 18.9  

In each of the following, the slope function 
dx
dy

 of a curve is given together with the 

coordinates of a point P lying on the curve. Find the equation of the curve. 

(a) xx
dx
dy

23 2 �� , P(–1, 1)   (b) x
dx
dy

cos� , P(�, 4) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Checkpoint 18.10  

Find a relation between x and y if xx
dx
dy

�� 23  and when x = 2, y = 7. 

 
 
 
 
 
 
 
 
 
 
 



 

13

 
Example 18.18  

At every point of a certain curve, 122

2

�� x
dx

yd
. If the slope of the curve at (1, 2) is 3, find the 

equation of the curve. 
  
Solution 

 

Cxx

dxx
dx
dy

x
dx

yd

���

��

��

�
2

2

2

)12(

12

 

Since the slope at (1, 2) is 3, we have 

�

 

1

1
113

2

2

���

�

���

xx
dx
dy

C

C

 

Thus
 

1
23

2

2
1

3
1

)1(

Cxxx

dxxxy

����

��� �
 

Since the curve passes through (1, 2), we have 

 

6
1

1)1(
2
1

)1(
3
1

2

1

1
2

�

����

C

C
 

�

 

The equation of the curve is 
6
1

2
1

3
1 23 ���� xxxy . 
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Checkpoint 18.11  

At each point of a certain curve, x
dx

yd
sin2

2

� . If the slope of the curve at (�, �) is 2, find the 

equation of the curve. 
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18.6 Physical Applications of Indefinite Integrals 

18.6.1 Application to Problems on Motions 

If the displacement, velocity and acceleration at time t are s, v and a respectively, we have 

dtvs  ��    and   dtav  �� . 

 
Example 18.19  

A particle moves along a straight line in such a way that its velocity 1ms �v  after t seconds 
from the initial position O is given by 24 �� tv . Find the distance that the particle moves in 
the first 3 seconds. 
  
Solution 

Let s metres be the displacement of the particle from O. 

 

Ctt

dtt

dtvs

���

��

�

�

�

22

 )24(

 

2

 

When t = 0, s = 0. 

� 
0

)0(2)0(20 2

�

���

C

C  

So  tts 22 2 ��  
When t = 3, 24)3(2)3(2 2 ���s  

Therefore, the particle has moved 24 metres in the first 3 seconds. 
 
Checkpoint 18.12  
If 2448 �� ta  and v = 6 when t = 0, find the time when the particle is at rest, where a and v 
are the acceleration and the velocity of the moving particle at time t. 
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Checkpoint 18.13  

A particle moves along a straight line in such a way that its acceleration 2ms �a  at time t 
seconds is given by ta 16254 �� . Suppose that the particle starts from rest at a point O, find 

(a) v and s in terms of t if , at time t seconds, the velocity of the particle is 1ms �v  and its 
displacement from O is s metres. 

(b) the time when the particle changes its direction of motion after starting. 
(c) the distance of the particle from O at the time obtained in (b). 
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18.6.2 Application to Problems on Rate of Change 

Example 18.20  

The volume of a balloon after t seconds (where 100 �� t ) is decreasing at a rate of 
13scm )770( �� t . If the volume of the balloon is 3cm 900  at t = 0, find its volume at t = 8. 

  
Solution 

Let the volume of the balloon after t seconds be 3cm V . Since the volume of the balloon is 

decreasing, 
dt
dV

 is negative. 

�

 

Ctt

dttV

t
dt
dV

����

���

���

�
2

2
7

70

 )770(

)770(

 

When t = 0, V = 900 

�
 

900

)0(
2
7

)0(70900 2

�

����

C

C  

� 900
2
7

70 2 ���� ttV  

When t = 8, 564900)8(
2
7

)8(70 2 �����V  

� The volume of the balloon when t = 8 is 3cm 564 . 
 
Checkpoint 18.14  
An empty tank is filled with water at a rate of 132 hm )36( �� t  where t is the time in hours. If it 

takes 6 hours to fill the tank, find the capacity of the tank. 
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Exercise 18  Indefinite Integrals 
 

18.2, 18.3 
1. Find the following indefinite integrals. 

(a) dxx�
38       (b) � dxx 3

4

4  

(c) dxx�
4.03       (d) dxxx� )(32  

 
2. Find the following indefinite integrals. 

(a) dxxx  )1023( 23
� ��     (b) dt

tt
 5

26
24� �

�

	


�

�
��  

(c) dt
t

t  
3

83� ��
�

	



�

�
�       

 
3. Find the following indefinite integrals. 

(a) dxxx  )1( 2
� �      (b) dxxx

x
 )14(

1 24
2� ��  

(c) dx
x

x
 

4
3�
�

      (d) dxxx  )25)(1(� ��  

(e) ds
s

s
 

12

�
�

      (f) dttt  )1)(1( 2
1

3
1

� ��  

(g) dxkx  )43( 22
� � , where k is a constant. 

 

4. Given that ))(( bxaxx
dx
dy

��� , where a and b are constants, find y as a function of x. 

 
 

18.4 
5. Find the following indefinite integrals. 

(a) dxxx  cotcsc7�      (b) dxxx  )csc2sec5( 22
� �  

(c) dx
x

 
cos

2
2�       (d) dx

x
 

sin
3

2 2� �
�

	


�

�
�  
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6. Find the following indefinite integrals. 

(a) dxxx  )1(tancos� �     (b) dxx  )cot21( 2
� �  

(c) dx
x

 
2

cos4 2
�      (d) dx

xx
 

2
sin

2
cos

2

� �
�

	


�

�
�  

 

7. (a) Find x
dx
d 3sec . 

(b) Hence, or otherwise, find dx
x

x
 

cos
sin

4� . 

 

8. Find dx
xx

xx
 

sincos
2sin2cos1

� �

��
. 

 
 

18.5 

9. Given the slope at any point (x, y) of a curve is 24 65 xx
dx
dy

�� . Find the equation of the 

curve if P(1, –5) lies on the curve. 
 

10. The slope at any point (x, y) of a curve is given by 23 �� x
dx
dy

. 

If the curve cuts the x-axis at x = 1, find the equation of the curve. 
 

11. Given x
dx

yd
sin2

2

�  and 0
0

�
�xdx

dy
. Find the function y satisfying 1�� �y  and 

2
�

�x . 

 
12. Find the equation of the curve )(xfy �  if 8)3( �f , 2)0(' �f  and xxf �)('' . 

 

13. At each point (x, y) of the curve )(xfy � , 2
2

2

9x
dx

yd
� . 

(a) Show that 21
4

4
3

kxkxy ��� , where 1k  and 2k  are constants. 

(b) If the curve passes through (1, 4) and (–1, 0), find the equation of the curve. 
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14. A curve )(xfy �  has slope kx �3  at any point (x, y), where k is a constant. It is known 

that the tangent to the curve at the point (2, 4) passes through the origin.  
(a) Find the value of k. 
(b) Using the result of (a), find the equation of the curve. 

 
 

18.6 
15. A stone falling freely from a cliff 30 m above the ground has a constant acceleration 

2ms 10 � . Find its velocity when 
(a) it reaches the ground, 
(b) it is 10 m above the ground. 

 

16. A particle starts moving at a velocity of 1ms 24 � . Its acceleration after t seconds is 
2ms �a  where 3012 �� ta . Find the time when the particle is temporarily at rest. 

 
17.  

 

A person stands at the edge of the top of a building and throws a ball vertically upwards 

at 1ms 10 � . The ball reaches the ground after 5 s. If the downward acceleration is 
2ms 10 � , find 

(a) the height of the building, 
(b) the total distance the ball has travelled. 

 
18. An ice block with volume 3cm 180  melts at a rate of 13mincm )40120( �� t  where t min 

is the time after the ice block begins to melt. 
(a) After t min, what is the volume of the ice block in terms of t? 
(b) Find the time required to melt the whole ice block. 
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Exercise 18 Answers 
(Indefinite Integrals) 
 

1. (a) Cx �42    (b) Cx �3
7

7
12

   (c) Cx �5
7

7
15

 

(d) Cx �3
10

10
3

 

2. (a) Cxxx ��� 10
3
2

4
3 34  (b) Cttt ���� �� 522 13  (c) Ctt �� 2

1
3
4

66  

3. (a) C
xx
��

24

24

  (b) C
x

x
x

���
1

4
3

3

  (c) C
xx
��� 2

21
 

(d) Cxxx ��� 2
2
7

3
5 23  (e) Css �� 2

1
2
5

2
5
2

   

(f) Ctttt ���� 2
3

3
4

6
11

3
2

4
3

11
6

     (g) Cxkkxx ��� 235 168
5
9

 

4. Cx
ab

x
bax

y ��
�

�� 23
4

23
)(

4
 

5. (a) xcsc7�    (b) Cxx �� cot2tan5  (c) Cx �tan2  
(d) Cxx �� cot32   

6. (a) Cxx ��� sincos  (b) Cxx �� cot23   (c) Cxx �� sin22  
(d) Cxx �� cos  

7. (a) xx tansec3 3   (b) Cx �3sec
3
1

 

8. Cx �sin2  
9. 42 35 ��� xxy  

10. 
2
1

2
2
3 2 ��� xxy  

11. 
2

sin
�

���� xxy  

12. 
2

2
6

3 �
��� x

x
y  

13. (a)     (b) 
4
5

2
4
3 4 ��� xxy  

14. (a) 4�     (b) 64
2
3 2 ��� xxy  

15. (a) 1ms 610 �    (b) 1ms 20 �  
16. 1 s, 4 s 
17. (a)  75 m    (b) 85 m 
18. (a) 32 cm )18012020( �� tt     (b) 3 min 


