Chapter 14 Differentiation of Trigonometric Functions

14.1  AnImportant Limit of Sine Function

Iirgﬂzl,wherexismeasuredinradians.
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Example 14.1
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Example 14.2

Evauate Iimsfnsx.
x-0 9N 4x

Solution
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Example 14.3
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Evaluate lim 5
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Solution
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Checkpoint 14.1
Evauate the following limits.
3x sin® x
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14.2 Derivativesof Trigonometric Functions

When x isin radian measure, then we have:

Q) i(sin X) = COSX
dx

2 i(cosx) =-sinx
dx

(3) i(tan X) = sec® X
dx

4) i(cscx) = —CSCXCot X

dx

5 i(secx) = secxtan x
dx

(6) i(cot X) = —Csc? X
dx

Example 14.4
. Y
In each of the following, find ol
X
(@ y=x’sinx (b)
Solution
(@ y=x>sinx
dy

(b)

d, . . d
=x*—(sinx) +sinx—(x°
dx dx( ) dx( )
= x> cosx + sin x(3x?)

= x3cosx+3x2sinx
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Checkpoint 14.2

Differentiate y = % with respect to x.
X +8nx

Example 14.5
. ., dy
In each of the following, find ol
X
(@ y=sn(l-3x) (b) y=sn*(2x)
Solution
@ y =sin(1-3x)
Y__ 9 ena-39]-L -39 | ChainRule |
dx d(1-3x) dx
= cos(1—3x) - (-3)
= -3cos(1- 3x)
(b) y=sin®(2x)
ﬂ:_Lgns(Zx)-i(sinZX) | ChainRule !
dx d(sin2x) dx
=3sin® 2x- d (sin2x)-i(2x) 5"5:[1_-";]_"’
d(2x) o ]

= 3sin® 2xcos2x(2)

= 6sin? 2XCcos2X



Example 14.6

Giventhat y = (x+sin®x)*, find %
X

X=r

Solution
y=(x+sin®x)*
y_ 4(x+sin’ x)3i(x+sin2 X)
dx dx

= 4(x+sin? x)3[1+ Zsinxdisin xj
X

= 4(x+sin® x)*(1+ 2sin XCcosX)

% =4(z +sin® 7)°(L+ 2sin 7 cosr)
X X=r

=4z +0)°(1+0)

=473

Checkpoint 14.3
Differentiate y = sin(1— 2x*) with respect to x.



Checkpoint 14.4
Differentiate y = x®sin® 3x? with respect to x.

Example 14.7

Find % in each of the following.

X
(@ y=(x®+1cosx (b) yzcos( 2X j
X +1
Solution
(@) y=(x® +1) COSX
dy

q =(x® +1) cosx+cosx (x +1)
X

=(x® +1)(—smx)+cosx(3x )
= —(x*> +1)sin x+ 3x* cosx

X
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Example 14.8

Giventhat y= , Where a is a constant, and & =§, find the value of a.
3( ﬂ'j dx %0 2
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4
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N
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Checkpoint 14.5

Differentiate y = x° cos® (Sij with respect to x.
X



Example 14.9

If y=x-tan2x, show that %:—Ztan2 2X.

X

Solution
y = X —tan 2x
dy d d
— =—(2X) ——(tan 2X
dx dx( ) dx( )

= 2 —sec? 2xi (2x)
dx

=2—2sec? 2x
= 2(1—sec® 2x)
= —2tan? 2x

Example 14.10

Let y=(cotXx+cscx). Find% :
X

Solution
y = (COt X+ CSCX)*

ﬂ = 2(cot x + cscx)i(cotx+ CSCX)
dx dx

= 2(cot X + €sc X)(— CSC? X — CSC X Cot X)
= —2csc x(cot X+ €St X)(Csc X + cot X)
= —2csex(Cot X+ CSC X) 2

Checkpoint 14.6
Differentiate y = sec®(x+1) with respect to x.
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Example 14.11

lty=— > Fina®.
3/(sec3x +1)2 dx
Solution
B 1
3/(sec3x+1)°
2
ﬂ:i(sec3x+1) 8
dx dx
2 = d
=——(sec3x+1) 3 —(sec3x+1])
3 dx

5

__2 (sec3x+1) 3(sec3xtan 3x)i (3%)
3 dx

5
=—2(sec3x+1) 3(sec3xtan3x)

Checkpoint 14.7
Differentiate the following functions with respect to x.
€) (b)

_ tan2x
COoS3X

_ cot(3x+1)

csc3x+1
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14.3 Miscellaneous Examples

Example 14.12

Giventhat x=y* +siny. Find% intermsof .
X

Solution

X=y’+sny

dx d, , .

d_y:d_y(y +siny)
=2y +COoSy

dy 1 1

dx  dx 2y+cosy
dy

Example 14.13

. . . . dy .
If x=a(cost+tsint) and y=a(sint —tcost), where ais a constant, fmdd—y in terms of t.
X

Solution
X = a(cost +tsint)
dx d d, .
i a[a (cost) +a(tsmt)}
=a(—sint+tcost +sint)
= at cost
y = a(sint —t cost)
dy d, . d
e a[a (sint) —a(t cost)}
= g[cost — (—tsint + cost)]
=atsint
dy
dy_dt
dx dx
dt
_atsint
~ atcost
= tant
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Example 14.14
. dy
If xcosy =tan(x+y), find—.
dx
Solution
XCcosy = tan(x+y)

d d
&(xcosy) = &[tan(x+ y)]

xi (cosy) + cos yi(x) =sec? (X + y)i(x+ y)
dx dx dx

X(=sin y)ﬂ+ cosy = sec? (X + y)(1+ ﬂj
dx dx

. dy
—Xsiny—=>
ydx
. 2 dy _ —sec?
[xsmy+sec (x+ y)]d =COSY—Sec”(X+Y)
X

dy _ cosy-—sec’(x+y)
dx xsiny+sec®(Xx+Y)

Checkpoint 14.8

Find% if x=4y*+tany.
X

+CoSy = sec® (X + Y) + sec? (X + y)%
X
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Checkpoint 14.9

Find & if in®x+sin®y=1.
dx

Example 14.15
If f(x)=xcoszx, find f"(2).

Solution

f (X) = xcosax

f'(x)= xi(cosm() + cos;zxi(x)
dx dx

X(—sin zx) d (7X) + coszx
dx

= —XSinzX(r) + cosax
= —7XSN 71X + COS 72X

0 = -7 x (s inax L0+ 9
f"(x) = H{de(snﬂx)+8|n7lxdx(x)}+dX(COSﬂX)

= —ﬂ{XCOSﬂXi(ﬂX) + simzx} +(—=sin ﬂX)i(ﬂX)
dx dx

= —72XCOS/X — 7 SIN X — £ SiN 71X
= — 7% XCOS7X — 271 SN 71X
f''(2) =-7%(2)cos2r — 2zsin2x

=272
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Example 14.16

Let y=x*CoSX.

2

a Find _dy and —d y'
@ >
dx dx

2
(b)  Show that xzd—Z—4x%+(x2 +6)y=0.
X

dx
Solution
(a) y = X’ coSX
d_ X2 i(cosx) + cosxi(xz)
dx dx dx
= —x?sin X+ 2XC0SX
d2y ,d d,, } { d d }
=— X*—(9nX) +siNn X—(X°) |+ 2| X— (cosX) + cosX— (X
dx? [ dx( ) dx( ) dx( ) dx( )
= —[x? cosX+ 2xsin X] + 2[-XSin X+ CoSX]
= 2C0SX — X% CcoSX — 4xsin X
2
(b) 24 4V ey

dx? dx
= X?(2c0sx — X* COSX — 4XSin X) — 4X(2xcosX — X* sin X) + (x* + 6)x* cosx
= 2x% cosx— x* cosx — 4x3 sin x— 8x? cosx + 4x3sin X + x* cosX + 6x* cosx
=0

Checkpoint 14.10

d?y

X2

Find if y=xsin2x.

X=r



Checkpoint 14.11

If x?y =acosnx, where a, n are constants, show that xz(

d’y

2

2
j+4>{ﬂj+(n2x2 +2)y=0.
X dx
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Exercise 14 Differentiation of Trigonometric Functions

141

14.2

Evauate the following limits.

sin[;j tan4x
a lim b) lim——
() x—0 | [XJ () x>0  3x
sin| —
3
3 —
(© lim 22 @ limi=9sX
x>0 X9 N“ 5x x>071— Ccos3x

Evauate Iimxsinl.

X—0 X

Differentiate the following functions with respect to x.

1 .
a = b = (sinx®)™
@ vy Jsnx () y=(sinx’)
3.4 1 1
(0 y=(@-cos’x) (d y=-=cos—
X X
2 o 3
(e sin®xcos’ x () =W
(X +snx)
Giventhat y ==~ srowtha Y- - Y.
Sin x dx Sin x
Differentiate y = sin(x® cosx) with respect to x.
Differentiate the following functions with respect to x.
1
(@ y=-tan(x*+2) (b) y=csc7
C =4/sec®(x® +1 d = tan xsec® X
© vy (x"+1) d vy
cos® X
e =
© vy 1+ tanx
1+ tan® x dy 4dytanx _

Giventhat y=————, provethat
1-tan” x

1—tan®x
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14.3

10.

11.

12.

13.

In each of the following, find % .
X
(@ x=cos3ysin2y (b) cos% = tan4x
X = Ccosé
(© . (d 1+xy=xtany
y=60+3n¢g
d?y . .
Find — of the following functions.
X
(@ y=secx (b) y=4xsinx

(c) 3x=cosy

Given that f(x)zxsinl. Find f(%] and express the answer interms of .
X

If x=3cos# - cos3F, y=3snfd—-sin3¢, show that %ztanze.
X

2
If y=seckx, wherekisaconstant, show that %+ k*y(1-2y*)=0.
X

If Xy =cosx+sinx, show that

@ x%+ y =C0SX—SinXx,
X

d’y _dy
—+2—=+xy=0.
dx? a4

(b) x y
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