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14.1 An Important Limit of Sine Function 

1sinlim
0

=
→ x

x
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, where x is measured in radians. 

 
Example 14.1  
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x
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Example 14.2  

Evaluate 
x
x

x 4sin
3sin
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Example 14.3  

Evaluate 20

cos1lim
x

x
x

−
→
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Solution 
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Checkpoint 14.1  
Evaluate the following limits. 

(a) 





 ⋅

→ 3
sin1lim
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x
xx

    (b) 
x

x
x 4sin
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14.2 Derivatives of Trigonometric Functions 
When x is in radian measure, then we have: 

(1) xx
dx
d cos)(sin =  

(2) xx
dx
d sin)(cos −=  

(3) xx
dx
d 2sec)(tan =  

(4) xxx
dx
d cotcsc)(csc −=  

(5) xxx
dx
d tansec)(sec =  

(6) xx
dx
d 2csc)(cot −=  

 
 
Example 14.4  

In each of the following, find 
dx
dy . 

(a)       (b) xxy sin3=
x
x

+1
siny =  
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Product Rule 
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Checkpoint 14.2  

Differentiate 
xx

xy
sin2 +

=  with respect to x. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Example 14.5  

In each of the following, find 
dx
dy . 

(a)       (b) y =  )31sin( xy −= )2(sin 3 x
 
Solution 
(a)
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Example 14.6  

Given that , find 42 )sin( xxy +=
π=xdx

dy . 

 
Solution 
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Checkpoint 14.3  
Differentiate  with respect to x. )21sin( 2xy −=
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Checkpoint 14.4  
Differentiate  with respect to x. 223 3sin xxy =
 
 
 
 
 
 
 
 
 
 
 
Example 14.7  

Find 
dx
dy  in each of the following. 
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Solution 

(a)

  

xxxx
xxxx

x
dx
dxx

dx
dx

dx
dy

xxy

cos3sin)1(
)3(cos)sin)(1(

)1(coscos)1(

cos)1(

23

23

33

3

++−=

+−+=

+++=

+=
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Example 14.8  

Given that 






 +

=

4
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3 πax

y  , where a is a constant, and 
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Checkpoint 14.5  

Differentiate 





=

x
xy

3
1cos23  with respect to x. 
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Example 14.9  

If , show that xxy 2tan−= x
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dy 2tan2 2−= . 
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Example 14.10  
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Checkpoint 14.6  
Differentiate  with respect to x. )1(sec2 += xy
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Example 14.11  

Let 
3 2)13(sec

1
+

=
x
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dx
dy . 

 
Solution 
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Checkpoint 14.7  
Differentiate the following functions with respect to x. 

(a) 
x
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13csc
)13cot(
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x
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14.3 Miscellaneous Examples 
 
Example 14.12  
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Example 14.13  

If  and )sin(cos tttax += )cos(sin tttay −= , where a is a constant, find
dx
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Example 14.14  

If , find)tan(cos yxyx +=
dx
dy . 
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Checkpoint 14.8  

Find 
dx
dy  if yyx tan2 += .  
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Checkpoint 14.9  

Find 
dx
dy  if . 1sinsin 22 =+ yx

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Example 14.15  
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Example 14.16  

Let . xxy cos2=

(a) Find 
dx
dy  and 2

2

dx
yd . 

(b) Show that 0)6(4 2
2

2
2 =++− yx

dx
dyx

dx
ydx . 
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(b)

  

0
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++−−−−=
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Checkpoint 14.10  

Find 
π=xdx

yd
2

2

 if . xxy 2sin=
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Checkpoint 14.11  

If , where a, n are constants, show that nxayx cos2 = 0)2(4 22
2

2
2 =++






+








yxn
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Exercise 14 Differentiation of Trigonometric Functions 
 
14.1 
1. Evaluate the following limits. 

(a) 
















→

3
sin

2
sin

lim
0 x

x

x
     (b) 

x
x

x 3
4tan

0→
lim  

(c) 
xx

x
x 5sin

2tanlim 2

3

0→
     (d) 

x
x

x 3cos1
cos1

0 −
lim −
→

 

 

2. Evaluate 
x

x
x

1sin
∞→

lim . 

 
14.2 
3. Differentiate the following functions with respect to x. 

(a) 
x

y
sin
1

=       (b) =y  43 )(sin −x

(c)      (d) 43 )cos1( xy −=
xx

y =  1cos1

(e)      (f) xx 23 cossin 32

32

)sin(
)sin(

xx
xx

+
−y =  

 

4. Given that 
x

x
sin

cos1y +
= , show that 

x
y

dx
dy

sin
−= . 

 
5. Differentiate y =  with respect to x. )cossin( 3 xx
 
6. Differentiate the following functions with respect to x. 

(a)     (b) )2tan( 2 +−= xy 2

1csc
x

y =  

(c) 4 23 )1(sec += xy     (d) y =  xx 2sectan

(e) 
x

xy
tan1

cos2

+
=        

 

7. Given that 
x
x

2

2

tan1
tan1y

−
+

= , prove that 0
tan1
tan4

2 =
−

−
x

xy
dx
dy . 
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14.3 

8. In each of the following, find 
dx
dy . 

(a)      (b) yyx 2sin3cos= xy 4tan
2
=cos  

(c)      (d) 1




+=
=

θθ
θ
sin

cos
y
x

yxxy tan=+  

 

9. Find 2

2

dx
yd  of the following functions. 

(a) xy sec=       (b) y xx sin4=  
(c)  yx cos3 =

 

10. Given that 
x

xx 1sin) =f ( . Find 







2
'' πf  and express the answer in terms of π. 

 

11. If θθ 3coscos3 −=x , θθ 3sinsin3 −=y , show that θ2tan=
dx
dy . 

 

12. If y , where k is a constant, show that kxsec= 0)21( 22
2

2

=−+ yyk
dx

yd . 

 
13. If xy , show that  xx sincos +=

(a) xxy
dx
dyx sincos −=+ , 

(b) 022

2

=++ xy
dx
dy

dx
ydx . 
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