Chapter 13 Techniques of Differentiation

13.1 Basic Theoremsof Differentiation
Let f(x) and g(x) be differentiable functions.

(@D)] di(c) =0, where cisaconstant.
X
(2) ThePower Rule:
d(;( =nx"", where nis arationa number.
X
d d
3 e f(¥]=c—[f(X]
dx dx
d d d
4 ——[fO)+9()]=——[f(]+—-[9(x]
dx dx dx
d d d
B ——[f)-9(¥)]=—[f()]-—[9(X)]
dx dx dx
(6) TheProduct Rule:
If u=f(x) and v=g(x) are differentiable functions, then u - v is also differentiable,
and i(u-v) :u@+v%.
dx dx  dx
(7) The Quotient Rule:
If u=1f(x) and v=g(x) are differentiable functions and g(x) # 0, then u is dso
Y
du dv
diu) Vax Yax
differentiable and —(—j =& ___BX ‘where v=0.
dx\ v v
Example 13.1

Differentiate y = x* with respect to x.

Solution

dy d,

— =—— (X

dx dx( )
— 3X3rl

= 3x?



Example 13.2

. ady . 1
Find = if y=——.
a7
Solution
dy_df 1
dx dx| /x5
_d
dx
:—Exigil
2
:—§X_%
2

Checkpoint 13.1
Find the derivatives of the following functions with respect to x.

&l

@ y=x (b) f(x)= x> © F=2

<1



Example 13.3

Differentiate y = 4x with respect to x.

Solution

Example 13.4

74

XG

Find the derivative of y =

with respect to x.

Solution

y_g(rﬂ

dx  dx

_d(7 g
dx| 3



Checkpoint 13.2
Find the derivatives of the following functions with respect to x.
@ y=7x () y=2x'

© y=§nx3 @ y=6Jx



Example 13.5

Differentiate y = 2x® + 7x with respect to x.

Solution

dy_d (2x% +7x)
dx dx

d d
=—(2x3) + —(7X
dx( )+dx( )

d d
=2— (xX})+7—(X
dx( )+ dx()

= 2(3x*) + 7(x°)
=6X° +7

Example 13.6

Find the derivative of y =5x* —12x? +11x with respect to x.

Solution

d_d (5x* —12x* +11x)
dx dx

d d d
= — (5x*) = — (12x%) + — (11X
dx( ) dx( )+ dx( )
d, . d, ., d
=5—(x*)-12— 11—
dX(X ) dX(X )+ o ()

= 5(4x%) —12(2x) +11(x°)
= 20x°> - 24x+11

Checkpoint 13.3
Find the derivatives of y = x* + 4x® —5x with respect to x.



Checkpoint 13.4
Find the derivatives of the following functions with respect to x.

@ y=7x+2Jx () y=2-%x-+x+1

Example 13.7

Differentiate y = x*(x+ 2) with respect to x.

Solution

dy .d d
&_x dX(x+2)+(x+2)dx(x)
= X*(1+0) + (x+ 2)(2x")

= X* + (X+2)(2x)

= 3x® + 4x

Alternative Solution

y=x*(x+2) = x> +2%°

dy d, d 2

_ ~ (2
dx dx(x)+dx(x)
=3x% + 2(2X)

= 3x° + 4x



Example 13.8

Let y=x%/x.Find %

X x=1

Solution

2 d d o
=X &(\/X)-F«/X&(X)
I NI
=X dx(x )+ X dX(x)

1 1
- xz(%xz 1) + X2(2x)

3 3
=—X2 +2Xx2

Il
X
N w

dy

o @2

x=1

Nlor Nlor No N e

Checkpoint 13.5
Differentiate y = x*(x* +1) with respect to x.

Solution
dy_d
dx dx

= —i(x2 +1) + —i(xz)
X dx



Checkpoint 13.6
Differentiate F(x) = (x+ 3)(x* — x) with respect to x.

Solution
dF(x) _i
dx dx
= —(X* =X)+ i(x+3)
dx dx
Example 13.9

Differentiate y = (3x—1)(x + 4) — (x* +1)? with respect to x.

Solution
& _ i[(3x—1)(x+ 4)—(x*+1)7]
dx dx

= i(3x—1)(x+ 4) —i(x3 +)(x% +1)
dx dx

= {(3x—1)i(x+4)+ (x+ 4)1(3x—1)}—[(x3 +1)i(x3 +1) +(X° +1)i(x3 +1)}
dx dx dx dx

=[(Bx-D(@) + (x+ 4] -[(x> +D(3x®) + (x* +1)(3x?)]
= (3X—1+3x+12) — (6x° +3x* + 3x> + 3x%)

= (6x+11) — (6x° + 6x°)

= —6x° —6x> +6x+11



Checkpoint 13.7
Differentiate y = (x* +3)* — (2x—1)(x* + x) with respect to x.

Example 13.10

Differentiatey = 2X—+13 with respect to x.

Solution

ﬂ_i(2x+3j
dx dx\ x-1

(x—l)g(2x+3)—(2x+3)i(x—1)
_ dx dx

(x-1)?
~(x=)(2-(2x+3)Q)
(x-1)?
5
(x-1)?




Example 13.11

3 2
Differentiatey = 2+ -1 +x?;X 1 with respect to x.
Solution
dy d{2x°+3x°-1
dx dx x?
2 d 3 2 3 2 d 2
X" —(2x7+3x" =D — (2x7 +3x“ =1)— (X°)
__ Ox dx
(x*)*
x?[2(3x?) + 3(2X)] — (2x® + 3x* —=1)(2x)
X% (6x* + 6X) — (4x* + 6x° — 2X)
2x* +2x
=2+2x7°

Alternative Solution

dy d{2x°+3x*-1
dx  dx ?

X

:i(2x+3— X7?)
dx

=240 (-2x2h)

=2+2x7°

Checkpoint 13.8

Differentiate y = X=3 ith respect to x.
X+ 2

Solution
& _3(x9)
dx dx\x+2
d _ da
dx dx




Checkpoint 13.9
2

Differentiate y = — —1 with respect to x.
2X+3
Solution
dy_d
dx dx
d _ d
dx dx

Checkpoint 13.10

Find the derivatives of y = <= with respect to x.
3X° + 2%

11



13.2 Differentiation of Composite Functions
Suppose C= f(n)=n®*-1and n=g(t) =3t+2. We can express C as a function of t by
substituting n= g(t) into C = f(n).
C=flg®)]

=[g(®)]* -1

=(3t+2)°%-1

=0t* +12t + 3
We say that f[g(t)] isacomposite function of C = f(n) and n= g(t).
To differentiate a composite function, we have the following theorem to help.

The Chain Rule:

Suppose y is a differentiable function of u, and u is a differentiable function of x. Theny is
also adifferentiable function of x and

dy _dy du

dx du dx’

Example 13.12

Giventhat y= f(u) =u* and u=g(x) = x* +1, find

@ flgl, (b) %
X
Solution
@ flog(x)]=f(x*+1
=(x*+1*
(b) ﬂ=4u3 and %=2x
du dx
dy _dy du
dx du dx
= 4u°(2x)
= 4(x* +1)*(2x)
=8x(x*+1)°

12



Example 13.13

Differentiate y = (2x+5)* with respect to x.

Solution
Let y=u® and u=2x+5.
dy d

:—u3 :3[_]2
du du

%:i(2x+5) =2
dx dx

dy _dy du
dx du dx
=3u?-2
= 6u’
= 6(2x+5)?

Example 13.14

Differentiate y = _r with respect to x.
V5x* -4
Solution
1 1
Let y=—=u 2 and u=5x*-4.
Ju
ﬂ:iu_% :_lu_g
du du 2
%21(5)(2 —4) =10x
dx dx
3
ﬂ:ﬂ.%:_lu 2(10)()
dx du dx 2

_3
= -5xu 2

3
= -5x(5x* - 4) 2
5X

3

(5x% - 4)2

13



Checkpoint 13.11
Differentiate y = (2x* +1)® with respect to x.

Solution
Let y=u®and u=2x*+1

dy _
du
du
Fvl
dy dy du
dx  du dx

Checkpoint 13.12

Differentiate y = with respect to x.

1
V2x-5

Solution
Let and

dy _
du
du
Fvl
dy dy du
dx  du dx




Example 13.15

3
Differentiate y = (11+ X j with respect to x.

+x2

Solution
dy _i( 1+ X je'
dx dx(1+x?
_3(1+x 21(1+xj
1+x%) dx\1+x?
2 (L+ x2)1(1+ X)— (L+ x)i(1+ x?)
:3( 1+X dx dx
1+ x° (1+ x%)?
_3( 1+ x ) (L+ x3)(D) — 1+ X)(2X)
1+ x? (1+ x?)?
_3[1+x 21+ X2 —2x— 2x?
1+ x® (1+x%)?
31+ x)*(1-2x—x?)
(L+x%)*

Example 13.16

Differentiate y = 3/x* — 2x+ 3 with respect to x.

Solution
dy_dq x> —2x+3
dx dx

1

:di(x2 —2x+3)3
X
2
:E(x2 - 2x+3) 3i(x2 —2x+3)
3 dx

:%(x2 —2X+ 3)_2(2x—2)
2(x-1)

B 2
3

3(x* —2x+3)



Checkpoint 13.13
Differentiate y = (3x+ 2)* with respect to x.

Checkpoint 13.14

Find the derivatives of y =

1
VX +1

with respect to x.

16



13.3 Differentiation of Parametric Equations

= f(t
For a pair of parametric equations {); B 98 with parameter t, we can apply to chain rule to
find ﬂ:
dx
dy _dy ox
dt  dx dt
dy
dy _ dt
dx dx

dt

Example 13.17

Giventhat x=2t -1 and y=1-4t?, find % in terms of x.
X

Solution

%zz and ﬂ:—&
dt dt

dy
dy _ dt
dx dx

17



Example 13.18

2
Giventhat 1~ % ,findﬂ :
y =3+5t dxl;_s
Solution
%=4t andﬂ=5
dt dt
dy
dy_ dt
dx dx
dt
_>
4t
dy] _ 5
dx|,., 12

Checkpoint 13.15

x=2t-1
Given that{ , find &

y=t*-1 dX(3,3).

18



13.4 Differentiation of Inverse Functions
Let y=f(x).If x=9(y),wesaythat g(y) istheinversefunction of f(Xx).

For example, if y=f(x)=2x-1, then we have x:g(y):yTJrl. g(y) is the inverse

function of f(x).

Let y= f(x) anditsinversefunction be x = g(y) . Then.

x_1 forﬂ;to.
dy dy  dx

dx

Example 13.19

If x=3y*-2y+1,find % intermsof y.
X

Solution
%zi(3y2—2y+1)
dy dy

=6y-2
dy_ 1
dx dx
dy
1
_m

19



Example 13.20

if x=—Y find Y.
1+y dx

Solution
%_EGLJ
dy dy\l+y

d d
1+y)—(y)-y—(1
. (+y)I (Y)-vy : (1+y)

1+ y)?
_1+y)-y@
(1+y)?
1

@+y)?
dy 1

dng
dy
=(1+y)*

Alternative Solution

__ Y
1+y
X

V=1

dy d{ x
)
d d
:a—ma;u»»%&a—m
(1-%)°
_(@=-x-x(-9
-

B 1
C(@1-x)?

X

20



Checkpoint 13.16

In each of the following, find % in terms of x.

@ y=x®-x*+3x

(b)

y =+41-3x+x*

21



13.5 Differentiation of Implicit Functions
13.5.1 Explicit Functionsand Implicit Functions

(1)

2

yisan explicit function of x if dependent variabley of the function is expressed in terms
of the independent variable x.

eg. y=vx’+1
yisan implicit function of x if the equations relating to x and y does not have an explicit
subject.

eg. Xy+2x=x%y, xy® +2x=x’y?

13.5.2 Differentiation of Implicit Functions
To differentiate an implicit function with respect to x, we can either

)

2

change the subject to y,

eg. Xy+2x=(x+1)°%y
B 2%

Y= (x+1)°-x*’

and then use any theorems (Quotient rule, here) to find % , Or
X

differentiate both sides of the equations simultaneously with respect to x, and then make

dy as the subject.
dx

Example 13.21

If x*+y®-y=10,find ﬂ
dx

Solution

x*+y’-y=10
d, s 3 d
—(x -y)=—:(©10
KXY ~y) =4 (10
d. .. d, . d
el —_- - =0
dx(x )+ dx(y ) dx(y)

dy_dy_,
dx dx

3x2+3y2ﬂ—ﬂ:0

dx dx
3% =(1- 3y2)ﬂ
dx

dy 3%
dx 1-3y?

3x? +di(y3)
y

22



Example 13.22

If x*y—8=3y’+2x, find ﬂ
dx

Solution
x’y—8=3y°% +2x

d d . 3
—(xX°y—-8)=—(3y” +2x
dx( y-8) dX( y )
d d d
x?— —(x*)-0=3—(y*)+2
OIX(y)+ydx( ) OIX(y)+
NG QJF y(2x) = 3(3y2)ﬂ+ 2
dx dx

dy o dy
x22 _gy2 2 _2 2
dx y dx .

% —9y2)%=2—2xy

dy 2-2xy

dx x%—9y?

Checkpoint 13.17

In each of the following, find % .
X

@ xy=4 (b)

x> +y’ =

6xy

23



Example 13.23

2
it XY g fing Y
3xy -1 dx|,_,
Solution
Xy+1
3xy* -1
X’y +1=3xy* -1

d 2 d 2

— (X )=—3xy“ -1

dx( y+d) dx(Xy )
2X )

dx

(2x— 6xy)ﬂ =3y? - 2xy
dx

+y(2X)+0= 3x(2y)% +3y?
X

dy 3y’ -2xy
dx 2x—6xy

(2°y+1 _,
3(2y* -1
4y+1=6y° -1
6y’ —4y—-2=0
20y-D@By+1) =0

When x = 2,

1
=1 or y=-—
y y 3

dy 30)*-20Mm _1
dx  2(2)-6(2)1) 8

o 173 )

) —6(2)(— éj 2

Whenx=2andy =1,

Whenx=2andy= —%,

24



Checkpoint 13.18

Let xy+y®=6.Find &
dX x=1

25



13.6 Second Derivatives
Sometimes in physical application of differentiation, we need to consider the derivative of yet

another derivative.

For example, let y = 3x”. Then & = 6X. The derivative of ﬂ e d(dy IS i(6x) =6.
dx dx dx \ dx dx
We call % the first derivative of y with respect to x, and
X
d(dy o .
o\ the second derivative of y with respect to x.
X \ dx

2
The second derivative is usually denoted by 2 Z
X

or f"(x) or y".

d?y (dyY’ d?y dy)’
Note that —- = (—j . Inthe above example, —- =6 and (—j = (6x)* = 36x°.
X dx dx dx

Example 13.24

d?y

X2

Let y=2x°—x*+4x-7.Find

=

Solution
y=2x>—x* +4x-7
d—i =2(3x?) - 2x+ 4
=6x" - 2x+4
dy

X2

= 6(2X) - 2
=12x-2

26



Checkpoint 13.19

2
Let y:3x2—1.Find d 3/
X adx

Example 13.25

2 2
Let yzi. Find d and d—Z and hence show that (1+ x)d—Z+2ﬂ=O.
1+ X dx dx dx dx

Solution

- -2+
=21+x)7°
2

1+ x)°

d’y + ZQ
dx*  dx

:(1+x){ 2 3}+2{— ! 2}
1+ x) 1+ x)
2 2

T (1+%)? 1+ x)?

=0

1+ x)

27



Checkpoint 13.20

Let y=x++/%x*-1.Find % and
X

Example 13.26

2

d’y

Find
dx?

if x*+y*=1.

Solution
x*+yt=1
d, , d, ,
— (X)) +— =0
dx( ) OIX(y)

453 + 4y3ﬂ =0
dx

&__x

ax y°

d?y
dx

2

2
and hence show that (x* —1)% +X
X

dy

dx

-y=0.

28



3 d 3 3 d 3
y &(X)—X &(Y)
(y)?

v 3x%) - @y Y
dx

6

y
X3
3X2y3 _3X2y2(_ 3)
~ y
_ v
3x’y* +3x®  3x*(1-x*)+3x°
= y7 = — y7
3x?
_ —
Alternative Solution
x*+yt=1
¢ +ay Y o
dx
dy__xX
dx y°

i[4x 1 4y° dy} 0
d dx
4(3x2) + 4y? ( j (y)dy dy -0

d?y dy
12x2 +4y* —2 +12y* 22| =0
i dx2+ y(dxj

d?y )’
X +y—2+3y*|-—| =0
y dx? y( ysj
L

=0
dXZ y4

Xyt +y’ 3y+3x =0




Checkpoint 13.21

Let +/x —y=2xy?. Find

d?y
dx?

30



Exercise 13 Techniques of Differentiation

131
1.  Write down the derivatives of the following functions with respect to x.
@ y=5x* (b) y=-4x7
4
© y=x-* (d) y=7x3
T
e =—
€ vy x
2. Find the derivatives % of the following functions.
X
(@ y=3x*-5x (b) y=6x>-2x*+x-16
(© y= X\/E (d y=x*+4x?>-3x"
3x
1 1 1
e y=2x°5-x*+x?3 )  y=Tx+D)(x+3
x® +6x’ —18x* + 4x
@ vy= 3

X
3. If f(X)=3x>—x"+2,find f'(3).

1 3

4. Let f(X)=ax+bx2+4x2.1f f'1)=11and f'(4) = 28, find the values of a and b.

5.  Find the derivatives of the following functions with respect to x.
@ y=(2-903x*+) (b) y=(2x+1)(x®-5%x+7)

© y=@2-Vx)(3x*+2) @ y=0¢-x?2)?
e y=Xx+D(2x-3)(x+1

6.  Find the derivatives of the following functions with respect to x.

2 3x-5
@ YZm (b) y:x2+4
2x—3 11
© Y= 37 @ = T5"%s
X" +4/x 3x2-2
(e f(X)—XZ_\& ®  fx)= 1 (x+3)



13.2

10.

11.

12.

13.

If £(x)=3x?-2x2+x")?,find f'(2).

Given that f(x) and g(x) are differentiable functions such that f(x) = g(x) . If

f(2 =3, g(2) =4, di[f(x)]:—l ax=2and di[g(x)] =2 at x = 2, find the values
X X

of i{@} ax=2.
dx| g(x)

Usethe chainruleto find % in each of the following.

X
(@ y=u(u®-1), u=2x>+3x°

© y=3%u, u:1+_x
X

Find % of the following functions.

X
@ y=(+2x-4)° (b) y=(x2-4)"
© y=-—y = @ y=34x’ -1’

(x* +3x+5)°

Find the derivatives of the following functions with respect to x.

2

@ y=(5x+2)>2/6x+2 () y=(@x+1)3(x-2)°

© y=fzxx%13 (@ y{;;f]

© y=,/[i§;fj () y=(%ij(x2+1)§
5x+3)°

If f(x)_@,ﬁnd £1(1).

Find the derivative of y =[(x* + 3)® —5]* with respect to x.

32



14. Findthederivative of y=+/X+ 3V X+1 with respect to x.

133

15. Find, intermsof X, dy

dx

(@) x=3t,y:?3 (b) x=2t*, y=2t,wheret>0

in each of the following.

16. Find, intermsof t, dy

in each of the following.

dx
t2+3 t2_4t 2 2 2
@ = L Y= (b) x=+t"-1, y=(t"+D
9 2
1-t2 2t
(© x= y=

17. If x=t>+3t-2 and y=t3+2,find% art=-2.
X
134
. ady . :
18. Find q in each of the following.
X
1 2
(@) X=y+§ (b)  x=4y +2y
y*-1
c) X=
© y?+1
19. Findﬂ

in each of the following.
dx

@ x=(y-1°2y+3°

20. Let 3y —2xy=1. Find ¥

— intermsof y.
dx



135

21.

22.

23.

13.6

24.

25.

26.

27.

Find & in each of the following.

dx
(@ 4x*+y*=16 (b) 3xy+y* =1
(© x2—2xy+3y?=0 d y=—2—
X+Yy
& x(x-2y)?=2 ) Jx+y+/xy=6
. a3 Ly
Giventhat x*+y°—-6xy+1=0, find v ax=2
X

Given the equation x* + y* = 25 representing a circle with radius 5 and centre at the

origin. The point (a, b) lies on the circle and %z—g.
X
4
@ Showthatang.
(b) Find the possible values of a and b.
d’y
Find —- of the following functions.
X
(@ y=2x'-x° (b) y=5-3x'+2x7?
2
© y=(x-4~ @ y=X*
X+1
© y=(x+)°(x-3 M x+y=2

If f(x)=(2—3x)_%,find i[f(x)] and d—zz[f(x)] ax=0.
dx dx

2 2
If y=+/3x+2, show that y%+(%) =0.
X X

d?y

N

Giventhat x=2t-1, y=t>-1, find

34
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