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13.1 Basic Theorems of Differentiation 
Let f(x) and g(x) be differentiable functions. 

(1) 0)( =c
dx
d , where c is a constant. 

(2) The Power Rule: 

1−= n
n

nx
dx

dx , where n is a rational number. 

(3) )]([)]([ xf
dx
dcxfc

dx
d

=⋅  

(4) )]([)]([)]()([ xg
dx
dxf

dx
dxgxf

dx
d

+=+  

(5) )]([)]([)]()([ xg
dx
dxf

dx
dxgxf

dx
d

−=−  

(6) The Product Rule: 

If  and  are differentiable functions, then u . v  is also differentiable, 

and 

)(xfu = )(xgv =

dx
duv

dx
dvuvu

dx
d

+=⋅ )( . 

(7) The Quotient Rule: 

If  and  are differentiable functions and )(xfu = )(xgv = 0)( ≠xg , then 
v
u  is also 

differentiable and 2v
dx
dvu

dx
duv

v
u

dx
d −

=





 , where 0≠v . 

 
Example 13.1  

Differentiate  with respect to x. 3xy =
 
Solution 

2

13

3

3
3

)(

x
x

x
dx
d

dx
dy

=

=

=

−  

 
1



 
Example 13.2  

Find 
dx
dy  if 

5

1
x

y = . 

 
Solution 

2
7

1
2
5

2
5

5

2
5
2
5

1

−

−−

−

−=

−=

=









=

x

x

x
dx
d

xdx
d

dx
dy

 

 
Checkpoint 13.1  
Find the derivatives of the following functions with respect to x. 

(a) π=y     (b) (f    (c) 1234) xx =
x
xx

3

)( =F  

 
 
 
 
 

 
2



 
Example 13.3  

Differentiate xy 4=  with respect to x. 

 
Solution 

x

x

x

x
dx
d

x
dx
d

x
dx
d

dx
dy

2
2

2
14

4

)(4

)4(

2
1

1
2
1

2
1

=

=









=









=

=

=

−

−

 

 
 
Example 13.4  

Find the derivative of 6

7 3

3
7

x
xy ⋅

=  with respect to x. 

 
Solution 

7
46

1
7
39

7
39

6
7
3

6

7 3

13

7
39

3
7

3
7

3
7

3
7

−

−−

−

−

−=







−=









=











=










 ⋅
=

x

x

x
dx
d

x
dx
d

x
x

dx
d

dx
dy
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Checkpoint 13.2  
Find the derivatives of the following functions with respect to x. 
(a)       (b) y =  xy 7= 42x

(c) 3

3
4 xy π=       (d) x6y =  
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Example 13.5  

Differentiate  with respect to x. xxy 72 3 +=
 
Solution 

76
)(7)3(2

)(7)(2

)7()2(

)72(

2

02

3

3

3

+=

+=

+=

+=

+=

x
xx

x
dx
dx

dx
d

x
dx
dx

dx
d

xx
dx
d

dx
dy

 

 
Example 13.6  

Find the derivative of  with respect to x. xxxy 11125 24 +−=
 
Solution 

112420
)(11)2(12)4(5

)(11)(12)(5

)11()12()5(

)11125(

3

03

24

24

24

+−=

+−=

+−=

+−=

+−=

xx
xxx

x
dx
dx

dx
dx

dx
d

x
dx
dx

dx
dx

dx
d

xxx
dx
d

dx
dy

 

 
Checkpoint 13.3  
Find the derivatives of  with respect to x. xxxy 54 23 −+=
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Checkpoint 13.4  
Find the derivatives of the following functions with respect to x. 

(a) xxy 27 +=      (b) 12 3 +−⋅ xx=y  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Example 13.7  

Differentiate  with respect to x. )2(2 += xxy
 
Solution 

xx
xxx

xxx

x
dx
dxx

dx
dx

dx
dy

43
)2)(2(

)2)(2()01(

)()2()2(

2

2

12

22

+=

++=

+++=

+++=

 

 
Alternative Solution 

xx
xx

x
dx
dx

dx
d

dx
dy

xxxxy

43
)2(23

)2()(

2)2(

2

2

23

232

+=

+=

+=

+=+=
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Example 13.8  

Let xxy 2= . Find 
1=xdx

dy . 

 
Solution 

2
5

)1(
2
5
2
5

2
2
1

)2(
2
1

)()(

)()(

)(

2
3

1

2
3

2
3

2
3

2
11

2
1

2

22
1

2
1

2

22

2

=

=

=

+=

+







=

+=

+=

=

=

−

xdx
dy

x

xx

xxxx

x
dx
dxx

dx
dx

x
dx
dxx

dx
dx

xx
dx
d

dx
dy

 

 
Checkpoint 13.5  
Differentiate  with respect to x. )1( 22 += xxy
 
Solution 

)(_______)1(_______

___________

22 x
dx
dx

dx
d

dx
d

dx
dy

++=

=
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Checkpoint 13.6  
Differentiate  with respect to x. ))(3()( 2 xxxxF −+=
 
Solution 

)3(_______)(_______

_________________)(

2 ++−=

=

x
dx
dxx

dx
d

dx
d

dx
xdF

 

 
 
 
 
 
 
 
 
 
 
 
 
Example 13.9  

Differentiate  with respect to x. 23 )1()4)(13( +−+−= xxxy
 
Solution 

11666
)66()116(

)3336()12313(
)]3)(1()3)(1[()]3)(4()1)(13[(

)1()1()1()1()13()4()4()13(

)1)(1()4)(13(

])1()4)(13[(

25

25

2525

2323

3333

33

23

++−−=

+−+=

+++−++−=

+++−++−=





 +++++−



 −+++−=

++−+−=

+−+−=

xxx
xxx

xxxxxx
xxxxxx

x
dx
dxx

dx
dxx

dx
dxx

dx
dx

xx
dx
dxx

dx
d

xxx
dx
d

dx
dy
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Checkpoint 13.7  
Differentiate  with respect to x. ))(12()3( 222 xxxxy +−−+=
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Example 13.10  

Differentiate
1
32

−
+

=
x
xy  with respect to x. 

 
Solution 

2

2

2

)1(
5

)1(
)1)(32()2)(1(

)1(

)1()32()32()1(

1
32

−
−=

−
+−−

=

−

−+−+−
=









−
+

=

x

x
xx

x

x
dx
dxx

dx
dx

x
x

dx
d

dx
dy
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Example 13.11  

Differentiate 2

23 132
x

xxy −+
=  with respect to x. 

 
Solution 

3

4

4

4

3422

4

2322

22

223232

2

23

22

22

)264()66(

)2)(132()]2(3)3(2[
)(

)()132()132(

132

−+=

+
=

−+−+
=

−+−+
=

−+−−+
=








 −+
=

x
x

xx
x

xxxxxx
x

xxxxxx
x

x
dx
dxxxx

dx
dx

x
xx

dx
d

dx
dy

 

 
Alternative Solution 

3

12

2

2

23

22
)2(02

)32(

132

−

−−

−

+=

−−+=

−+=








 −+
=

x
x

xx
dx
d

x
xx

dx
d

dx
dy

 

 
Checkpoint 13.8  

Differentiate 
2
3

+
−

=
x
xy  with respect to x. 

 
Solution 

2)2(

________________________________

2
3

+

−
=









+
−

=

x
dx
d

dx
d

x
x

dx
d

dx
dy

 

 

 
10



 
Checkpoint 13.9  

Differentiate 
32
12

+
−

=
x

xy  with respect to x. 

 
Solution 

__________

______________________________________

_________

dx
d

dx
d

dx
d

dx
dy

−
=

=

 

 
 
 
 
 
 
 
 
Checkpoint 13.10  

Find the derivatives of 
xx

xy
23
12

2 +
−

=  with respect to x. 
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13.2 Differentiation of Composite Functions 
Suppose  and 1)( 2 −== nnfC 23)( +== ttgn

)(n
. We can express C as a function of t by 

substituting  into C . )(tgn = f=

   

3129
1)23(

1)]([
)]([

2

2

2

++=

−+=

−=

=

tt
t
tg

tgfC

We say that  is a composite function of C)]([ tgf )(nf=  and )(tgn = . 
To differentiate a composite function, we have the following theorem to help. 
 
The Chain Rule: 
Suppose y is a differentiable function of u, and u is a differentiable function of x. Then y is 
also a differentiable function of x and  

dx
du

du
dy

dx
dy

⋅= . 

 
Example 13.12  

Given that  and , find 4)( uufy == 1)( 2 +== xxgu

(a) ,      (b) )]([ xgf
dx
dy . 

 
Solution 

(a)
  

42

2

)1(
)1()]([

+=

+=

x
xfxgf

(b) 34u
du
dy

=  and x
dx
du 2=  

  

∴

32

32

3

)1(8
)2()1(4

)2(4

+=

+=

=

⋅=

xx
xx

xu
dx
du

du
dy

dx
dy
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Example 13.13  

Differentiate  with respect to x. 3)52( += xy
 
Solution 
Let  and 3uy = 52 += xu . 

2

2

2

23

)52(6
6

23

2)52(

3

+=

=

⋅=

⋅=

=+=

==

x
u
u

dx
du

du
dy

dx
dy

x
dx
d

dx
du

uu
du
d

du
dy

 

 
Example 13.14  

Differentiate 
45

1
2 −

=
x

y  with respect to x. 

 
Solution 

Let 2
11 −

== u
u

y  and u . 45 2 −= x

 

2
3

2

2
3

2

2
3

2
3

2

2
3

2
1

)45(

5
)45(5

5

)10(
2
1

10)45(

2
1

−
−=

−−=

−=

−=⋅=

=−=

−==

−

−

−

−−

x

x
xx

xu

xu
dx
du

du
dy

dx
dy

xx
dx
d

dx
du

uu
du
d

du
dy
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Checkpoint 13.11  
Differentiate  with respect to x. 32 )12( += xy
 
Solution 
Let  and u  3uy = 12 2 += x

 

dx
du

du
dy

dx
dy
dx
du
du
dy

⋅=

=

=

___________________

___________________

 

 
 
 
 
 
 
 
Checkpoint 13.12  

Differentiate 
52

1
−

=
x

y  with respect to x. 

 
Solution 
Let ______________ and _________________. 

dx
du

du
dy

dx
dy
dx
du
du
dy

⋅=

=

=

___________________

___________________
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Example 13.15  

Differentiate 
3

21
1








+
+

=
x
xy  with respect to x. 

 
Solution 

42

22

22

222

2

22

22

2

22

22
2

2

2

2

2

3

2

)1(
)21()1(3

)1(
221

1
13

)1(
)2)(1()1)(1(

1
13

)1(

)1()1()1()1(

1
13

1
1

1
13

1
1

x
xxx

x
xxx

x
x

x
xxx

x
x

x

x
dx
dxx

dx
dx

x
x

x
x

dx
d

x
x

x
x

dx
d

dx
dy

+
−−+

=

+
−−+








+
+

=

+
+−+








+
+

=

+

++−++







+
+

=








+
+








+
+

=








+
+

=

 

 
Example 13.16  

Differentiate 3 2 32 +−= xxy  with respect to x. 

 
Solution 

3
2

2

3
2

2

23
2

2

3
1

2

3 2

)32(3

)1(2

)22()32(
3
1

)32()32(
3
1

)32(

32

+−

−
=

−+−=

+−+−=

+−=

+−=

−

−

xx

x

xxx

xx
dx
dxx

xx
dx
d

xx
dx
d

dx
dy
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Checkpoint 13.13  
Differentiate  with respect to x. 4)23( += xy
 
 
 
 
 
 
 
 
 
 
 
 
 
Checkpoint 13.14  

Find the derivatives of 
1

1
3 +

=
x

y  with respect to x. 
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13.3 Differentiation of Parametric Equations 

For a pair of parametric equations   with parameter t, we can apply to chain rule to 

find 




=
=

)(
)(

tgy
tfx

dx
dy : 

dt
dx
dt
dy

dx
dy

dt
dx

dx
dy

dt
dy

  
=

⋅=

 

 
Example 13.17  

Given that  and , find 12 −= tx 241 ty −=
dx
dy  in terms of x. 

 
Solution 

2=
dt
dx  and t

dt
dy 8−=  

∴

 

)1(2
2

14

4
2
8

  

+−=







 +

−=

−=

−
=

=

x

x
t

t
dt
dx
dt
dy

dx
dy
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Example 13.18  

Given that , find 




+=
=

ty
tx

53
2 2

3=tdx
dy . 

 
Solution 

t
dt
dx 4=  and 5=

dt
dy  

∴

 

12
5
4
5

  

3

=

=

=

=tdx
dy

t

dt
dx
dt
dy

dx
dy

 

 
 
Checkpoint 13.15  

Given that , find 




−=

−=

1
12

2ty
tx

3) ,3(dx
dy . 
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13.4 Differentiation of Inverse Functions 
Let . If , we say that  is the inverse function of . )(xfy = )( ygx = )(yg )(xf

For example, if y , then we have 12)( −== xxf
2

1)( +
==

yygx .  is the inverse 

function of . 

)(yg

)(xf
 
Let  and its inverse function be )(xfy = )( ygx = . Then. 

dx
dydy

dx 1
=  for 0≠

dx
dy . 

 
Example 13.19  

If  , find 123 2 +−= yyx
dx
dy  in terms of y. 

 
Solution 

26
1

1
26

)123( 2

−
=

=

−=

+−=

y

dy
dxdx

dy
y

yy
dy
d

dy
dx
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Example 13.20  

If  
y

yx
+

=
1

, find 
dx
dy . 

 
Solution 

2

2

2

2

)1(

1
)1(

1
)1(

)1()1(
)1(

)1()()1(

1

y
dy
dxdx

dy
y

y
yy

y

y
dy
dyy

dy
dy

y
y

dy
d

dy
dx

+=

=

+
=

+
−+

=

+

+−+
=









+

=

 

 
Alternative Solution 

∴

 

2

2

2

)1(
1

)1(
)1()1(

)1(

)1()()1(

1

1

1

x

x
xx

x

x
dx
dxx

dx
dx

x
x

dx
d

dx
dy

x
xy

y
yx

−
=

−
−−−

=

−

−−−
=








−

=

−
=

+
=

 

 
20



 
Checkpoint 13.16  

In each of the following, find 
dy
dx  in terms of x. 

(a)      (b) xxxy 323 +−= 231 xx +−y =  
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13.5 Differentiation of Implicit Functions 
13.5.1 Explicit Functions and Implicit Functions 
(1) y is an explicit function of x if dependent variable y of the function is expressed in terms 

of the independent variable x. 

e.g. 13 += xy  
(2) y is an implicit function of x if the equations relating to x and y does not have an explicit 

subject. 
e.g. ,  yxxyx 32 2 =+ 322 2 yxxxy =+

 
13.5.2 Differentiation of Implicit Functions 
To differentiate an implicit function with respect to x, we can either  
(1) change the subject to y,  

 
e.g. 

23

32

)1(
2
)1(2

xx
xy

yxxyx

−+
=

+=+

,  

 and then use any theorems (Quotient rule, here) to find  
dx
dy , or 

(2) differentiate both sides of the equations simultaneously with respect to x, and then make 

dx
dy  as the subject. 

 
Example 13.21  

If  , find 1033 =−+ yyx
dx
dy . 

 
Solution 

∴

 

2

2

22

22

32

33

33

33

31
3

)31(3

033

0)(3

0)()()(

)10()(

10

y
x

dx
dy

dx
dyyx

dx
dy

dx
dyyx

dx
dy

dx
dyy

dy
dx

y
dx
dy

dx
dx

dx
d

dx
dyyx

dx
d

yyx

−
=

−=

=−+

=−+

=−+

=−+

=−+
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Example 13.22  

If  , find xyyx 238 32 +=−
dx
dy . 

 
Solution 

 

22

22

22

22

322

32

32

9
22

22)9(

229

2)3(3)2(

2)(30)()(

)23()8(

238

yx
xy

dx
dy

xy
dx
dyyx

xy
dx
dyy

dx
dyx

dx
dyyxy

dx
dyx

y
dx
dx

dx
dyy

dx
dx

xy
dx
dyx

dx
d

xyyx

−
−

=

−=−

−=−

+=+

+=−+

+=−

+=−

 

 
 
Checkpoint 13.17  

In each of the following, find 
dx
dy . 

(a)       (b) x  4=xy 433 6xyy =+
 

 
23



 
Example 13.23  

If  1
13
1

2

2

=
−
+

xy
yx , find 

2=xdx
dy . 

 
Solution 

 

xyx
xyy

dx
dy

xyy
dx
dyxyx

y
dx
dyyxxy

dx
dyx

xy
dx
dyx

dx
d

xyyx
xy

yx

62
23

23)62(

3)2(30)2(2

)13()1(

131

1
13
1

2

2

2

22

22

2

2

−
−

=

−=−

+=++

−=+

−=+

=
−
+

 

 

When x = 2,

 

3
1or1

0)13)(1(2
0246

1614

1
1)2(3
1)2(

2

2

2

2

−==

=+−
=−−

−=+

=
−
+

yy

yy
yy

yy
y
y

 

 

When x = 2 and y = 1,   
8
1

)1)(2(6)2(2
)1)(2(2)1(3 2

=
−
−

=
dx
dy  

When x = 2 and y = 
3
1

− ,  
24
5

3
1)2(6)2(2

3
1)2(2

3
13

2

=






−−







−−






−

=
dx
dy  

 

∴ 
24
5or

8
1

2

=
=xdx

dy  
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Checkpoint 13.18  

Let . Find 62 =+ yxy
1=xdx

dy  
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13.6 Second Derivatives 
Sometimes in physical application of differentiation, we need to consider the derivative of yet 
another derivative. 

For example, let . Then 23xy = x
dx
dy 6= . The derivative of 

dx
dy , i.e. 








dx
dy

dx
d , is 6)6( =x

dx
d . 

We call 
dx
dy  the first derivative of y with respect to x, and 

  







dx
dy

dx
d  the second derivative of y with respect to x. 

The second derivative is usually denoted by 2

2

dx
yd  or  or . )('' xf ''y

Note that 
2

2

2







≠

dx
dy

dx
yd . In the above example, 62

2

=
dx

yd  and 22
2

36)6( xx
dx
dy

==





 . 

 
 
Example 13.24  

Let . Find 742 23 −+−= xxxy
2
1

2

2

=xdx
yd . 

 
Solution 

 

4

2
2
112

212

2)2(6

426

42)3(2

742

2
1

2

2

2

2

2

2

23

=

−





=

−=

−=

+−=

+−=

−+−=

=xdx
yd

x

x
dx

yd
xx

xx
dx
dy

xxxy
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Checkpoint 13.19  

Let 
x

xy 13 2 −= . Find 2

2

dx
yd . 

 
 
 
 
 
 
 
 
 
 
 
Example 13.25  

Let 
x

y
+

=
1

1 . Find 
dx
dy  and 2

2

dx
yd  and hence show that 02)1( 2

2

=++
dx
dy

dx
ydx . 

 
Solution 

 [ ]

3

3

3

2
2

2

2

2

1

)1(
2

)1(2
)1)(2(

)1(

)1(
1

)1(

)1(
1

1

x

x
x

x
dx
d

dx
yd

x

x
dx
dy

x
x

y

+
=

+=

+−−=

+−=

+
−=

+−=

+=
+

=

−

−

−

−

−

 

∴

 

0
)1(

2
)1(

2
)1(

12
)1(

2)1(

2)1(

22

23

2

2

=
+

−
+

=









+

−+







+

+=

++

xx

xx
x

dx
dy

dx
ydx
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Checkpoint 13.20  

Let 12 −+= xxy . Find 
dx
dy  and 2

2

dx
yd  and hence show that 0)1( 2

2
2 =−+− y

dx
dyx

dx
ydx . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Example 13.26  

Find 2

2

dx
yd  if . 144 =+ yx

 
Solution 

 

3

3

33

44

44

044

0)()(

1

y
x

dx
dy
dx
dyyx

y
dx
dx

dx
d

yx

−=

=+

=+

=+
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7

2

7

642

7

642

6

3

3
2232

6

2323

33

3333

3

3

2

2

3

3)1(333

33

)3()3(

)(

)()(

y
x

y
xxx

y
xyx
y

y
xyxyx

y
dx
dyyxxy

y

y
dx
dxx

dx
dy

y
x

dx
d

dx
yd

−=

+−
−=

+
−=









−−

−=

−
−=

−
−=









−=

 
 
Alternative Solution 

 

7

2

2

2

7

642

2

2

6
2

2
742

4

6

2

2
32

2

3

3
2

2

2
32

2
2

2

2
32

232

33

3

3

33

44

3

33

033

033

033

012412

0)3(44)3(4

044

044

1

y
x

dx
yd

y
xyx

dx
yd

x
dx

ydyyx

y
x

dx
ydyx

y
xy

dx
ydyx

dx
dyy

dx
ydyx

dx
dy

dx
dyy

dx
dy

dx
dyx

dx
dyyx

dx
d

y
x

dx
dy
dx
dyyx

yx

−=

+
−=

=++

=++

=







−++

=





++

=⋅+





+

=



 +

−=

=+

=+
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Checkpoint 13.21  

Let 22xyyx =− . Find 2

2

dx
yd . 
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Exercise 13 Techniques of Differentiation 
 
13.1 
1. Write down the derivatives of the following functions with respect to x. 

(a)      (b) =y  45xy = 34 −− x

(c)      (d) 2.1xy = 3
4

7
−

x=y  

(e) 
x

y π
=  

 

2. Find the derivatives 
dx
dy  of the following functions. 

(a)     (b) =y  xxy 53 2 −= 1626 23 −+− xxx

(c) 43x
xxy =      (d) =y  124 34 −−− −+ xxx

(e) 3
1

4
1

5
1

2
−−−

+−= xxxy    (f) )3)(17( ++= xxy  

(g) 3

278 4186
x

xxxxy +−+
=  

 
3. If (f , find . 23) 12 +−= −xxx )3('f
 

4. Let 2
3

2
1

4) xbxaxx ++=(f . If 11)1(' =f  and 28)4(' =f , find the values of a and b. 

 
5. Find the derivatives of the following functions with respect to x. 

(a)    (b) =y  )13)(2( 2 +−= xxy )75)(12( 2 +−+ xxx

(c) )23)(2( 2 +−= xxy    (d) =y  223 )( −− xx

(e)  )1)(32)(1( 2 +−+= xxxy
 
6. Find the derivatives of the following functions with respect to x. 

(a) 
4

2
+

=
x

y      (b) 
4
53

2 +
−

=
x

xy  

(c) 
73

32
2 ++

−
=

xx
xy     (d) 

5
1

5
1)

−
+

+
=(

xx
xf  

(e) 
xx
xxxf

−
+

=
2

2

)(     (f) )3(
1
23) 2

2

+(
−
−

= x
x
xxf  
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7. If (f , find . 2132 )23() −−− +−= xxxx )2('f
 
8. Given that (f  and are differentiable functions such that . If 

, , 

)x

)2( =

)(xg )()( xgxf ≠

3)2( =f 4g 1)] −=
dx
d ([ xf  at x = 2 and 2)]([ =xg

dx
d  at x = 2, find the values 

of 







(
(

g
f

dx
d

)
)

x
x  at x = 2. 

 
13.2 

9. Use the chain rule to find 
dx
dy  in each of the following. 

(a) , u  )1( 2 −= uuy 23 32 xx +=

(b) 3 uy = , 
x

x+
=

1u  

 

10. Find 
dx
dy  of the following functions. 

(a)    (b) =y  32 )42( −+= xxy 22 )4( −−x

(c) 32 )53(
1
++

=
xx

y    (d) 3 22 )14( −x=y  

 
11. Find the derivatives of the following functions with respect to x. 

(a) 25)25( 2 ++= xxy    (b) 33
2

)2()13( −+ xx=y  

(c) 
32

13
+
+

=
x

xy     (d) 







+
−

13
22

x
x

=y  

(e) 
3

2 4
32








+
−

=
x

xy     (f) 3
1

2 )1(
1
5

+







+
+ x

x
x

=y  

 

12. If 
16

35
35

)

4









−
+

= x
x

x(f , find . )1('f

 
13. Find the derivative of  with respect to x. 432 ]5)3[( −+= xy
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14. Find the derivative of 13 ++= xxy  with respect to x. 

 
13.3 

15. Find, in terms of x, 
dx
dy  in each of the following. 

(a) , tx 3=
t

y 3
=     (b) x = , 22t ty 2= , where t > 0 

 

16. Find, in terms of t, 
dx
dy  in each of the following. 

(a) 
9

32 +
=

tx , 
2

42 tty −
=     (b) 12 −t=x ,  22 )1( += ty

(c) 2

2

1
1

t
tx

+
−

= , 21
2

t
ty

+
=  

 

17. If =x  and , find 233 −+ tt 23 += ty
dx
dy  at t = –2. 

 
13.4 

18. Find 
dx
dy  in each of the following. 

(a) 
y

yx 1
+=      (b) yy 22 +x =  

(c) 
1
1

2

2

+
−

=
y
yx  

 

19. Find 
dx
dy  in each of the following. 

(a)      (b) 23 )32()1( +−= yyx
1

2
+
−

y
y

=x  

 

20. Let 3 . Find 122 =− xyxy
dx
dy  in terms of y. 
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13.5 

21. Find 
dx
dy  in each of the following. 

(a)     (b) 3  164 22 =+ yx 12 =+ yxy

(c)    (d) 032 22 =+− yxyx
yx

x
+

y =  

(e)     (f) 2)2( 2 =− yxx 6=++ xyyx  

 

22. Given that x , find 01633 =+−+ xyy
dx
dy  at x = 2. 

 
23. Given the equation x  representing a circle with radius 5 and centre at the 

origin. The point (a, b) lies on the circle and 

2522 =+ y

3
4

−=
dx
dy . 

(a) Show that b
3
4a = . 

(b) Find the possible values of a and b. 
 
13.6 

24. Find 2

2

dx
yd  of the following functions. 

(a)     (b) =y  342 xxy −= 21 235 −− +− xx

(c)     (d) 5)43( −−= xy
1
12

+
+

=
x
xy  

(e)    (f) 23 )3()1( −+= xxy 22 =+ yx  

 

25. If 2
1

)32()
−

−= xx(f , find )]([ xf
dx
d  and )]([2

2

xf
dx
d  at x = 0. 

 

26. If 23 +x=y , show that 0
2

2

2

=





+

dx
dy

dx
ydy . 

 

27. Given that 12 −=x , , find t 12 −= ty 2

2

dx
yd . 
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