Chapter 12 Limitsand Derivatives

12.1  Limit of a Function

Definition of the limit of a function:

If f(x) approaches a fixed number L as x approaches a, then we say that L is the limit of
f (x) asx approaches a and is denoted by

limf(x) =L

X—a

Definition of continuity of a function:

A function f(x) iscontinuousat x = aif andonly if limf(x) = f(a).

12.2 Theoremson Limits

When lim f (x) existsand limg(x) exists, then

(D) M)+ g0g]=limf(x)£limg(x);

(2) limk- f(x)] =klimf(x),wherekisarea constant.;

(3) M f0)-g(]=1imf(x)-limg(x);

]t .
(4 lim 900 | , provided that limg(x) # 0.

limg(x)



Example 12.1
Given f(x) =3x-4 and g(x) = 2x+ 3, evauate

@ liml (- g(3]

() lim(f(x)-g()]

| T(X)
liml 222
(©) XT{guJ
Solution
@ imif(x)-g(g]=limf(x)-limg(x)
= Ixim(:%x— 4) — IXier(2x+ 3)

=(3-1-4)—-(2-1+3)
=6

(b) i f(9-g(]=limf(x)-limg(x)
= lim(3x—4)-lim(2x+3)
= (3-2-4)(2-2+3)
~14

i 100 M T
© X@[g(x)}mg(x)
lim(3x-4)
" lim(2x+3)
_3(-D-4
- 2(-D)+3

=7




Checkpoint 12.1
Given F(x) =—-2x and G(x) = x—5, evaluate

(@ NimF()-G(X]

() lim[3F (x)- G(x]

X—>=
2

.1 G(X)
©) 1'1*;{@}



Example 12.2

2

. X=X
Evaluate lim 5 .
x>0 X 4 2X
Solution
2
. X=X . X(x=1
lim 5 =lim ( )
x>0 X° 42X X0 X(X+ 2)
.o x-1
=lim—=
x>0 X + 2
__1
2
Example 12.3
) 1
Evaduate lim——.
x—>2x_
Solution

Here, Iin;(x— 2) = 0 and as the numerator is the constant 1, when x approaches 2, iz tends
1 ... .
to 9 which is undefined.

Iimi does not exist.
x>2 X — 2

Checkpoint 12.2
Evaluate the following limits.

@ lim(2-5x) b) 1im2X=0

x—1 x>3 X—3



Example 12.4

Evaluate lim

X—3
>3 x+1-2
Solution

lim X— _lim (Xx=3)(vx+1+2)

o3 x+1-2 23 (x+1-2)(Wx+1+2)
_”m(x—S)(«/x+1+2)
o8 (x+) -4

=limy/x+1+2

x—3

=4/3+1+2

=4

Example 12.5

Evaluate Iile.

x—0 X

Solution

V1+ x> -1 _lim (V1+x* =D)(V1+ x> +1)

[im————
x—0 X X—0 X( 11+ X2 +1)
. 1+x2-1
=lim——
0 x(V1+ X2 +1)
0 1+ x% +1
limx

_ x—0
Iing(\/1+ x> +1)

=0




Checkpoint 12.3
Evaluate the following limits.

.o x=1 . X—8
a Iim b) IIm——
@ o1\ x -1 ) 8 [x+1-3
(©) ”ml——x—Z

>3  X+3



12.3 Limitsat Infinity
If the value of a function f(x) approaches a number L as the value of x approaches positive

infinity or negative infinity, then correspondingly we have

lim f(x)=L or Iirp f(x)=L
. 1
In particular, lim==0.
x—>iroox
Example 12.6
Evaluate
. X+3 X+ x-1
a lim—— b lim————
@ x>0 X — 2 ®) - jim 2x° +4
Solution
1+§
lim2X 3 jim—X
(a) x>0 X — 2 X—>00 1- g
X
_1+0
1-0
=1
N 1
X +x=-1 . x %2 %3
[iIm ————=—=1im
(b) X—>—00 2X3+4 X—>—00 i
XS
~0+0-0
2+0
=0



Checkpoint 12.4
Evauate the following limits. If the [imit does not exist, say so.

. 4Ax+1 X8
a lim b lim
() X—>0 X—3 ( ) X—>00 X2+1
Example 12.7

Evaluate lim(v/x —v/x+1) .

Solution

. (VX = VX=X +x+1)

lim(/x —v/x+1 :Ilm(

L L o e
_lim X—(x+1)
o0 X +x+1
=lim—
P X+ X+1
=0

Checkpoint 12.5

Evauate lim(v/X+1—-+/X+2).



124 Sopeof a Curve

Recall that the slope of a straight line is defined as 22— Y%

Change iny
=¥:-¥
b1 ¢

// Changeinx Clx, V]
=.I'1—.I-|
/ -

In the figure, PT is the tangent of the curve C at the point P. The slope of PT is called the
slope of the curve at P.

.
/O

Denote x, — x, by Ax and y, —y, by Ay. The slope of the curve at the point P(x,, y,) iSgiven
by

jim &Y~ jim 10049 = 1)

Ax—>0 AX AX—0 AX




Example 12.8

(@ Find the Slope of the tangent to the curve y = x* at any point (X, Y).
(b) Hencefind the Slope of the curve y = x* at (1, 1).

Solution
(@ Let f(x)=x>.
The slope of the tangent at (X, Y)

f(X+AX) - f(X)

=lim
Ax—0 AX
2 2
_ lim (X+ AX)" = x
Ax—0 AX
_lim X% 4+ 2X(AX) + (AX)* — X?
B Ax—0 AX
_lim (AX)(2X + AX)
Ax—0 AX
= l)l( m (2X+ AX)
= 2X

(b) Thedopeof thecurveat (1,1) =2(1) = 2.

Checkpoint 12.6

(@ Find the slope of the tangent to the curve y = 2x? — x at any point (X, y).

(b) Hencefind the slope of the curve y = 2x* — x at (2, 6).

10



125 Derivative of a Function
The derivative of the function y = f (x) with respect to x is defined as

f(”AAX)‘ FO) it the limit exigts
X

dy , o
&(OIr F'()) = lim

Example 12.9

Find the derivative of y = x® with respect to x from first principles.

Solution

[From first principles means using the definition of derivative to find % i
X

Let f(x)=x3.

f (x+ AX) = (X+ AX)®
= x> +3x%(AX) + 3x(AX)* + (AX)®
= f (x+ AX) — f(X) = 3x*(AX) + 3x(AX)* + (AX)®
f(x+Ax) — f(X)  A3X® + 3X(AX) + (AX)?]
AX AX
= 3x* + 3X(AX) + (AX)?
g: lim f(X+AX) - f(X)
dx a0 AX
= liin()[3x2 + 3X(AX) + (AX)°]

, AX#0

=3x?

Checkpoint 12.7

Find the derivative of y = f(X) :% with respect to x for x = —4 from first principles.
X+

11



Example 12.10

Let f(x)=+/3x.Find the derivative of f(X) with respect to x from first principles and hence
find the dopeof f(x) atx=3.

Solution
f (x+Ax)— f(x)

1/3(x+ AX) —/3x

[,/3(x+Ax —3X][/3(x + AX) ++/3X]
= AX[3(x+ AX) ++/3X]

3(X+ AX) — 3x

AHO Ax[«/3(x + Ax) + \/§x]
=i
oD A><[1/3(x + AX) + \/§x]

=lim

AXﬂo[w/3(x+Ax +\/_x]
\/_X+\/_X
3
- 24/3x

(=

NEE)

f'(x) =

Ax—)O

Ax—)O

N

N

12



Checkpoint 12.8

Find the derivative of y=+/1—x with respect to x for x>1 from first principles.

13



Exercise 12 Limitsand Derivatives

12.2
1. Evauatethefollowing limits.
@ IingS (b)
(© lim(x-4)* (d)
o xX+1
e lim——=
© x>2 X +3

2. Evauatethefollowing limits. If the limit does not exist, say so.

3 2
@ IXImx +2;( +3Xx (b)
. X—7
C lim——————— d
() s 3 (d)
. 1
© Miis ®
X2+ 2X
@ I
x3-125

3. Evaluate lim 5 )
x5 X° —25

12.3
4.  Evaluatethe following limits. If the limit does not exist, say so.
@ imY2 b lim2E3
x—0 X x>0 x4+ 1
X2 +3x+2 . 3-2x-x°
¢ lim——— d lim———
© x>0 2%% — 2X+1 @ I 1+ 4x*
2X(3x+1
© (3x+1)

o (2X+1)(X—3)

IirT(x3+2x+1)

lim3/x

X—0

i x*> +5x+6
x>2 X% + 6X + 8
1 1

limX+h X
h—0 h

. X*—-4
lim

X—2 3,[)(_2

14



5.  Evauatethefollowing limits. If the limit does not exist, say so.
2
@ lim¥X +44 0)  limE/x+1-vx-1)
X—>00 X+ X—>00

(© limWx*+x-Xx)
124,125
6. Giventhefunction f(x)=x*—-x+2, find

@ (@),

(b)) f@Q+Ax),

(c) theslopeof thecurve y=x*—x+ 2 at the point (1, 2).
7. Find the gradient of the tangent to the curve y = x® — 2x at (0, 0).
8.  Findthe derivative % of y=4x+3 from first principles.

X
) .. dy 1 . .
9. Findthederivative — of y=—— fromfirst principles.
dx 5+ X
10. Find the derivative f'(x) of f(x)= x>+ x> from first principles.
11. Find the derivative f'(x) of f(x)=+/4-x* fromfirst principles.
12.  Find the derivative of the function y = 3/x with respect to x from first principles.
13. Findthederivative y' of yzi2 from first principles.
X+
14. Given yzis. Find & and hence find the value of Y
X dx dx|,_,
. 1 ,
15. Given f(x) = .Find f'(x) and hencetheslopeof f(x) atx=3.
(x) ol (x) p (X)

15



