Chapter 7 General Solutions of Trigonometric Equations

7.1

I nver se of Trigonometric Functions

Definitions:
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2
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3)

. . . 7T 7T
For —1<a<1, x=sinta if sinx=a and ——SaéE.

N

For —1<b<1, x=cos'b if cosx=a and 0<b<r .

For any real number ¢, x=tan"c if tanx=c and —%<c<%.

Formulaefor General Solutions of Trigonometric Equations
For sinb =a, where —-1<a<1,
0 =180°n+(-1)"¢ or 6 =nn +(-1)"¢,

wherenisaninteger and ¢ =sin"a.
For cosb =b, where -1<b <1,

6 =360°nt¢p or O =2nt +¢,
wherenisaninteger and ¢ =cos™b.
For tan6 =c,

0 =180°n+¢ or 6 =nw +¢,
wherenisaninteger and ¢ =tan"'c.

Example 7.1
Find the general solution of sin6 =0.

Solution

sind =0
0 =180n°+ (-)"0°
=180n°, wherenisaninteger.



Example 7.2
Find the general solution of each of the following trigonometric equations, giving the answers
correct to the nearest 0.01° where necessary.

(@ coso = —g (b) tanb =24
Solution
V3

(@ cosp = —=
6 =360n°+150°, wherenisan integer.

(b) tan® =24
0 =180n°+ 67.38°, corr.to the nearest 0.01°, wherenisaninteger.

Checkpoint 7.1
Find the general solution of each of the following trigonometric equations, giving the answers
correct to the nearest 0.01° where necessary.

2 /3

(@) cosh =-—- (b) sind =-==
V3

(¢ tanb =5



Example 7.3
Find the general solution (in degree) of tan3 =-1.

Solution
tan3P =-1
3P =180n° + (—-45°)
6 = 60n°—15°, wherenisaninteger.

Checkpoint 7.2

Find the general solution (in radian) of cos(Zx— 2%) =1.

Example 7.4

Find the general solution of the equation cos?6 = % , giving your answer in radians.

Solution
cos’0 _1
2
1 1
cosh =— or ——
J2 J2

0 =2nx J_rE or 2nw iﬂ
4 4

6 =nn J_rnz,wherenisaninteger.



Checkpoint 7.3
Find the general solution of the equation 2sin®x—3sinx—2=0, giving your answer in
degrees.

7.3  Further Examples

Example 7.5

Find the general solution of the equation 7sin® x—4sin xcosx = 3, giving your answer correct
the nearest 0.01°.

Solution

7sin® x—4sinxcosx = 3
7sin® x—4sinxcosx = 3sin® x + 3cos® X
4sin® x—4sinxcosx—3cos’ x = 0
4tan® x—4tanx—-3=0
(2tanx+D(2tanx—-3) =0
3 1

tanx=— or ——
2 2

Xx=180n°+56.31° or 180n°- 26.57°, corr.to the nearest 0.01°,
wherenisaninteger.



Example 7.6

Find the general solution of the equation cos(2 + 30°) cosd —sin(20 + 30°)sind = % .

Solution
cos(2 +30°)cosh —sin(2X +30°)sinb :%
1
cog (20 +30°)+6] = >
1
cos(P +30°) = 5

3P +30° =360n° £ 60°
P =360n°+30° or 110n°-90°
0 =110n°+10° or 110n°-30° wherenisaninteger.

Checkpoint 7.4

Find the general solution of 11— 6sec® x =13tanx, giving your answer correct the nearest
0.01°.



Checkpoint 7.5
Find the general solution of the equation tan(® — 20°) + tan46 =1- tan(®6 — 20°) tan 40 .

Example 7.7

Find the general solution of the equation J3cosd —sin® =1, where 0 is measured in radians.

Solution

Let +/3cosd —sind = Rcos(® +¢) = Rcost cosp — RsinO sing .

Then R=+/(+/3)2+1% =2

tang =

ol $||H

o=
\/§cose —Sno = 200{6 +%)

2005(6 +£j:1
6
cos(e +£] :1
6) 2
T

0=2nm+— or 2nm —E,Wherenisaninteger.



Checkpoint 7.6

By expressing J3sin® +cosd as Rsin® +¢), find the general solution of the equation

\/§sin6 +co0sO =1, where 0 ismeasured in radians.

Example 7.8

Find the general solution of the equation 2sin6 + cosd =1, giving the answers correct to 2
decimal places.

Solution
0 . 1-t?
Put t =tan—. Then sin0 = 2andcosez 5
2 1+t 1+t
2sin® +cosh =1
_ 2
2( thj+—1 t2:1
1+t 1+t
4t +1-t* =1+t2
2t2—4t=0
2t(t-2)=0
t=0 or t=2
tane—zo or tane—=2
2 2
% =180n° or 180n°+ 63.4349°
06 =360n° or 360n°+126.87°,corr.to2d.p., wherenisaninteger.



Example 7.9

Find the general solution of the equation cos2x + 2cos® g =1, giving the answersin radians.

Solution

COS2X + 2¢0s? g =1

2c0s* x—1+ 2(1+ COSX) =1

2
2c0s? X+ cosx—1=0
(2cosx—1)(cosx+1) =0

cosx=1 or -1
2

T . .
X:2nni§ or 2nm +7,wherenisaninteger.

Checkpoint 7.7

Find the general solution of the equation Sih20 — cos20 = \E .



Checkpoint 7.8

Find the general solution of the equation sin 2x+ 2sin® g =1, where 6 is measured in radians.

Example 7.10
Find the general solution of the equation sin26 +sin40 +sin® =0, where 0 is measured in
radians.

Solution

sin29 +sin4d +sn6® =0
(sn20 +sin@)+sin40 =0

nZ@;G@ cosze;66 +sn40 =0

2s
2sin40 cos20 +sin40 =0
sin40(2cos20 +1) =0

sndd =0 or cos2X :—%

40 =nr or 26=2n7c4_r2?7r

O:nTn or nni%,wherenisaninteger.



Checkpoint 7.9
Find the general solution of the equation cos20 + cos40 + cos® =0, where 6 is measured in
radians.

Example 7.11

Find the general solution of the equation Zcosg coss—zx +1=0, giving your answers in radians.

Solution

Zcosz cos% +1=0
2 2

X 3X X 3X
co§ —+—|+co§ ——— |+1=0

2 2 2 2
Cos2xX+cosx+1=0

2c0s® X+ cosx =0
cosx(2cosx+1) =0

cosx=0 or —1
2

X=2nn J_r% or 2nm i%,wherenisaninteger.

10



Example 7.12
Find the general solution of the equation cos2xcos6x = sin4xsin8x, giving your answers in
radians.

Solution
C0S2XCO0S6X = Sin4xsin8x

% (cos8x+ cos4x) = % (—cos12x + cos4x)

cos8x + cosl2x =0
8x+12x 8x—-12x
S 0S

2co =0
2
cos10xcos2x =0
cos10x =0 or cos2x=0
10x = 2nx J_rE or 2X =2nm J_rE
2 2
x:n—nirl or nm iz,wherenisaninteger.
5 20 4

Checkpoint 7.10
Find the general solution of the equation sin5xcos7x = cos3xsin9x, giving the answer in
radians.

11



Example 7.13

Find the general solutions of the following equations
(@ tandx=cot2x,wherexisin radians.

(b) cos3x=sn2x, wherexisin degrees.

Solution
€)) tan4x = cot 2x

tan4x = tan(% — 2x]

4x=nm + 5 - 2x
2

6X=nm + -
2
nm T . .
X =—+—,wherenisaninteger.
6 12
(b) cos3x = sin2x

cos3x = cog(90° — 2x)
3x = 360n° + (90° — 2X)
3x=360n°+90°-2x or 360n°-90°+ 2x

X=72n°+18° or 360n°-90°, wherenisaninteger.

Alternatively,
C0S3X = Sin2x

sin(90° — 3x) = sin 2x
90° — 3x =180n° + (-1)"2x, wherenisan integer.
Whenniseven, let n= 2m,
90° — 3x = 180(2m)° + (-1)*" 2x
90° — 3x = 360m° + 2X
5x = 90° — 360M°
X = 72k° +18°, wherek isaninteger. (Putting k = —m)
Whennisodd, letn=2m+1,
90° — 3x =180(2m+1)° + (-1)*™*2x
90° — 3x = 360m° +180° — 2x
X = -360m° —90°
x = 360k° — 90°, wherek isan integer. (Putting k = —m)

12



Checkpoint 7.11

Find the general solutions of the following equations
(@ snb5x=cos3x, wherexisinradians.

(b) tan3 tan70 =-1, where 6 isin degrees.

13



Exercise7 General Solutions of Trigonometric Equations

7.2

10.

1 , giving the answer in degrees.

NE

Find the general solution of the equation tan x =

Find the general solution of the equation sin(2x —15°) = 0.25, giving the answer correct
to the nearest 0.1°.

Find the general solution of the equation tan® =sin6 , giving the answer in terms of .

Find the genera solution of the equation J3sin? x+ 2sinxcosx—+/3¢cos? X =0, giving
the answer in terms of =.

Find the general solution of the equation tan6 + cot6 = i giving the answer in terms

V3

of .

Find the general solution of the equation 25% * +525"* =10, giving the answer in
terms of .

Find the general solution of the equation 2tanx—2sinx =3sin® xtanx, giving the
answer correct to the nearest 0.1°.

Find the general solution of the equation csc® x = 25sin® x—20cot® x , giving the
answer correct to the nearest 0.1°.

Find the general solution of the equation 3cos*0 +5sin’6 —3=0, giving the answer
correct to the nearest 0.1°.

By expressing sin6 —cost = Rsin(®® —a) , find the general solution of the equation

J2(sino —cosh) = 2.

14



11.

12.

13.

14.

15.

16.

17.

18.

19.

(@ Find the genera solution of the equation V3sinx+cosx=+/2.
(b) Using theresult of (a), find the points of intersection of the curves

C,: y= 2./3sinX— cosx + 4y/2
C,: y= J3sinx—2cosx+5v2

for —2n < x<2r.

(Give the answersin terms of « and correct to 2 decimal places where necessary.)

Find the genera solution of the equation sin 2xcosx + cos2xsin x =1, giving the answer
in radians.

Find the general solution of the equation cos6x —cos2x = cos8x —cos4x, giving the
answer in radians.

Find the general solution of the equation sin6xcos9x —cos5xsin10x =0, giving the
answer in radians.

Find the general solution of the equation sin(® + 45°) = 2cos® —30°) , giving the
answer correct to the nearest 0.1°.

Find the general solution of the equation 3cos? g =1+sin®x, giving the answer correct
to the nearest 0.1°.

Using the identity cos3A=4cos’ A-3cosA , find the general solution of
8cos® X = /2 + 6c0sX, giving the answers in radians.

Find the genera solution of the equation cos2x =cosx—sinx, giving the answer in
degrees.

(@ Show that SiIn3x+siN5x+SiN7X+SIN9X = 2SN 6X(C0S3X + COSX) .

(b) Find the general solution of SiIN3x+sSiN5x+sSiN7x+sin9x = 0.

(c) Hence, find the general solution of —cos3x+ cos5x —cos7x+ cos9x = 0.
(Give the answersin radians.)
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