Chapter 6 Trigonometric Formulae Involving Compound Angles

6.1 Sum and Difference Formulae

(1) cos(A—B)=cos AcosB+sin Asin B
(2) cos(A+B)=cos Acos B—sin Asin B
(3) sin(A+ B)=sin Acos B+cos Asin B
(4) sin(4—B)=sin Acos B—cos Asin B

(5) tan(A+B)= tan A+tan B
l—tan Atan B
(6) tan(A—B)= tan A—tan B
l+tan Atan B

Example 6.1

Without using a calculator, find the values of
(a) sin75° (b) sinl5°
(¢) tanl5®

Solution

(a) sin75°=sin(30°+45°)
=sin30°cos45° +cos30°sin 45°

1 V2 3 A2
=X X —
272 2 2
V2446
4

(b) sinl15°=sin(45°-30°)
=s8in45°c0s30° —cos45°sin 30°

N2 3 21
22 22
62

4

(c) tan15°=tan(60°—45°)
_ tan60°—tan45°
1+ tan 60° tan 45°




Checkpoint 6.1

Without using a calculator, find the values of
(a) cosl05° (b) cot255°

Example 6.2
Prove thatcos(4 + B)cos(4 — B) = cos” A—sin’ B.

Solution

L.H.S.=cos(A4+ B)cos(4— B)
= (cos Acos B —sin Asin B)(cos Acos B +sin Asin B)
=cos® Acos® B—sin® Asin’ B
=cos” A(1—sin® B)—(1—-cos’ 4)sin” B
=cos’ A—cos” Asin> B—(sin> B —cos” Asin’ B)
=cos’ A—sin’ B
=R.H.S.

.cos(A+ B)cos(A—B) =cos’ A—sin’ B



Checkpoint 6.2
sin(A+ B)

Prove that tan 4 +tan B = .
cos AcosB

Example 6.3

If tan 4 = % and tan(4 - B) = %, find the value of tan B without using a calculator.

Solution
tan(A— B) = tan A—tan B
1+tan Atan B
z—tanB
1= 4
2 1+ztanB
4
l_7—4tanB
2 4+7tan B

4+7tanB=14—-8tan B

tanB:g
3



Example 6.4

If 4, B, C are the angles of a triangle, prove that tangtang + tangtan% + tan%tan% =1.

Solution
A+ B+ C =180°
£+£+£=90°
2 2 2
A, B _450_C
2 2 2
tan £+§ = tan 900—g
2 2 2
A B
tan — + tan —
ie. 2 2 1

A B C
l-tan—tan— tan—
2 2 2

A C B C A B
tan —tan — + tan —tan— = 1 — tan — tan —
2 2 2 2 2 2

A B B C C A
tan —tan — + tan—tan — + tan—tan— =1
2 2 2 2 2 2

Checkpoint 6.3
If tan 4 :% and tan B = %, find the value of tan C without using a calculator, where 4, B, C

are the angles of a triangle.



Example 6.5

Solve the equation sin(36 +30°)cos30° —cos(38 +30°)sin 30° = g for 0°< 6 <180°.

Solution
sin(36 +30°) cos30° —cos(30 +30°)sin 30° = g
sin[(36+30°)-30°] = g
sin36 = Q
2
30 =45°, 135°, 405°, 495° for 0°<360<540°

6 =15°, 45°, 135° 165°

Example 6.6

Solve the equation cosgcosZ - singsinz = 1 for0<0<r.

Solution

T .0 .7
cosacos——sm—sm—:

S
3
WY Wy = =



Checkpoint 6.4
Solve the equation cos15°cos @ +sin15°sin@ =1 for 0° <8 <360°.

Checkpoint 6.5
Solve the equation cos28sinf =cos@sin26 for 0<O < .



6.2 Subsidiary Angle Form

Assume a, b, R > 0 and ¢ is an acute angle. We may write

(1) acos@+bsin@=Rcos(6F @), where R=~a’ +b>, a=Rcos¢ and b= Rsing;

(2) asin@=xbcosh = Rsin(d+¢), where R=+/a’ +b>, a=Rcos¢ and b= Rsing.

Example 6.7
For each of the two given subsidiary angle forms, R is a positive constant and ¢is an acute
angle.
(i)  /3sin@+cosd = Rcos(6—¢)
(i) /3sin@+cosd = Rsin(0+ @)
(a) Find the values of R and ¢.
(b) Solve the equation V3sin@+cosf =1 , Where 0°< 8 <180°.

Solution
(@ @) J3sin 6+ cos 6 = Rcos(6 — ¢)
= Rsingsin@ + Rcos@cosd
R=+y(3)>+1> =2
ﬁ:ZSingb and 1=2cos¢
3 1
L N3 J _1
sin ¢ 5 and cos¢ 5
¢ =60°
(11) \J3sin@+cosf =R sin(@ + @)
= Rcos¢@sinf + Rsingcosd
R=+y(3)*+1> =2
\/5:2cos¢ and 1=2sing
3 1
cosp=——and sing =—
¢ 5 ¢ 5
A ¢ =30°
(b) (@) J3sin@+cosd =1

2cos(0—-60°) =1
1

cos(f—60°) =—
( ) 5

60— 60° = 60° (—60° < @ — 60° < 120°)
0 =120°



(b) (i) - 0°< 6 <180°
30°< 6 +30°<210°
V3sin@+cosf=1

2sin(@+30°) =1

sin(@ +30°) =%

0+30°=30°(rejected) or 150°
0=120°

Example 6.8
Solve the equation4 cos@—3sin@ =2 for 0°<H<360°.

(Give the answers correct to 2 decimal places where necessary.)

Solution
Let 4cos@—3sinf = Rcos(6 + ¢)
= Rcos¢cosd — Rsin¢sin @
where R=+32+4* =5
Then 4=5cos¢ and 3 =5sing
4 . 3
cos¢ = 3 and sing = 3
¢ =36.8699°

4cos@—3sinf@ =2
5cos(8 +36.8699°) =2

cos(f +36.8699°) = %

0+36.8699° = 66.4218° or 293.5782°
0 =29.55° or 256.71° (corr.to2d.p.)



Checkpoint 6.6
Solve the equation 2sin & +3cosd = —1 for 0°< 6 <360°.

(Give the answers correct to 2 decimal places where necessary.)

Checkpoint 6.7
Solve the equation V2cos0-Tsin@=3 for —r<0<r.

(Give the answers correct to 2 decimal places where necessary.)



Example 6.9
Find the maximum and minimum values of the expression—5cos@ —12sin 4.

Solution
Let —5cos@—12sind = —Rcos(f — @)
=—Rcos¢cosd — Rsingsind
where R=+5+12° =13
Then 5=13cos¢ and 12 =13sing
5 . 12
cosg = 3 and sing = 3

¢ =674° (corr.to3sig.fig.)
—5c0s@—12sin @ = —13cos(6 —67.4°)
—1<—-cosx <1 forallvaluesof x
—13<-13cos(0—-67.4°) <13 for all values of 8
The maximum and minimum values of —5cos@—12sin@ are — 13 and 13
respectively.

Checkpoint 6.8
1

Find the maximum and minimum values of the expression ——.
7cosf@ —sin



6.3 Multiple Angle Formulae
6.3.1 Double Angle Formulae

(1) sin2A4=2sin Acos A4
(2)  cos24=cos® A—sin’ 4

=2cos* A—1
=1-2sin* 4
(3) tan24=—20A
1—tan” 4
Example 6.10

Prove that (sin @+ cos#)’ =1+sin26.

Solution

L.H.S. = (sin 8 + cos 0)’
=sin’+cos® @+ 2sinfcosd
=1+sin260

=R.H.S.
. (sin@+cos @)’ =1+sin 26

Example 6.11
1-cos260
1+cos268

Prove that tan’ 4.

Solution

_ 1-cos26
" 1+c0s20
_ 1-(1-2sin’ 8)
~1+(2cos*0-1)

B sin’ @

L.H.S.

 cos’0
=tan’ @
=R.H.S.
_1-cos20

S tan’ @
1+cos26

11



Checkpoint 6.9
Prove that csc28 —cot28 =tan@ .

Checkpoint 6.10

J5-1

Given that sin18° = 7 find the value of cos36° in surd form.

12



6.3.2  Triple Angle Formulae
(1) sin34=3sin A—4sin’ 4
(2) cos34=4cos’ A-3cos 4

3tan 4 —tan® A
1-3tan’ 4

(3) tan34=

Example 6.12

sin 30 B cos30 )
sind cos@

Prove that

Solution

sin36 cos36

sind  cosf
B 3sinf@—4sin’@ 4cos’@—3cosb
- sin & - cos @
=3—4sin* @ —(4cos* 8-3)
=6—4(sin”> @ +cos” )
=6—-4
=2
=R.H.S.

. sin30  cos36 5

sind  cos@

LHS.=

Example 6.13
Solve the equation 8cos® @—1=6cosd for 0°< 9 <180°.

Solution

8cos’@—1=6cosd
8cos’@—6¢cosf=1
2(4cos’ @—3cosH) =1

cos 36 =l
2

30 =60°, 300°, 420°
6 =20° 100°, 140°



Checkpoint 6.11

Iftan 4 = % , find the values of tan 34 and tan 64.

Checkpoint 6.12
Solve the equation cos3x—cos2x =1 for 0°< 8 <360°.

(Give the answers correct to 2 decimal places where necessary.)

14



6.3.3 t-Formulae

Let t = tang , then

1—¢*

1 cosd =
D 1+
2t
2 sind =
@ 14172
(3) tan@= f’;z
Example 6.14
1+tang
Prove that 2 _ I+sin 6
1—tan? cosd
2
Solution
Put tztang.
2
1+—2t
RILS. 1+sin@ _ 1+ 2
cosé 1-¢*
1417
C1+2t+27
1-£
4y
(1-0)(1+1)
LY
1-¢
1+tang
_ 2
l—tang
2
=L.H.S.
0
' 1+tan5 _l+sin®
0  cos@

1—tan —
2



Example 6.15

Solve the equation sin 8 = \/g(l —cos#) for 0°<H<360°.

Solution
Put 1 = tang.
2

sinf = \/g(l—cosé?)

2t N -7
=3 1-
1417 ( 1+t2j

2t =+/3(28%)
2t(1-~/3t) =0
1
t=0 or t=—
NE)
tangzo or tang:L
2 2 3
Q=O°, 180° or Q=30°
2 2
d=0° 60° 360°

Checkpoint 6.13

Solve the equation 5(sinx+cosx) =7 for 0°<x <360°, giving answers correct to 2 decimal
places.

16



Example 6.16
If aand PBare two distinct roots of the equation 5sind—-3cosd =2, where aand [lie

a
between 7 and —7, find the value of cot? > +cot

Solution

Putt:tang.
2
5sin@—-3cosf =2
_ 2
5( 2t2]_31 tz =2
106 —-3+3¢> =2(1+1%)
t2 +10t_5=0 ......... (*)

sum of roots =—10

product of roots = -5

P are the roots of (*), we have

) a
Since tan— and tan
2 2

tan£+ tanﬁ =-10
2
tangtanﬁ =-5
2
o p 1 1
cot’ —+cot’ == +
B

a
tan’ — tan’
2 2

a
tan® £ + tan® 5

- 7

a
tan® — tan
2

2
'H) —2tangtan£
2 2

a
tan —+ tan —
_ [ 2
- 2
tan a tanﬁ
2 2

_ (=10 -2(-5)
(-5)?

: B without using a calculator.

17



6.4 Half Angle Formulae

(1) singzi I-cosd
2 2
@) cosgzi 1+cosé
2 2
3) tangzi 1—-coséd
2 1+coséd
_1-cos®
~ sin®
_ sind
" 1+cosd

Note that the signs of the square roots depends on which quadrant g lies in.

Example 6.17

Find the value of tan15° in surd form by using the half angle formulae.

Solution

:\/@—ﬁxz—ﬁ)
2+43)2-+3)

l2-+3)’
4-3

-3

\S)



Checkpoint 6.14

Without using a calculator, find the value of smg in surd form.

Checkpoint 6.15

Prove that 1+s%n9 = tan’ 45°+§ .
I-sind 2

19



6.5 Sum and Product Formulae

6.5.1 Product to Sum Formulae

(1) sin Acos B =—[sin(4+ B)+sin(4—B)]

(2) cosAsinB=—[sin(4A+ B)—sin(4—B)]

R = N= =

(3) cosAcosB=—[cos(A+ B)+cos(A—B)]

(4) sinAdsinB= —%[cos(A + B)—cos(A—B)]

6.5.2 Sum to Product Formulae

(1) sinx+siny=2sin Xy cos| 2=
2 2
(2) sinx—siny=2cos Ty sin| X~
2 2
(3) cosx+cosy=2cos Xy cos| X2
2 2
(4) cosx—cosy=-2sin xry sin| X2~
2 2
Example 6.18

Evaluate cos82.5°cos37.5° without using a calculator.

Solution
c0s82.5°c0s37.5° = %[cos(82.5O +37.5°)+ co0s(82.5°—37.5°)]

= %[cos 120° +cos45°]

:1{_;@}

2 2

20



Checkpoint 6.16

Without using a calculator, evaluate cos15°sin 75°.

Example 6.19
Prove that cos @+ cos(8+120°)+cos(6 +240°) =0 for all values of 6.

Solution

L.H.S.=cos @+ cos(8 +120°) + cos(8 + 240°)
=[cos @+ cos(6 +240°)]+ cos(6 +120°)

=2cos(6+6;240 jcos(9_9;240 j+cos(9+120°)

=2c0s(0+120°)cos120°+ cos(6 +120°)
=cos(#+120°)(2cos120°+1)

=cos(d+ 120°)[2(— %j + 1}

=0
=R.H.S.
..cos @ +cos(0+120°) + cos(6+240°) =0

21



Checkpoint 6.17

sin3x—sin2x 5x
Prove that —————— = —cot—.

cos3x—cos2x 2
Example 6.20

Solve the equation 2sin® @ —sin” @ —sin @ = —% for 0°< 6 <360°.

Solution

2sin’ H—Sinzﬁ—sinez—%

—4sin’ @+2sin* f+2sinf =1
—4sin’ @+3sinf—sin@ =1-2sin”
sin 36 —sin @ = cos 26
2c0s26sin @ = cos 26
c0s20(2sinf—-1)=0

cos260=0 or sinezé

20=90°, 270°, 450° 630° or 0 =30°,
0 =30° 45° 135°, 150°, 225° 315°

150°

22



Checkpoint 6.18
Solve the equation sin @ +sin30+sin56 =0 for 0°<H<360°.

23



Exercise 6 Trigonometric Formulae Involving Compound Angles

6.1
Find the values of each of the following in surd form:
(@) cos195°
(b) tan255°

2. Find, without using a calculator, the value of each of %.
— tan

3. Simplify each of the following:

(a)
1+ tan 6wtan 2w
(b) cos(A+2B)+cos(4-2B)

tan 6w — tan 2w

4.  Express the following in terms of sin x and cos x only:

(a) sin[% + xj

(b) cot[% + xj

5. Simplify sin 4sin(B — C)+sin Bsin(C — A) +sin Csin(4 — B).

6.  Prove that tan(45°+ 4) = cos A +sin A4

cosA—sind’
7. Prove that (sin 4+ cos A)(sin B +cos B) =sin(A + B) +cos(4— B).

8. If sin(4+ B)=3sin(4— B), prove that tan 4 =2tan B .

9.  Prove that
sin(4A+ B+ C) =sin Acos BcosC +cos Asin BcosC

+cos Acos Bsin C —sin Asin Bsin C

10. If A4, B and C are the angles of a triangle, prove that
cot Acot B+cot BecotC+cotCcot4=1.

24



6.2
11.

12.

13.

14.

6.3
15.

16.

17.

18.

19.

20.

Find the maximum and minimum values of
(a) y=3sinf+cosd
(b) y=7cos@-sinf

Find the maximum and minimum values of
(a) y=2sinf+3cosf+4

1
V= 2sin@+3cosf+4

(b)

Solve the equation 5sinf—cosé@ =2 for 0°< 4 <180°.

(a) If cos@—2sinf=Rcos(0+a) where R>0 and 0°<a <90°, find the values of

R and a.

(b) cos@—2siné can also be written in the form Rsin(6+ ) where 90° < £ <180°.

Find a relation between « and £.

If tan ¢ =3, find the exact value of tan3¢.

Express (1+sind)(4sinf+3cosf+5) interms of ¢ if ¢ = tang .

sin2A4—(sin3A4+4sin’ A)

Simplif
Y 3 (Cos24—3cos A+ 1)

Solve the following equations for 0°<x <360°, giving the answers correct to the

(o]
nearest 0.1 where necessary.

. 1
(a) sinxcosx=—

(b) cos2x+cos’ x=5sin’x
(c) tan2x=tanx

If cos34=x and coszA:%—y,prove that x> +16)° =12y°.

If tan> 4—2tan’ B =1, prove that cos24+sin’ B=0.

25



21.

22.

6.4

23.

24.

25.

26.

6.5
27.

28.

29.

: B

. a .
Find the value of cot23+cot 5 where « and f are the two distinct roots of the

equation 2cosd—-3sind+1=0, and «, S lie between —z and 7.

(a) Prove that csc@+cotd = cotg .

(b) Express csc@+csc26+csc46 +csc8 as a difference of cotd using the result of

(a).
(c) Hence show that csc4?ﬂ+ cscg?ﬂ+ 05016?” + csc32T” =0.

1—cos@ +sin Q
Prove that 92 =tan—.
sin @ + cos — 2

Prove that 2cot 2900t€ = cosd - 1+cos0 .

1—cos@ cosd

Solve the equation 4sin’ g =1+cos@ for 0°< 6 <360°, using the half angle formulae.

(Give the answers correct to the nearest 0.1°.)

If the roots of the quadratic equation x* +ax+bh=0 are sin@ and cos@, find the value

of 2cos? g[cosg +sin gj in terms of @ and b.

Without using a calculator, evaluate sin 20°sin 40°sin 80°.

Prove that sin @+ sin(8+120°) +sin(6 +240°)=0.

cos(A+2B)—cos 4
sin(A+2B)—sin 4

Prove that

=—tan(4+ B).

26



30.

31.

32.

33.

34.

35.

sin x sin 2tan > tan 2
Prove that Y 2

21.
2

COSX+Cosy - 1— tan> ftan
2

Prove that sin 36+ 2sin 58sin” @ + sin 70 = cos 8(sin 66 + sin 46) .

Solve the following equations for 0°<x <360°, giving the answers correct to the

(0]
nearest 0.1 where necessary.
(@) cosx+cos5x=0

(b) sinx—sin2x+sin3x=0

(c) cos2xcos7x+sin4dxsinSx = %cos 3x

Prove that sin’ 4—sin’ B=sin(4+ B)sin(4—B) . Hence solve the
sin” 40 —sin” @ =sin 30 for 0° <0 <360°.

(a) Expand cos Asing into the difference of two sines.

sin——sing
(b) Hence prove that cos @+ cos28+cos36+...+cos8 = 2

2sin —

(c) Deduce from (b) that cos20°+ cos40°+cos60°+...+cos160°=0.

sin 89

(a) Show that cos@+cos38+cos50+cos70 =——-.
2sin @

equation

(b) Hence, solve the equation cos &+ cos36+cos56+cos76 =0 for 0°< 6 <360°.

(Give the answers correct to the nearest 0.1°.)
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