Chapter 5 Trigonometric Functions

50 Review

50.1 AngleattheCentre
The size of the angle at the centre is proportional to the length of an arc subtending the angle.
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5.0.2 Trigonometric Ratios
In the right-angled triangle,
Sno — oppositeside A
hypotenuse P -
c0sH — adjacent side e ;
hypotenuse ~
tan0 = op.postes!de -~ |
adjacent side b
5.0.3 Trigonometric Ratios of Special Angles
0 =30° 0 =45° 0 =60°
sino 1 Q @
2 2 2
cos0 3 W2 1
2 2 2
tan® g 1 V3




51 Radian Measure

Definition:
A radian is the measure of an angle subtended at the centre
of acircle by an arc equal in length to the radius.

180°
T

lrad.= or m rad.=180°

We may write 1 rad. as 1° or smply 1.

Example 5.1

Convert the following angles into radian measure. Write the answers in terms of .
(@) 30° (b) 90° (c) 225°

Solution

(8 30°=30x1rad.=30x— rad.= - rad.
180 6

(b) 90°=90x1rad.=90x—— rad.= = rad.
180 2

(0 225°=225x1rad.= 225" rad. = 2" rad.
180 4

Example 5.2
Convert the following angles into degree measure, giving the answers correct to 3 significant
figures where necessary.

7
(a8 3rad. b rrad. © Zrad.
4 3
Solution
180° -
(@ 3rad.=3x1rad.=3x =172° (corr. to 3 sig. fig.)
T
() rrad=Snxirad= o <22 _1350
4 4 4 1
©  rad= " xirad.= T« 280 _ aope
3 3 3 =



Checkpoint 5.1
Complete the following table. (Give the answers correct to 1 decimal place for degree measure
or in terms of &t for radian measure where necessary.)

(0] (0] (0] (o]

Degree measure 0 60 240 315

Radian measure — 2.2 2n

5.2  Trigonometric Functions

521 Anglesand Quadrants

In arectangular coordinate plane, the angle measured from the Y
positive x-axis in an anti-clockwise direction is caled a [
positive angle (0). f
The angle measured from the positive x-axis in a clockwise r ONJg
direction is called a negative angle (— 6). i v

Anangle issaid toliein Quadrant | when 0° <6 <90° or 0<6 <%.
Anangle 6 issaid to liein Quadrant 11 when 90° <6 <180° or %<9 <T.
Anangle0 issaidtoliein Quadrant 11 when 180° <6 < 270° or = <60 <%.

Anangled issaid to liein Quadrant IV when 270° <6 < 360° or %<e <2r.

Il v

The angles 0°, 90°, 180°, 270° and 360° do not bel ong to any one of the quadrants.



5.2.2 Déefinitions of Six Trigonometric Functions
sino =2 csch = A
r y l
cos) =~ secH =~
r X
tand =2 cotd ==
X Y
5.2.3 Signsof Trigonometric Functions
Quadrant sin and csc cos and sec tan and cot
[ + + +
[ + - —
[l - - +
Y - + —

We can use the following chart to remember the signs of the six trigonometric functions in
different quadrants.

S A
I I
» X
(0]
Il v
T C

A: All positive

S. Sine positive (cosecant also positive)
T: Tangent positive  (cotangent also positive)
C: Cosinepositive  (secant also positive)

We may memorize them as CAST or All Students Take Chinese.



Example 5.3

Find the value of each of the following, giving the answers correct to 4 significant figures.
(@ snl146°+csc34°

(b) cot74°x cos136°

tan 224°
© o

sec56
Solution

(@) sin146°+csc34°

= §in146° +

sin34°
=2.347 (corr.to4sig.fig.)
(b)  cot74°xcosl36°

x C0S136°

4°
=-0.2063 (corr.to4sig.fig.)

tan 224°

sec56°
_ tan224°
1
C0S56°
= tan 224° x cos56°

= 0.5400 (corr.to4sig.fig.)

(©

Checkpoint 5.2
By the use of a calculator, find the values of the following. (Give the answers correct to 3

significant figures.)

(@ co0s46°—sec91®

(b) sin211°+cot114°

© tan 62° _
cot139° B
sec126° + cscl18°

d =

() cot55°
Sin42° 4+ sec32°

(e =

Sin48° —sec148°



524 Trigonometric Relations

@) tano =310 . corp = SO0
cosO sno

(2) csch :_i ; secH =i ; coto :i
sin® coso tano

(3) sin®0+c0s’0 =1; 1+tan”0 =sec’0 ; 1+cot’ =csc’o

Example 5.4

If cotO =—g and %<e <, find the values of csc 6 and cos 0.

Solution
csc’0 =1+ cot’0

4]

%<e <m,0isinquadrant Il and csc 6 > 0,

csco =

wlu

tano = ﬂ
cos0
cosO = ﬂ
tano

=sno cotO
_ coto

 csch

|
‘U"|oa\4>

ol x @

(Reciprocal Relations)

(Square Relations)



Example 5.5

If SN =a, find the values of cos 0 and tan 0 in terms of a.

Solution
cos’0 =1-sin’0
=1-a?

cosO = +y1-a?

Checkpoint 5.3

If SnO :§ and E<6 <, find the values of sec 6 and tan 6. Hence evaluate

secO + coto

sind +2tand



Example 5.6
Simplifytan A+ cot 4—cscAsec A.

Solution

sinA+cosA_ 1 1

cosd sSinA sinA cosA

_sin® A+cos’ 4 1

"~ sinAdcosd  sinAcosA
1 1

- sin Acos A _sinAcosA
=0

tanA+cotA—cscAsecd =

Example 5.7

Prove the identity 1+coto +csch =CSCO +coto .

1-cotO +csch

Solution

1+ cotO + csco

1—cot6 +csco
_ (csc®6 —cot?0) + cotd +csch
- 1—cot0 +csch
_ (cscO +cot0)(csch —cotO ) + (cotd +csco)
- 1-cot6 +csco
_ (csch +cotb)(csch —cotd +1)
- 1—cot0 +csch
= CsCcO + cotO
=R.H.S.

1+ cotO +csch
1-cotb +csco

LHS.=

=cscO + coto




Alternative Solution
1+ cot6 + csco
1-cotO +csco
_ (1+cotb +csch)(1-cotd —csch)

~ (1—cotf +csco )(1—cotd —csch)
~ 1—(cotb +csch)?

~ (1-cotf)?—csc?0

_ 1—(cot?6 +2cot csco +csc’0)
~ 1-2cot0 +cot?0 —csc?0

_ —cot?0 —cot?0 —2cot6 csch

~ —2cotf +csc’0 —csc?o

_ —2cot?0 —2coth csco

B —2cotd

_ —2cot6 (cotd +csch)

- —2coto

=cscO +cotd

=R.H.S

1+ cotO +cscO
1-cotb +csco

L.H.S.=

=cscO + coto

Checkpoint 5.4

cos0

Simplif :
P ycsce secO —tano




Checkpoint 5.5

Prove the identity sec’ —csc®0 = tan®0 —cot?9 .

53  TheTrigonometric Functionsof 2nz+ @, %ia, n+6 and -0
2nm +60 n—0 T +0 2nm —0 -0
sin sino sino —sin® —-sin® —sin®
cos cos o —Cos 9 —Cos 0 cos 0 cos 0
tan tan 6 —tan 6 tan 0 —tan 6 —tan 0
%—e %+e %—e 3"?+e
sin cos 6 cos 6 —cos6 —Cos 6
cos sino —sing —sing® sno
tan cot 0 —coto cot 6 —coto

Note that we call 6 the reference angle, which is the angle measured from either positive or

negative x-axis in clockwise or anti-clockwise direction. We assume 0<6 < % .

10



Example 5.8

Reduce the trigonometric ratios with obtuse / reflex angles into the ones with acute angles.

(3) cos 155 (b) sin230°

Solution

(8 c0s155° = cos(180° — 25°)
=—C0S25°

(b) sin230° =sin(180°+50°)
=-sn50°

(c) tan320° = tan(360° —40°)
=—tan40°

Example 5.9
Without using a calculator, find the values of the following:
(a) sin 240 (b) cos(-30")
Solution
(@ sin240° =sin(180° + 60°)
=—-sin60°
V3
2
(b) cos(—30°) = cos30°
_3
2
(¢) tan150° = tan(180° —30°)
=—tan30°
__\8
3

(c) tan 320°

(c) tan 150°

* §n(180°+0) = —sin®

* cos(—0 ) = cost

* tan(180°—-0) = —tano

11



Example 5.10

Without using a calculator, find the values of the following:

. 3n 5r 5r
a sn— b) sec— Cc) tan—
@ 4 (b) 5 (© 4
Solution
. 3t . T
a Sn—=snmt-— * g —0)=g
(@) 2 [Tﬁ 4j sin(r —0)=sind
. TC
=Sin—
4
_1
J2
T
b SseC— = —_— * — [
(b) 6 Sec{“ 6j sec(t —6 ) = —sech
I
=Ty *cosE:ﬁ
6 2
:_i Secl—i
NE 6 /3
5r T
(© tanjztan[rwzj *tan(n+6):—tan6
—tan"
4
=1

Checkpoint 5.6
Without using a calculator, find the values of the following:

(a) sin330° (b) sec (-300") (c) cot 240°



Checkpoint 5.7

Without using a calculator, find the values of the following:

Vs 2n

a) sec— b) cot—

@ 4 (b) 3

Example 5.11

Simplify:

(a8 sin(900°-06) (b) tan(® —720°)

Solution

(@ sin(900°-0)=sin(360°x2+180°-0)
=sin(180°-0)
=sno

(b) tan(® —720°) =tan[—(720°-0)]
=—1tan(360°x2-0)
=—tan(-0)
=tan0

Alternatively,
tan(6 — 720°) = tan[360° x (-2) +0]
= tan©®

(©) sec(—90°-0) =sec[—(90°+0)]
=5ec(90°+0)
=—Csco

© sn>=

() sec(-90°-06)

13



Example 5.12

Simplify:
(@) sec(3r +0) (b) cot(%—ej (c) csc(7m —0)
Solution
(@ sec(3n+6)=sec(2n +7 +0)
=sec(n +0)
= —secO

(b) cot(i—e) = cot(Zn +£—e)
2 2

= cot(E -0 j
2

=tano

(¢) csc(7n —6)=csc(2n x3+7m —0)
=csc(n —0)
= cscO

Checkpoint 5.8

Simplify the following:

(@ sin(360°-6) (b) cos(6r +6)
(c) cot(® —1170°) (d) sec(630°+6)

14



Example 5.13

cot Asin(rt + A) cos(n — A) tan(z + AJ csc[A -—=

2

)

Simplify

sec{3n+A)
2
Solution

cot Asin(r + A) cos(nt — A) tan(z + Aj cs{A - nj

<3

_ cot A(—sin A)(—cosA)(—cot A)(—sec 4)

csc A
C_OSA-sinA-cosA-C_OSA- 1
_SsSn4 Sin4 cos4
N
sin 4

cos® 4

Checkpoint 5.9

Simplify csc(® —n)sec(—e)tan(%—ej :

15



54  Graphsof Trigonometric Functions

Characteristics of graphs of trigonometric functions:
(1) Continuous/ Discontinuous

(2) Range

(3) Period

Graphs of the 6 trigonometric functions:
() Graphof y=sinx

(2) Graphof y=cosx

(3 Graphof y=tanx

period

16



Graph of y =cscx

(4)

=SECx

Graph of y
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=cotx

Graph of y

(6)
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Example 5.14
Sketch the graph of y = —sinx for —360° < x <360°.

Solution
Thegraphof y=—sinx:

y=-sinx

Example 5.15
Sketch the graph of y =2sinx for -t <x<m .

Solution

[Since —1<sinx <1, we have —2<2sinx < 2, i.e. the maximum value and minimum value of
y =2sinx arerespectively —2 and 2.]

Thegraphof y =2sinx:

0

18



Example 5.16

Sketch the graph ofy:tan[x+%j for —%Sxé%.

Solution

Thegraph of y = tan(x + %) :

Shift %
units

j =tan |X + =}

g

[=——
Shift 5
units

Example 5.17

For 0<x < 2r, sketch the graphs of
(@ y=cos2x

() y= cos[zx —“Zj

Solution

(@ [Since the period of y=cosxis «, the period of y=cos2x is% of the period of

y =CO0Sx, i.e. T ]
2

The graph of y =cos2x:

19



(b) [To obtain the graph of y= cos(Zx—an = cosz(x—%j, shift the graph of y =cos2x

by % unitsto theright.]

Thegraphof y = cos(Zx —%) :

snmg
unit =y

Checkpoint 5.10
For —-m <x<m,

(8 Sketchthegraphof y= tan%x .

(b)  On the same graph, draw the graph of y = tan(% + nzj .

<

NG g

N[N A

20



Example 5.18
Find the maximum and minimum values of the following functions.
(@ y=2cosx-3

(b) yzsgng+3

B 1
4 Ccosx+2

(©

Solution
(@ —-1<cosx<1
—2<2c0sx<2
-5<2cosx—-3<-1
The maximum value is—1 and the minimum value is 5.

(b) —1<sini<1
2
_5<5snX<5
2

—2§5§n%+3£8
The maximum value is 8 and the minimum value is —2.
(© —-1<cosx<1
1<cosx+2<3
1 1

—< <1
3 cosx+2

The maximum value is 1 and the minimum value is—% )

Checkpoint 5.11
Find the maximum and minimum values of y = 3sin” 2x + 2cos’ 2x .

21



55  SimpleTrigonometric Equations

We are going to find the solutions of simple trigonometric equations in a certain range, usually
from 0 to 2r (or 0° to 360°). Below are some examples.

General procedurefor finding the solutions of a trigonometric equation in x:

(1) Find the solution in Quadrant I. The angle obtained is the reference angle.

(2) Determine which quadrantsx canliein.

(3) Find the other solution by the use of the reference angle and the results obtain in (2).

Example 5.19
Solve the equation J3cscx =2cotx for 0° < x < 360°.

Solution
J3cscx = 2cot x
_ﬁz 2€0SX o sinx#0
snx  sinx
J3
cosx = =

x=30° or 360°-30°
=30° or 330°

Note: (1) The solution in Quadrant | is 30°, which is also the reference angle.
(2) Sincecosx >0, x may liein Quadrant IV.
(3) Then by the use of the reference angle, we can find the other solution in Quadrant
IV, which is 360° — 30° = 330",

Example 5.20
Solve the equation sinx = —co0s80° for 0° < x < 360°.

Solution
sinx = —cos80°
=—sin(90° —80°)
=-snl0°
=sin(180°+10°) or sin(360°-10°)
=sin190° or sin350°
x=190° or 350°

22



Checkpoint 5.12
Solve the equation 2sinx =+/12 cosx for 0° < x < 360°.

Checkpoint 5.13
Solve the equation tanx = cot 26° for 0° < x < 360°.

23



Example 5.21
Solve the equation 2sin®x—3sinx—2=0 for 0< x < 2r .

Solution
2sin?x—-3sinx-2=0
(2sinx+1)(sinx—2)=0

sinx:—% or snx=2 (rgected)

X=m+— Or 2xn I
6
n 11x
=— o —
6 6

Example 5.22
Solve the equation sinx + 3cosx = V10 for 0° < x < 360°.

(Give the answers correct to the nearest 0.1°.)

Solution
sinx+3cosx =+/10
(sinx +3cosx)® =10
sin® x +6sinx cosx + 9cos® x =10(sin® x + cos’ x)
cos” x —6sinxcosx+9sinx=0
(cosx—3sinx)*=0
cosx =3sinx

tanx:l
3

x=184° or 180°+18.4°
=18.4° or 198.4° (corr.tothenearest 0.1°)

After substituting x =198.4° into sinx +3cosx =+/10 , we reject 198.4° as a solution.

24



Checkpoint 5.14

Solve the equation 2sec® x —tanx =3 for 0° < x < 360°.

Example 5.23

Solve the equation tan(Zx—%}L\@:O for 0<x<2r.

Solution

Note that 0<x<2n
0<2x<4n

Therefore _ T <9, T 23T
6 6 6

tan(Zx—Ejz—\/é
6
2x—£—n—£, ZR—E, 2n +(n—£j, 2n +(n——j
3 3 3
_2r 5o & A
3 3" 3 3
5t 1ll=n 17n 23n
2x:_1 )
6 6 6 6
_ot 1ln 17n 23¢n
12° 127 127 12

25



Checkpoint 5.15

Solve the equation 0052[2x+%j—2005(2x+%j+1:0 for 0<x<2m.

26



Exercise5 Trigonometric Functions

1.  Convert the following angles into degree measure.

(Give the answers correct to 3 significant figures where necessary.)

@ 3 (b) 5

2. Convert the following angles into radian measure.

(Give the answers in terms of T.)

(@ 180° (b) 330°

3.  Convert the following angles into radian measure.

(Give the answers correct to 0.1° where necessary.)

(@ 121° (b) 305°
52
4.  Simplify:
snb coso
@
cos® sinO
(b) cot6 secO
(©) (secH —cosb)(cscb —sind)
1 1
(d) 7t 1
1+

1+
cot?0 tan®0

5.  Provethefollowing identities:

@

sin®0

1-cosO

=1+ cosO

(b) sna(tana +cota) =

cosa

(©) cscO +sech tan® =sec’H csch
cot4+tan B

(dd ———=cotAdtanB
cotB+tan 4

6. If cosb =0.8, find the values of the following expressions.
(@ 2sin”0 +3cosh
(b) tan’6 —cosh

27



5.3
10.

11.

12.

13.

14.

If tan® =12—u2,find secO and cscO intermsof w.

If tan® 4—2tan® B =1, find the possible values of cosA

COSB

If aSin® +bcosh = p and bSiNO —acosh = g, show that a® +b° = p* +4°.

Find the value of each of the following without using a calculator.

(@ sinl150° (b) sec300°
(c) cos(—480°) (d) csch85°
. A 13n
e sSn— f CoOS——
(e) 3 Q) 2
3 11r
_ h)y csc—
@ -3 0 o
Without using a calculators , evaluate csc® % — cot? 4% .
Simplify:
@ tan(3r+0) (b) cot® —7n)
If tan(180°+0) = ? , find cot(90°+6).
Simplify:
@ tan(180° +0) + tan(180° —0 ) — sec(90° +0)
csc(720°+6)
sin(r — A) cot(n - Aj cos(2n — A)sin(r + A)
(b) 2

tan 4 tan(’; + Ajs; n(-A)

28



15.

5.4
16.

17.

18.

19.

20.

If 4, B and C are angles of atriangle, show that
. (A+B C
@ sm[ j:COSE

snAsinB+sin(B+C)sin(4+C)
c0SAcosB + cos(B + C)cos(4+ C)

(b) =tan Atan B

In each of the following, find the range of values of y.

@ y= —3cos(2x + %)

(b) y=3sin%—5

In each of the following, find the maximum and minimum values of the function.
@ y=-2snx+3

6
b _
by 7—-sSinx

Sketch the graph of y = 3cos% , Where 0° < x <360°.
Sketch the graph of y =tanx+ 2, where —90° < x <90°.

The figure below shows the graph of y =asin(x+5)+c, wherea >0 and OSbS% , for

—nt <x <7 .Determinethevauesof ¢, » and c.

¥ =dsinie + 8 +¢

29



5.5
21.

22.

23.

24,

25.

Solve cos(x +30°) =sin30° for 0° < x <360°.

Solve the following equationsfor 0< x < 2r .

(Give the answers in terms of T.)
(@ 4cos’x=3

(b) 2co{x—“zj+ 3=0

Solve the following equations for 0° < x <360°.

(Give the answers correct to 1 decimal place where necessary.)
(@ 8sin“x-10sin®x+3=0

(b) (2tanx-1)* =3(sec’ x - 2)

() 5sin®x+sinxcosx+2cos’x—3=0

(d) 2tanx+3secx=4cosx

Solve tan® xsec® x+tan*x =sec’ x—1 for0< x < 2r .

(Give the answers in terms of T.)

Solve sin2x =cos3x for 0< x<2x

(Give the answers in terms of T.)

30



