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CChhaapptteerr  44  BBiinnoommiiaall  TThheeoorreemm  

  

4.1 Factorials 

The product of the first n positive integers is denoted by n!, 
i.e. 12...)1(! ×××−×= nnn  

In particular, we define 0! = 1. 
 
            
Example 4.1  
Evaluate each of the following without using a calculator: 

(a) !6  (b) 
!4
!7  

(c) 
!6!2

!8  (d) 
)!1(

!
−n
n  

 
Solution 
(a) 

720
123456!6

=
×××××=

 

(b) 

210
567

1234
1234567

!4
!7

=
××=

×××
××××××

=

 

(c) 

28
)123456()12(

12345678
!6!2

!8

=
×××××××
×××××××

=
 

(d) 

n
n

nn
n
nnn

n
n

=
−
−×

=

−
×××−×−×

=
−

)!1(
)!1(

)!1(
12...)2()1(

)!1(
!
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Checkpoint 4.1  
Evaluate each of the following without using a calculator: 

(a) !4  (b) !2!7  

(c) 
!9
!12  (d) 

!910
!10
×

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
4.2 Pascal Triangle 

The Pascal Triangle is the triangular number pattern. 

       1        ← row 0 
      1  1       ← row 1 
     1  2  1      ← row 2 
    1  3  3  1     ← row 3 
   1  4  6  4  1    ← row 4 
  1  5  10  10  5  1   ← row 5 
 1  6  15  20  15  6  1  ← row 6 
1  7  21  35  35  21  7  1 ← row 7 …

 

…
 

…
 

…
 

…
 

…
 

…
 

…
 

…
 

…
 

…
 

…
 

…
 

…
 

…
 

 

 
The (r + 1)st number in row n of the Pascal Triangle is denoted by n

rC , where r is an integer such 
that nr ≤≤0 . 
In factorials, 

)!(!
!

rnr
nC n

r −
=  
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e.g. 

10
!2!3

!5
)!35(!3

!55
3

=

=

−
=C

 

Note: 5
3C  is the 4th number in row 5. 

 
Example 4.2  
Without using a calculator, evaluate 
(a) 8

2C  (b) 10
7C  

(c) nC0  (d) n
nC  

 
Solution 

(a) 

28
!6!2

!8
)!28(!2

!88
2

=

=

−
=C

 

(b) 

120
!3!7
!10

)!710(!7
!1010

7

=

=

−
=C

 

(c) 

1
)!(1

!
)!0(!0

!
0

=

=

−
=

n
n

n
nC n

 

(d) 

1
)1(!

!
)!(!

!

=

=

−
=

n
n

nnn
nC n

n

 

 



 
4

 
Checkpoint 4.2  
Without using a calculator, evaluate 
(a) 7

4C  (b) 14
11C  

(c) 30
30C  (d) 10

4
10
3 CC +  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Properties 
(1) n

r
n
r

n
r CCC 1

1
−

+ +=  
e.g. 

4
1

4
2

5
2

4
12

4
2

14
2

CCC
CCC

+=

+= −
+

 

(2) n
rn

n
r CC −=  

e.g. 3525 CC =  
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Example 4.3  

Solve for n if 12
12

12
1 −+ = nn CC . 

 
Solution 

Since 12
12

12
1 −+ = nn CC , we have 

4
123

2131
)12(121

or
or
or
or

2
2
2

121

=
=

−=+
−−=+

=
=
=

−=+

n
n

nn
nn

n
n
n

nn

  

 
 
Example 4.4  

Simplify nn CC 3
1

3 −+ . 

 
Solution 

n

nnnnn

C
CCCCC

2

3233
1

3 )(

=

−+=−+

 

 
 
Checkpoint 4.3  

Solve for n if 23
32

23
14 +− = nn CC . 
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4.3 Binomial Theorem 

Binomial theorem states that: 
For any positive integer n, 

∑
=

−

−−−−

=

+++++=+
n

k

kknn
k

nn
n

rrnn
r

nnnnnnnnn

baC

bCbaCbaCbaCbaCaCba

0

33
3

22
2

1
10 ......)(

 

Note: rrnn
r baC −  is called the general term. 

 
In particular, by letting a = 1 and b = x, we have 

∑
=

=

+++++=+
n

k

kn
k

nn
n

rn
r

nnnn

xC

xCxCxCxCxCx

0

3
3

2
21 ......1)1(

 

 
Example 4.5  
Expand 
(a) 4)32( x+  in descending powers of x; 
(b) 5)17( −x  in ascending powers of x. 
 
Solution 
(a) 

169621621681
81)27)(2(4)9)(4(6)3)(8(416

)3()3(2)3(2)3(22)32(

234

432

44
4

34
3

224
2

34
1

44
0

4

++++=

++++=

++++=+

xxxx
xxxx

xCxCxCxCCx
 

(b) 

5432

2345

55
5

45
4

325
3

235
2

45
1

55
0

5

16807120053430490351
1)7(5)7(10)7(10)7(5)7(

)1()1)(7()1()7()1()7()1()7()7()17(

xxxxx
xxxxx

CxCxCxCxCxCx

+−+−+−=

−+−+−=

−+−+−+−+−+=−
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Checkpoint 4.4  
Expand  
(a) 3)1( x+  
(b) 4)2( x−  
(c) 6)12( +x  

(d) 
5

2
1







 − x  
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Example 4.6  
Expand 
(a) 3)32( yx −  
(b) 52 )3( yx +  

(c) 
432 





 −

x
x  

 
Solution 
(a) 

3223

3223

33
3

22
3

21
3

30
3

3

2754368
27)9)(2(3)3)(4(38

)3()3)(2()3()2()2()32(

yxyyxx
yyxyxx

yCyxCyxCxCyx

−+−=

−+−+=

−+−+−+=−

 

(b) 

5423426810

5423426810

55
5

425
4

3225
3

2325
2

425
1

525
0

52

1590270405243
)3(5)9(10)27(10)81(5243

)3()3()3()3()3()3(

yyxyxyxyxx
yyxyxyxyxx

yCyxCyxCyxCyxCxCyx

+++++=

+++++=

+++++=+

 

(c) 

42
24

432
234

4
4
4

3
4
3

2
24

2
34

1
44

0

4

812162169616

8127)2(49)4(63)8(416

33)2(3)2(3)2()2(32

xx
xx

xx
x

x
x

x
xx

x
C

x
xC

x
xC

x
xCxC

x
x

+−+−=

+





−+






+






−+=







−+






−+






−+






−+=






 −

 

 
Checkpoint 4.5  
Expand 5)2( yx − . 
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Checkpoint 4.6  
Expand 
(a) 32 )23( ba +  

(b) 
4

52






 − x

x
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Example 4.7  
Find the coefficient of 5x  in the expansion of 7)31( x+ . 
 
Solution 

The general term is rrnrrn xCxC 3)3()1( 7
7

7 =−  

∴ The coefficient of 5103357
5

5 == Cx  
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Example 4.8  

Find the constant term in the expansion of 
6

2
2

3
12 






 +

x
x . 

 
Solution 

The general term is r
r

r
r

r
r

r xC
x

xC 41266
2

626

3
1)2(

3
1)2( −−− 






=






  

In the constant term, the power of x is 0, i.e. 12 – 4r = 0 or r = 3. 

∴ 

27
160

27
1820

3
1)2(ermconstant t The

3
366

3

=

××=







= −C

 

 
 
Checkpoint 4.7  
Find the first three terms in the expansion of 7)2( yx −  in descending powers of x. 
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Checkpoint 4.8  

In the expansion of 
8

34
12







 −

xx
 in ascending powers of x, 

(a) find the coefficient of the first term; 
(b) find the coefficient of the last term; 
(c) find the ratio of the coefficient of the first term to that of the last term.   (1 : 16777216) 
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Example 4.9  

Find the coefficient of 3x  in the expansion of 6
5

)1(
3
12 xx −






 − . 

 
Solution 

...)201561(...
27
40

9
80

3
8032)1(

3
12

...201561

...)()1()()1()()1()1()1(

...
27
40

9
80

3
8032

...
3
1)2(

3
1)2(

3
1)2()2(

3
12

32326
5

32

336
3

246
2

56
1

66
0

6

32

3
25

3

2
35

2
45

1
55

0

5

+−+−





 +−+−=−






 −

+−+−=

+−+−+−+=−

+−+−=

+





−+






−+






−+=






 −

xxxxxxxx

xxx
xCxCxCCx

xxx

xCxCxCCx

 

∴ 

27
221094

)1(
27
40)6(

9
80)15(

3
80)20(32 oft coefficien The 3

−=

−−+−−=x
 

 
 
Checkpoint 4.9  
Find the coefficient of 3x  in the expansion of 65 )32()1( +− xx . 
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Example 4.10  

In the expansion of 6)1)(1( bxax −− , the coefficients of x and 2x  are 0 and 
4
21

−  respectively. 

Find the values of a and b. 
 
Solution 

[ ]

...)615()6(1
...61561

...)1561)(1(
...)()(1)1()1)(1(

22

222

22

26
2

6
1

6

++++−=

++−+−=

++−−=

+−+−+−=−−

xabbxab
abxaxxbbx

xbbxax
bxCbxCaxbxax

 

)2.........(
4
21615

4
21 oft coefficien The

)1(..........6
06
0 oft coefficien The

2

2

−=+

−=

−=
=+
=

abb

x

ba
ab
x

 

∴ 

2
1

4
1

4
2121

4
21)6(615

2

2

2

±=

=

−=−

−=−+

b

b

b

bbb

 

By (1),  when 
2
1

=b ,  3
2
16 −=





−=a ; 

 when 
2
1

−=b ,  3
2
16 =





−−=a . 

∴ a = –3, 
2
1

=b  or a = 3, 
2
1

−=b . 
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Checkpoint 4.10  

In the expansion of 
n

x
ax 





 + 3  in descending powers of x, where n is a positive integer, the 4th 

term is the constant term and is equal to
2

55 . Find the values of n and a. 
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4.4 Trinomial Expansion 

Problems of trinomial expansion can be solved by repeated binomial expansions and is illustrated 
in the following examples. 
 
 
Example 4.11  
Expand 42 )1( xx −+  in ascending powers of x as far as the term in 3x . 
 
Solution 

...8241
...4126441

......)1(4...)21(6441
)]1([)]1([4)]1([6)1(41

)]1(1[
)](1[)1(

32

3322

322

432

4

4242

+−++=

++−+−+=

++++−+−+=

−+−+−+−+=

−+=

−+=−+

xxx
xxxxx

xxxxx
xxxxxxxx

xx
xxxx

 

 
 
Example 4.12  
Given +++=+− 232 91)1( xqxpxx  terms involving higher powers of x. Find p and q. 
 
Solution 

...)33(31
...)12(3331

...)]1([3)1(31
)]1(1[)1(

2

2222

2

332

+++−=

++−+−+=

+−+−+=

−+=+−

xpx
pxxpxxpx

pxxpxx
pxxpxx

 

∴ 

i.e. ...91...)33(31
...91)1(

22

232

+++=+++−

+++=+−

xqxxpx
xqxpxx

 

∴ 

2
933

3

=
=+
−=

p
p

q
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Example 4.13  
Given ++−=++ 22 2881)1( xxxax n  terms involving higher powers of x, where n is a positive 
integer. Find a and n. 
 
Solution 

...
2

)1(21

...
2

)1(1

......)(
2

)1()(1

...)]([)(1
)](1[)1(

2
2

222

22

2
21

2

+
−+

++=

+
−

+++=

++
−

+++=

+++++=

++=++

xannnnax

xannnxnax

axnnxanx

xaxCxaxC
xaxxax

nn

nn

 

∴ 

i.e. ...2881...
2

)1(21

...2881)1(

22
2

22

++−=+
−+

++

++−=++

xxxannnnax

xxxax n

 

∴ 






=
−+

−=

)2......(28
2

)1(2
)1......(8

2annn
na

 

From (1), )3......(8
n

a −=  

Substituting (3) into (2), we have 

∴ (rejected) 8or4
0)8)(4(

03242

−=
=+−
=−+

n
nn

nn
 

2
4
8

−=−=a  

∴ n = 4 and a = –2. 
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Checkpoint 4.11  
Expand 32 )21( xx ++  in ascending powers of x as far as the term in 3x . 
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Checkpoint 4.12  
If the coefficient of 3x  is 1180 in the expansion of 102 )21( kxx ++ , find the value of k. 
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EExxeerrcciissee  44  BBiinnoommiiaall  TThheeoorreemm  
 
4.2 
1. Evaluate the following in terms of n. 

(a) 
)!2(

!
−n
n  (b) 

)!1(
1

)!2(
1

+
−

+ nn
 

(c) n
nC 1−  (d) 1

3
−nC  

 

2. Find r if 12
10

12
3 rr CC −= . 

 
3. Show that n

r
n
r CrnC 1

1 )1( +
− += . 

 
4.3 
4. Expand each of the following: 

(a) 5)2( a+  

(b) 
6

3 13 





 −

x
x  

 
5. Find the coefficients of the terms 6xy  and 43 yx  in each of the following expansions. 
 

6. Find the coefficient of 2

2

b
a  in the expansion of 

8









−

a
b

b
a . 

 
7. Find, in terms of n, the coefficient of 2x  in the expansion of nxx )21)(3( +−  where n is a 

positive integer. 
 
8. In the expansion of 1056 )1()41()31( xxx −++++ , find the coefficients of 8x  and 4x . 
 
9. In the expansion of 17)3( bx + , where b is a positive integer, in descending powers of x, the 

ratio of the coefficients of 8th term and the 9th term is 8 : 45. Find the value of b. 
 
10. In the expansion of nx)32( + , where n is a positive integer, the coefficient of 3x  and 4x  

are in the ratio 8 : 15. Find the value of n. 
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11. Given ++++=+ 32180201)1( kxxxpx n other terms involving higher powers of x, where n 

is a positive integer. Find n, p and k. 
 

12. In the expansion of 
6







 +

b
xa , the coefficients of x and 2x  are 48 and 15 respectively. Find 

the possible values of a and b. 
 
13. (a) Given that 1−= ba . Show that 122 −+ nba n , where n is a positive integer, is 

divisible by 2b . 
 (b) Using the result of (a), show that 151338 +  is divisible by 16. 
 
 
4.4 
14. Expand the following expressions in ascending powers of x as far as the term containing 3x . 

(a) 4)]13(1[ −+ xx  
(b) 32 )321( xx +−  

 
15. Expand 532 )421( xx −+  in ascending powers of x up to and including the term 

containing 4x . 
 

16. Find the constant term in the expansion of 
5

2
3 11 






 −+

x
x . 

 
17. Find, in terms of n, the coefficient of 2x  in the expansion of nxx )21( 2++  where n is a 

positive integer. 
 
18. Find the value of the constant a if the coefficient of 2x  in the expansion of 42 )1( axx +−  is 

zero. Hence obtain the coefficient of 3x . 
 
19. (a)   Expand 42 )1( bxax ++  in ascending powers of x. 
 (b) If the coefficients of x and 2x  are –8 and 12 respectively, find the values of a and b. 


