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CChhaapptteerr  33    MMaatthheemmaattiiccaall  IInndduuccttiioonn  
 
3.1 The Principle of Mathematical Induction 

The principle of mathematical induction is stated as follows: 
Suppose P(n) is a statement in n for each positive integer n. If 
(1) P(1) is true, and  
(2) for all positive integers 1≥k , the assumption that P(k) is true implies that P(k + 1) is 

true, 
then P(n) is true for all positive integers n. 
 
Note: P(n) is also known as proposition. It is a statement but not a function in n. 
Note: (1) and (2) are independent to each other, i.e. “P(1) is true” does not imply the other and 

vice versa. 
 
 
Example 3.1  
Consider the statement P(n) 

‘ )12(...531...321 −++++=++++ nn ’, 
where n is a positive integer. 
(a) Verify P(1) is true. 
(b) Write down the statements P(k) and P(k + 1) for a positive integer k. Does “P(k) is true” 

imply “P(k + 1) is true”? 
(c) Is P(2) true? Can you conclude that the statement is true for all positive integers n? 
 
Solution 
(a)  

 
 
 
∴ 

For n = 1, 
L.H.S. of P(1) = 1 
R.H.S. of P(1) = 1 
L.H.S. = R.H.S. 
P(1) is true. 

(b)  
 
 
 
 
 
i.e. 

For a positive integer k, 
P(k) is the statement: 

)12(...531...321 −++++=++++ kk  
P(k + 1) is the statement: 

]1)1(2[)12(...531)1(...321 −++−++++=++++++ kkkk  
Assume that P(k) is true. 

)12(...531...321 −++++=++++ kk  
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Q 
∴ 
∴ 

For n = k + 1, 

)12()12(...531
]1)1(2[)12(...531)1( of R.H.S.

)1()12(...531
)1(...321)1( of L.H.S.

++−++++=
−++−++++=+

++−++++=
++++++=+

kk
kkkP

kk
kkkP

 

k + 1 < 2k + 1 
R.H.S.L.H.S. ≠  

“P(k) is true” does not imply “P(k + 1) is true”. 

(c)  
∴ 

P(2) is the statement ‘1 + 2 = 1 + 3’ which is obviously false. 
It is wrong to conclude that the statement is true for all positive integers n. 

 
Example 3.2  
Given the statement P(n) 

‘ 22)12(21062 2 +=−++++ nn... ’, 
where n is a positive integer. 
(a) Write down the statements P(k) and P(k + 1) for a positive integer k. Prove that “P(k) is 

true” imply “P(k + 1) is true”. 
(b) Is P(1) true? 
(c) Can you conclude that the statement is true for all positive integers n? 
 
Solution 
(a)  

 
 
 
 
 
i.e. 

For a positive integer k, 
P(k) is the statement: 

22)12(21062 2 +=−++++ kk...  
P(k + 1) is the statement: 

2)1(2]1)1(2[2)12(21062 2 ++=−++−++++ kkk...  
Assume that P(k) is true. 

22)12(21062 2 +=−++++ kk...  
  

 
 
 
 

 
 
 
∴ 

For n = k + 1, 

)1( of R.H.S.
2)1(2

2)12(2
2422

]1)1(2[222
]1)1(2[2)12(2...1062)1( of L.H.S.

2

2

2

2

+=
++=

+++=

+++=

−+++=

−++−++++=+

kP
k

kk
kk

kk
kkkP

 

 “P(k) is true” implies “P(k + 1) is true”. 
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(b)  

 
 
 

∴ 

For n = 1, 

 R.H.S.L.H.S.
42)1(2)1( of R.H.S.

2)1( of L.H.S.
2

≠
=+=

=

P
P

 

P(1) is false. 

(c) Q 
∴ 

P(1) is false. 
It is wrong to conclude that the statement is true for all positive integers n. 

 
Checkpoint 3.1  

Let P(n) be the statement 
‘ 1)1(...433221 2 +=+×++×+×+× nnn ’, 

where n is a positive integer. 
(a) Verify that P(1) is true. 
(b) If P(k) is true, does it imply that P(k + 1) is true? 
(c) Can you conclude that the statement is true for all positive integers n? 
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Checkpoint 3.2  

Let P(n) be the statement 
‘ 1)12(...7531 2 −=−+++++ nn ’, 

where n is a positive integer. 
(a) Prove that If P(k) is true, then P(k + 1) is true. 
(b) Is P(1) true? 
(c) Can you conclude that P(n) is true for all positive integers n? 
 



 5

 
Example 3.3  

Prove, by mathematical induction, that 
2

)1(...321 +
=++++

nnn  for all positive integers n. 

 
Solution 

Let P(n) be the statement ‘
2

)1(...321 +
=++++

nnn ’, where n is a positive integer. 

[Step 1: Prove that P(1) is true.] 
 For n = 1, 

R.H.S.L.H.S.

1
2

)11(1)1( of R.H.S.

1)1( of L.H.S.

=

=
+

=

=

P

P

 

∴ P(1) is true. 
[Step 2: Assume that P(k) is true, prove that P(k + 1) is also true. 

P(k) states that 
2

)1(...321 +
=++++

kkk  

P(k + 1) states that 
2

]1)1)[(1()1(...321 +++
=++++++

kkkk .] 

Assume that P(k) is true for some positive integer k. 

i.e. 
2

)1(...321 +
=++++

kkk  

 For n = k + 1, 

)1( of R.H.S.
2

]1)1)[(1(
2

2)1(

)1(
2

)1(
)1(...321)1( of L.H.S.

+=

+++
=







 +

+=

++
+

=

++++++=+

kP

kk

kk

kkk
kkkP

 

∴ P(k + 1) is true. 
By the principle of mathematical induction, P(n) is true for all positive integers n. 
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Checkpoint 3.3  

Prove, by mathematical induction, that nn 2
11

2
1...

8
1

4
1

2
1

−=++++  is true for all positive 

integers n. 
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3.2 Application of Mathematical Induction 

3.2.1 Application to Proofs of Summation Formulae for Series 

A series is an expression for the sum of a list of numbers following a particular pattern. For 
example, 1 + 4 + 7 + 10 + 13 + 16 is a series of 6 terms; 1 + 2 + 3 + …+ n is a series of n 
terms. 
 
Example 3.4  
Prove, by mathematical induction, that  

)14(
3
1)12(...531 22222 −=−++++ nnn  

for all positive integers n. 
 
Solution 

Let P(n) be the statement ‘ )14(
3
1)12(...531 22222 −=−++++ nnn ’, where n is a positive 

integer. 
For n = 1, 
 
 

 
∴ 

R.H.S.L.H.S.

1]1)1(4)[1(
3
1)1( of R.H.S.

11)1( of L.H.S.

2

2

=

=−=

==

P

P

 

∴ P(1) is true. 
Assume that P(k) is true for some positive integer k. 

i.e. )14(
3
1)12(...531 22222 −=−++++ kkk  

For n = k + 1, 
 
 
 
 
 
 
 
 
 
 
 

)1)(32)(12(
3
1

)352)(12(
3
1

)]12(3)12()[12(
3
1

)12()12)(12(
3
1

)12()14(
3
1

]1)1(2[)12(...531L.H.S.

2

2

22

22222

+++=

+++=

++−+=

++−+=

++−=

−++−++++=

kkk

kkk

kkkk

kkkk

kkk

kk
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∴ R.H.S.L.H.S.

)12)(32)(1(
3
1

]1)1(2][1)1(2)[1(
3
1

]1)1(4)[1(
3
1R.H.S. 2

=

+++=

−++++=

−++=

kkk

kkk

kk

 

∴ P(k + 1) is true. 
By the principle of mathematical induction, P(n) is true for all positive integers n. 
 
 
Example 3.5  
(a) Prove, by mathematical induction, that 

1)1(
1...

43
1

32
1

21
1

+
=

+
++

×
+

×
+

× n
n

nn
 

for all positive integers n. 

(b) Hence find the value of 
10099

1...
5352

1
5251

1
5150

1
×

++
×

+
×

+
×

. 

 
Solution 

(a) Let P(n) be the statement ‘
1)1(

1...
43

1
32

1
21

1
+

=
+

++
×

+
×

+
× n

n
nn

’, where n is a 

positive integer. 

 For n = 1, 
  

 

 
∴ R.H.S.L.H.S.

2
1

11
1 R.H.S.

2
1

21
1 L.H.S.

=

=
+

=

=
×

=

 

 ∴ P(1) is true. 
 Assume that P(k) is true for some positive integer k. 
 

i.e. 1)1(
1...

43
1

32
1

21
1

+
=

+
++

×
+

×
+

× k
k

kk
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 For n = k + 1, 
  

 
 
 
 
 
 
 
 
 
 
 
 
 
 

∴ R.H.S.L.H.S.
2
1

1)1(
1.R.H.S

2
1

)2)(1(
)1(

)2)(1(
12

)2)(1(
)1()2(

)2)(1(
1

1

]1)1)[(1(
1

)1(
1...

43
1

32
1

21
1 L.H.S.

2

2

=
+
+

=

++
+

=

+
+

=

++
+

=

++
++

=

++
+++

=

++
+

+
=

+++
+

+
++

×
+

×
+

×
=

k
k
k

k
k
k

kk
k

kk
kk

kk
kkk

kkk
k

kkkk

 

 ∴ P(k + 1) is true. 
 By the principle of mathematical induction, P(n) is true for all positive integers n. 

 
(b) Putting n = 99 in (a), we have 

100
99

10099
1...

43
1

32
1

21
1

=
×

++
×

+
×

+
×

……(1) 

Putting n = 49 in (a), we have 

50
49

5049
1...

43
1

32
1

21
1

=
×

++
×

+
×

+
×

……(2) 

 
(1) – (2): 

100
1

50
49

100
99

10099
1...

5352
1

5251
1

5150
1

=

−=
×

++
×

+
×

+
×  
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Checkpoint 3.4  
Prove, by mathematical induction, that 22 )1()3(...30144 +=+++++ nnnn  for all positive 
integers n. 
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Checkpoint 3.5  

Prove, by mathematical induction, that 
)12(2

)1(
)12)(12(

...
75

3
53

2
31

1 2222

+
+

=
+−

++
⋅

+
⋅

+
⋅ n

nn
nn

n  for 

all positive integers n. 
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Sometimes a series is represented using the symbol ‘Σ’, meaning ‘the sum of’. For example,  

)3(...)3(3)3(2)3(13

65432

)4(2)3(2)2(2)1(22

321

1

22222
6

2

2

4

1

n
n

r

r

r

r

nr

r

r

++++=

++++=

+++=

∑

∑

∑

=

=

=

 

Note that we may use other letters instead of r. For example, ∑∑
==

=
4

1

4

1

22
rk

rk . 

 
 
Example 3.6  

Prove, by mathematical induction, that 
3

)14)(1()1(2
1

−+
=−∑

=

nnnrr
n

r
 for all positive integers 

n. 
 
Solution 

Let P(n) be the statement ‘
3

)14)(1()1(2
1

−+
=−∑

=

nnnrr
n

r
’, where n is a positive integer. 

When n = 1, 
 
 
 
 
 
 

∴ R.H.S.L.H.S.
2

3
]1)1(4)[11(1.R.H.S

2
]1)1(2)[1(2

)1(2.L.H.S
1

=
=

−+
=

=
−=

−= ∑
=

rr
n

r

 

∴ P(1) is true. 
Assume that P(k) is true for some positive integer k, 

i.e. 
3

)14)(1()1(2
1

−+
=−∑

=

kkkrr
k

r
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When n = k + 1, 
 

R.H.S.L.H.S.
3

]1)1(4][1)1)[(1(.R.H.S

3
]1)1(4][1)1)[(1(

3
)34)(2)(1(

3
)6114)(1(

3
6124)1(

)12(2
3

)14()1(

)12)(1(2
3

)14)(1(

]1)1(2)[1(2)1(2

)1(2L.H.S.

2

2

1

1

1

=

−++++
=

−++++
=

+++
=

+++
=








 ++−
+=





 ++

−
+=

+++
−+

=

−+++−=

−=

∑

∑

=

+

=

kkk

kkk

kkk

kkk

kkkk

kkkk

kkkkk

kkrr

rr

k

r

k

r

 

∴ P(k + 1) is true. 
By the principle of mathematical induction, P(n) is true for all positive integers n. 
 
 
Checkpoint 3.6  

Prove, by mathematical induction, that )32()41(
1

+=+∑
=

nnr
n

r
 for all positive integers n. 
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3.2.2 Application to Proofs of Divisibility 

Useful fact: 
For two integers a and b, a is divisible by b if a = bm for some integer m. 
 
Example 3.7  
Prove, by mathematical induction, that 123 −n  is divisible by 11 for all positive integers n. 
 
Solution 

Let P(n) be the statement that ‘ 123 −n  is divisible by 11’, where n is a positive integer. 
When n = 1, 
 

)2(11
22

123123 1

=
=

−=−n

 

∴ P(1) is true. 
Assume that P(k) is true for some positive integer k, 
i.e. 123 −k  is divisible by 11, and mk 11123 =−  for some integer m. 
When n = k + 1, 
 

)223(11
22)11(23

1)111(23
1)23(23

123123 1

+=
+=

−+=
−=

−=− +

m
m
m

k

kn

 

Since 11(23m + 2) is divisible by 11, 
∴ P(k + 1) is true. 
 Hence, by the principle of mathematical induction, P(n) is true for all positive integers n.
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Example 3.8  
Prove, by mathematical induction, that nn 67 −  is divisible by 13 for all positive even integers 
n. 
 
Solution 

Let P(n) be the statement that ‘ nn 67 −  is divisible by 13’, where n is a positive even integer. 
When n = 2, 
 

13
6767 22

=
−=− nn

 

∴ P(1) is true. 
Assume that P(k) is true for some positive integer k, 
i.e. kk 67 −  is divisible by 13, and mkk 1367 =−  for some integer m. 
When n = k + 2, 
 

)649(13
)3649(6)49(13

6667)13(7
6)613(7

6)7(7
6767

222

22

22

22

k

k

kk

kk

kk

kknn

m
m
m
m

+=

−+=

⋅−⋅+=

−+=

−=

−=−

+

+

++

 

Since 13(49m + 6k) is divisible by 13, 
∴ P(k + 2) is true. 
Hence, by the principle of mathematical induction, P(n) is true for all positive even integers n. 
 
 
Checkpoint 3.7  

Prove, by mathematical induction, that nn 28 3 −  is divisible by 6 for all positive integers n. 
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Checkpoint 3.8  

Prove, by mathematical induction, that nn 45 −  is divisible by 9 for all positive even integers 
n. 
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Example 3.9  
Show, by mathematical induction, that 1212 ++ + nn ba  is divisible by a + b for all positive 
integers n. 
 
Solution 

Let P(n) be the statement that ‘ 1212 ++ + nn ba  is divisible by a + b’, where n is a positive integer. 
When n = 1, 
 

))(( 22

331212

bababa
baba nn

+−+=

+=+ ++

 

∴ P(1) is true. 
Assume that P(k) is true for some positive integer k, 
i.e. 1212 ++ + kk ba  is divisible by a + b, and Qbaba kk )(1212 +=+ ++ , where Q is a polynomial 

in a and b. 
When n = k + 1, 
 

)]()[(
))(()(
)()(

122

122

221221212

212212212212

3232

1)1(21)1(21212

babQaba
bababaQba

bababa
bbababaa

ba
baba

k

k

kkk

kkkk

kk

kknn

−−+=

−+−⋅+=

−−+=

⋅+⋅−⋅+⋅=

+=

+=+

+

+

+++

++++

++

++++++

 

Since )(122 babQa k −− + is a polynomial in a and b, )]()[( 122 babQaba k −−+ +  is divisible 
by a + b. 
∴ P(k + 1) is true. 
Hence, by the principle of mathematical induction, P(n) is true for all positive integers n. 
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Checkpoint 3.9  

Show, by mathematical induction, that 1212 −− − nn ba  is divisible by a – b for all positive 
integers n. 
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EExxeerrcciissee  33  MMaatthheemmaattiiccaall  IInndduuccttiioonn  
 
3.2 
1. Prove, by mathematical induction, that  

)1124(
3

)32)(12(...957351 2 −+=+−++×+×+× nnnnn   

for all positive integers n. 
 

2. Prove, by mathematical induction, that  

)5)(4)(1(
4
1)4)(2(...753642531 +++=++++××+××+×× nnnnnnn   

for all positive integers n. 
 

3. Prove, by mathematical induction, that  

12
)13)(2)(1()1(...433221 2222 +++

=+++×+×+×
nnnnnn   

for all positive integers n. 
 
4. Prove, by mathematical induction, that  

)32)(12(2
)1(

)32)(12)(12(
...

975
3

753
2

531
1

++
+

=
++−

++
⋅⋅

+
⋅⋅

+
⋅⋅ nn

nn
nnn

n   

for all positive integers n. 
 

5. Prove, by mathematical induction, that  

n
n

n 2
111...

16
11

9
11

4
11 2

+
=






 −






 −





 −





 −   

for all integers 2≥n . 
 

6. Prove, by mathematical induction, that n
n

r

r nr 2)1(12
1

1 −+=∑
=

−  for all positive integers 

n. 
 
7. (a)  Prove, by mathematical induction, that  

)2)(1(2
32

4
3

)2(
1...

53
1

42
1

31
1

++
+

−=
+

++
×

+
×

+
× nn

n
nn

  

for all positive integers n. 

(b) Hence, find the value of 
3634

1...
1210

1
119

1
108

1
×

++
×

+
×

+
×

. 
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8. (a)  Prove, by mathematical induction, that  

223333 )1(
4
1...321 +=++++ nnn   

for all positive integers n. 
(b) Using the result of (a), find 3333 )2(...642 n++++ . 
(c) Using the results of (a) and (b), find 3333 )12(...531 +++++ n . 

 
9. (a)  Prove, by mathematical induction, that  

)192)(1(
6
1)6(...938271 ++=+++×+×+× nnnnn   

for all positive integers n. 

(b) Using the result of (a), and the fact 
2

)1(...321 +
=++++

nnn , show that  

)2)(1(
3
1)1(...433221 ++=+++×+×+× nnnnn . 

 
10. Prove, by mathematical induction, that 145 −n  is divisible by 11 for all positive 

integers n. 
 
11. Prove, by mathematical induction, that )1( 2 −nn  is divisible by 3 for all positive 

integers n. 
 
12. Prove, by mathematical induction, that nn 29 −  is divisible by 7 for all positive integers 

n. 
 
13. Prove, by mathematical induction, that 1212 65 −− + nn  is divisible by 11 for all positive 

integers n. 
 
14. Prove, by mathematical induction, that nn ba +  is divisible by a + b for all positive odd 

integers n. 
 
15. Prove, by mathematical induction, that nn yx 22 −  is divisible by 22 yx − , where x and y 

are integers, for all positive integers n. 
 
16. (a)  Prove, by mathematical induction, that n(n + 1) is divisible by 2 for all positive 

integers n. 
 (b) Using the result of (a), prove, by mathematical induction, that nn 53 +  is divisible 

by 6. 
 


