Chapter 3 Mathematical Induction

3.1 The Principle of Mathematical Induction

The principle of mathematical induction is stated as follows:

Suppose P(n) is a statement in n for each positive integer n. If

(1) P(1)1is true, and

(2) for all positive integers k >1, the assumption that P(k) is true implies that P(k + 1) is
true,

then P(n) is true for all positive integers 7.

Note: P(n) is also known as proposition. It is a statement but not a function in n.
Note: (1) and (2) are independent to each other, i.e. “P(1) is true” does not imply the other and

vice versa.

Example 3.1
Consider the statement P(n)
‘A+24+3+...+n=1+3+5+...+(2n-1)",
where 7 is a positive integer.
(a) Verify P(1) is true.
(b)  Write down the statements P(k) and P(k + 1) for a positive integer k. Does “P(k) is true”
imply “P(k + 1) is true”?

(¢) Is P(2) true? Can you conclude that the statement is true for all positive integers n?

Solution
(a) Forn=1,
LH.S.of P(1)=1
R.H.S. of P(1)=1
L.H.S.=R.H.S.
P(1) is true.
(b) For a positive integer £,
P(k) is the statement:
1+24+3+..+k=14+3+5+...+(2k-1)
P(k + 1) is the statement:
1+24+3+..+k+(k+)=1+3+5+...+2k-1D)+[2(k+1)-1]
Assume that P(k) is true.
ie. 14243+, +k=14+3+5+...+(2k-1)



Forn=Fk+1,

LHS.of Plk+1)=1+2+3+...+k+(k+1)
=1+3+5+...+2k-1)+(k+1)

RH.S.of P(k+1)=1+3+5+...+ k-1 +[2(k+1)—1]
=14+3+5+...+2k-1)+ 2k +1)

k+1<2k+1

L.H.S.# R.H.S.

“P(k) is true” does not imply “P(k + 1) is true”.

(©) P(2) is the statement ‘1 + 2 =1 + 3’ which is obviously false.

It is wrong to conclude that the statement is true for all positive integers .

Example 3.2
Given the statement P(n)
246+10+...+22n—-1)=2n"+2",
where 7 is a positive integer.
(a) Write down the statements P(k) and P(k + 1) for a positive integer k. Prove that “P(k) is
true” imply “P(k + 1) is true”.
(b) Is P(1) true?

(¢) Can you conclude that the statement is true for all positive integers n?

Solution
(a) For a positive integer £,
P(k) is the statement:
246+10+..+2Qk—-1)=2k*>+2
P(k+ 1) is the statement:
246410+ +2Qk=D+2[2(k+1)-1]=2(k+1)* +2
Assume that P(k) is true.
ie. 246+10+...+22k—-1)=2k>+2
Forn=k+1,
LHS.of P(k+1)=2+6+10+...+2Q2k-1)+2[2(k +1)—1]
=2k* +2+2[2(k+1)—1]
=2k> +2+4k+2
=2k +2k+1)+2
=2(k+1)* +2
=R.H.S.of P(k+1)

“P(k) is true” implies “P(k + 1) is true”.



(b) Forn=1,
L.H.S.of P(1)=2
RHS.of P1)=2(1)> +2=4
L.H.S.# R.H.S.
P(1) is false.
(¢c) -- P(1)is false.

It is wrong to conclude that the statement is true for all positive integers n.

Checkpoint 3.1
Let P(n) be the statement
“UAx242x343x4+..+nx(n+l)=n’+1",
where 7 is a positive integer.
(a) Verify that P(1) is true.
(b) If P(k) is true, does it imply that P(k + 1) is true?
(¢) Can you conclude that the statement is true for all positive integers n?



Checkpoint 3.2
Let P(n) be the statement
V+3+5+7+...+Q2n-D)=n"-1",
where 7 is a positive integer.
(a) Prove that If P(k) is true, then P(k + 1) is true.
(b) Is P(1) true?

(c) Can you conclude that P(n) is true for all positive integers n?



Example 3.3

Prove, by mathematical induction, that 1+2+3+...+n= n(n2+ D for all positive integers n.
Solution
. n(n+1), ) e
Let P(n) be the statement ‘1+2+3+...+n= 5 , Where 7 is a positive integer.
[Step 1: Prove that P(1) is true.]
Forn=1,
L.H.S.of P(1)=1
RIS, of P() = 4D _
L.H.S.=R.H.S.
P(1) is true.
[Step 2: Assume that P(k) is true, prove that P(k + 1) is also true.
P(k) states that 1+2+3+...+k = k(k2+ D
P(k+ 1) states that 14243 +...+k+(k+1)= (k“)[(];”)“] ]

Assume that P(k) is true for some positive integer k.

ie. 1+2+3+...+k:k(k2+1)
Forn=k+1,
LHS.of Plk+1)=14+2+3+...+k+(k+1)
_REED ey
2
k+2
=(k+1)| —
w22
_(k+D[(k+1)+1]
2

=RH.S.of P(k+1)

P(k+ 1) is true.
By the principle of mathematical induction, P(n) is true for all positive integers .



Checkpoint 3.3
. ) I 1 1 1 1. "y
Prove, by mathematical induction, that E+Z+§+m+2_”=l_? is true for all positive

integers n.



3.2 Application of Mathematical Induction
3.2.1 Application to Proofs of Summation Formulae for Series

A series is an expression for the sum of a list of numbers following a particular pattern. For
example, 1 +4 + 7+ 10 + 13 + 16 is a series of 6 terms; 1 + 2 + 3 + ...+ n is a series of n

terms.

Example 3.4

Prove, by mathematical induction, that
P+3*+57 +..+2n-1)>*= %n(4n2 -1

for all positive integers 7.

Solution
Let P(n) be the statement ‘1° +3%> +5% + ...+ (2n—1) =%n(4n2 —1)°, where n is a positive

integer.

Forn=1,
LHS.of P()=1% =1
R.H.S.of P(1) = %(1)[4(1)2 ~1]=1

L.H.S.=R.H.S.

P(1) is true.

Assume that P(k) is true for some positive integer k.
ie. IP+3°+5%+.+2k-1)°= %k(4k2 -1)

Forn=Fk+1,
LHS.=1"+3+5" +..+ (2k=1)> +[2(k + 1) -1]?

:%k(4k2 “1)+ 2k +1)?

_ %k(2k+1)(2k—1) (2K +1)?

_ %(2k+1)[k(2k—1)+3(2k+1)]

= %(21“1)(2/«2 +5k+3)

_ %(Zk )2k +3)(k +1)



RHS:%@+UMQ+D%4]

:§m+upw+n+upm+n—u

:%@+DQk+$Qk+D

L.H.S.=R.H.S.
P(k+ 1) is true.

By the principle of mathematical induction, P(n) is true for all positive integers 7.

Example 3.5
(a) Prove, by mathematical induction, that
1 1 1
+ + +
Ix2 2x3 3x4

for all positive integers 7.
1 1

n

1

(b) Hence find the value of + + +...+
50x51 51x52 52x53

Solution
1

1

+ =
nn+1) n+1

1
99x100

1

(a) Let P(n) be the statement *

positive integer.

Forn=1,
L.H.S.=L=l
Ix2 2
R.H.S.:Lzl
I+1 2
L.H.S.=R.H.S.
P(1) is true.

Assume that P(k) is true for some positive integer k.

1 1 1 1

+ + +
Ix2 2x3 3x4

i + +
Mo %2 T 2x3  3x4

+..+ =
k(k+1) k+1

+ =
n(n+1) n+1

b

, where n is a



(b)

Forn=Fk+1,

! + ! + ! +...+ ! + !
Ix2 2x3 3x4 k(k+1) (k+D[(k+1)+1]
__k 1
k+1 (k+1)(k+2)
_k(k+2)+(k+1)
C (k+)(k+2)
kP +2k+1
(k+1D)(k+2)
(k1)
T (k+1)(k+2)
_k+1

k42
k+1

kD41
k+1

k42
L.H.S.=R.H.S.

LHS.=

R.H.S

P(k+ 1) is true.

By the principle of mathematical induction, P(n) is true for all positive integers .

Putting n =99 in (a), we have
1 1 1 1 99

+ + +...+ =—...... (1)
Ix2 2x3 3x4 99%x100 100
Putting n = 49 in (a), we have
! + ! + ! +...+ ! =£ ...... (2)
Ix2 2x3 3x4 49x50 50
1 1 1 9 49

(D —Q@):

+ + ot =

50x51 51x52 52x53 99x100 100 50
__1
100



Checkpoint 3.4
Prove, by mathematical induction, that 4 +14+30+...+(3n> + n) =n(n+1)> for all positive

integers n.
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Checkpoint 3.5

2 2

Prove, by mathematical induction, that — +—+

1-3 3.5

all positive integers 7.

2

5-7

n’ _ n(n+1)

o Qn-1)2n+1) 22n+1)

11



Sometimes a series is represented using the symbol ‘X’, meaning ‘the sum of”. For example,
4

D 2r =2()+2(2)+2(3) +2(4)

1

I

r?=22+3"+4>+5+6°

M=

[\

S~

r3 =13 +2(3%)+3(3%) +...+n(3")

1

Iz

4 4
Note that we may use other letters instead of . For example, Z 2k = z 2r.
k=1 r=1

Example 3.6

Prove, by mathematical induction, that Z2r(r -1)=
r=l1

n(n + 1)3(4” D for all positive intogers

n.

Solution

Let P(n) be the statement < » 2r(r —1) = n(n+1)(4n—1)

’, where 7 1s a positive integer.
3 b
r=l1

Whenn=1,

L.H.S. = Zn: 2r(r—1)

r=I1

=22 ~1]
=2
11+ D[4(1) - 1]

RH.S. =

=2
L.H.S.=R.H.S.
P(1) is true.

Assume that P(k) is true for some positive integer £,

1e. Zklzr(lf—l) _ k(k+1)3(4k—1)

12



Whenn=~kF+1,

k+1
LH.S.=> 2r(r-1)

r=1

= in(r -D+2(k+D[2(k+1)—1]

r=1

_ k(k +1)(4k - 1)

+2(k +1)(2k +1)

= (k + 1)[—" (4’; b,

[4/«2 —k+12k+6}

+2(2k + 1)}

=(k+1)

(kK +1)(4k% +11k +6)

3
_ (k+D(k +2)(4k +3)
3
_ (k+D[(k+1) +1][4(k +1) —1]
3
RHS = FFDICFD J; 1[4k +1) —1]
L.H.S.=R.H.S.

P(k + 1) is true.

By the principle of mathematical induction, P(n) is true for all positive integers .

Checkpoint 3.6

Prove, by mathematical induction, that Z (1+4r)=n(2n+3) for all positive integers n.

r=1



3.2.2  Application to Proofs of Divisibility
Useful fact:

For two integers a and b, a is divisible by b if a = bm for some integer m.

Example 3.7

Prove, by mathematical induction, that 23" —1 is divisible by 11 for all positive integers #.

Solution

Let P(n) be the statement that 23" —1 is divisible by 11°, where 7 is a positive integer.
Whenn=1,

23" -1=23"'-1
=22
=11(2)

P(1) is true.

Assume that P(k) is true for some positive integer £,

ie. 23" -1 isdivisible by 11,and 23 —1=11m for some integer m.
Whenn=~k+1,

23" —1=23"" -1
=23(23%)-1
=2311m+1)-1
=23(11m)+22
=11(23m +2)

Since 11(23m + 2) is divisible by 11,
P(k + 1) is true.

Hence, by the principle of mathematical induction, P(n) is true for all positive integers r.

14



Example 3.8
Prove, by mathematical induction, that 7" — 6" is divisible by 13 for all positive even integers

n.

Solution
Let P(n) be the statement that * 7" — 6" is divisible by 13, where 7 is a positive even integer.
When n =2,

7" —6" =7 — 6°
=13
P(1) is true.

Assume that P(k) is true for some positive integer £,
ie. 7" —6" isdivisible by 13,and 7* —6* =13m for some integer m.
Whenn=Fk+2,
7" —6" =77 — 6"
=7*(7")—6""
=7 (13m+6")-6""
=7°(13m)+7>-6" -6 -6"
=13(49m) + 6" (49 - 36)
=13(49m + 6")
Since 13(49m + 6") is divisible by 13,
P(k + 2) is true.
Hence, by the principle of mathematical induction, P(n) is true for all positive even integers 7.

Checkpoint 3.7

Prove, by mathematical induction, that 8n° —2n is divisible by 6 for all positive integers .

15



Checkpoint 3.8

Prove, by mathematical induction, that 5" —4" is divisible by 9 for all positive even integers

n.

16



Example 3.9

2n+1 2n+l1
+b

Show, by mathematical induction, that a is divisible by a + b for all positive

integers n.

Solution
Let P(n) be the statement that ‘ ¢>"*' + 5> is divisible by a + b’, where # is a positive integer.
Whenn=1,

a2n+1 +b2n+1 =a3 +b3

=(a+b)a’ —ab+b*)

P(1) is true.
Assume that P(k) is true for some positive integer £,

ie. a®™"'+b*" isdivisible by a + b, and @’ +b5*" = (a+b)Q, where Q is a polynomial
in a and b.
Whenn=~kF+1,

a2 g pAl = 2D | (ke

2k+3 2k+3
=a”" + b

— a2k+1 . a2 +b2k+l .aZ _b2k+1 . a2 +b2k+l 'b2
_ (a2k+1 +b2k+l)a2 _ p (a2 _bz)
=(a+b)Q-a* —b*"(a+b)(a-b)
=(a+b)[Qa’ -b*" (a-b)]
Since Qa’> —b**"'(a—b)is a polynomial in a and b, (a+b)[Qa’> —b**"'(a—b)] is divisible
by a + b.
P(k + 1) is true.
Hence, by the principle of mathematical induction, P(n) is true for all positive integers .

17



Checkpoint 3.9

Show, by mathematical induction, that a*"~' —b>" is divisible by a — b for all positive

integers n.
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Exercise 3 Mathematical Induction

Prove, by mathematical induction, that
1%54+3x7+5%9+ ...+ (2n—1)(2n +3) =§(4n2 +12n-1)

for all positive integers 7.

2. Prove, by mathematical induction, that
1
Ix3x54+2x4x6+3x5xT7+...+n(n+2)(n+4) :Zn(n+l)(n+4)(n+5)
for all positive integers 7.

3. Prove, by mathematical induction, that

n(n+1)(n+2)(3n+1)
12

PPx242*x3+3*x4+...+n*(n+1) =

for all positive integers 7.

4.  Prove, by mathematical induction, that
1 2 3 n n(n+1)
+ + +...+ =
1-3-5 3.5-7 5-7-9 Crn-D2rn+1H(2n+3) 22n+1)(2n+3)

for all positive integers 7.

5. Prove, by mathematical induction, that

(-2

for all integers n>2.

6.  Prove, by mathematical induction, that ZrZH =1+(n—-1)2" for all positive integers

r=1

n.

7. (a) Prove, by mathematical induction, that
1 1 1 1 3 2n+3
+ + +.ot ==-—
Ix3 2x4 3x5 nn+2) 4 2n+1)(n+2)

for all positive integers 7.

1+1+1+...+1.
&x10 9xI11 10x12 34x36

(b) Hence, find the value of

19



10.

11.

12.

13.

14.

15.

16.

(a) Prove, by mathematical induction, that
1
P+2°+3% +..+n° =an(n+1)2

for all positive integers 7.
(b) Using the result of (a), find 2° +4° +6’ +...+ (2n)’.
(c) Using the results of (a) and (b), find 1° +3° +5° + ..+ 2n+1)’.

(a) Prove, by mathematical induction, that
Ix74+2%x8+3%x9+...+n(n+6) :%n(n+l)(2n+19)

for all positive integers 7.

(b)  Using the result of (a), and the fact 1+2+3+...+n= n(n+1)

, show that

1><2+2><3+3x4+...+n(n+1):én(n+1)(n+2).

Prove, by mathematical induction, that 45" —1 is divisible by 11 for all positive

integers n.

Prove, by mathematical induction, that n(n’> —1) is divisible by 3 for all positive

integers n.

Prove, by mathematical induction, that 9" —2" is divisible by 7 for all positive integers

n.

Prove, by mathematical induction, that 5°"' + 6> is divisible by 11 for all positive

integers n.

Prove, by mathematical induction, that a" + 5" is divisible by a + b for all positive odd

integers n.

Prove, by mathematical induction, that x*" — y*" is divisible by x> — y*, where x and
Y Yy Yy Yy Yy

are integers, for all positive integers 7.

(a) Prove, by mathematical induction, that n(n + 1) is divisible by 2 for all positive
integers n.

(b)  Using the result of (a), prove, by mathematical induction, that n’ +5n is divisible
by 6.
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