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CChhaapptteerr  22    LLiinneeaarr  aanndd  QQuuaaddrraattiicc  IInneeqquuaalliittiieess  
 
2.1 Linear Inequalities in One Variable 
For 0≥+ bax , 

0 if

0 if

<−≤

>−≥

a
a
bx

a
a
bx

 

 
Example 2.1  

Solve the following inequalities and represent the solutions graphically. 
(a) )72(2)23(3 −>− xx  

(b) )12(
2
3)2(5

2
1

−≤++ xx  

 
Solution 
(a)  

 
 
 
 

∴ 
5
8
85

614665
4144469

14469
)72(2)23(3

−>

−>
+−>+−

−−>−−
−>−

−>−

x

x
x

xxxx
xx

xx

 

 
The graphical representation of the solutions is 

 

(b) 
 
 
 
 
 
 
∴ 6

244
216362162110

362110
)12(3)2(101

)12(
2
3)2(5

2
1

−≤
−≤

−−−≤−−+
−≤+

−≤++

−≤++

x
x

xxxx
xx

xx

xx

 

 
The graphical representation of the solutions is 
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Example 2.2  

Solve the following inequalities and represent the solutions graphically if possible: 

(a) )72(2)15(3 −<− xx  and )23(
2
1)14(

4
3

+<− xx  

(b) 
3

74
2
31

4
56 −

≤
−

≤−
xxx  

 
Solution 

(a)  
 
 
 
 

∴ 

)72(2)15(3 −<− xx  

1111
144315

−<
−<−

x
xx

 

1−<x  
1−<x  

and 

and 
and 

and 
6
7
76

46312

)23(
2
1)14(

4
3

<

<
+<−

+<−

x

x
xx

xx

 

 
The graphical representation of the solutions is 

 

(b)  
3

74
2
31

4
56 −

≤
−

≤−
xxx   

 

 i.e. 
 

 22
62524

2
31

4
56

−≤
−≤−

−
≤−

x
xx

xx

 

and 

and 
and 11

14893
3

74
2
31

−≥
+−≤−

−
≤

−

x
xx

xx

 

 
∴ There is no solution for x. 
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Example 2.3  

Solve the following inequalities and represent the solutions graphically if possible: 

(a) 
3

32
4

13 +
>

− xx  or 
3
5

9
12

−>
+

−
x  

(b) 





 −≤−− xx

2
314)52(

4
53  or )23(125)410(6 −−>− xx  

 
Solution 

(a)  
 
 
 
∴ 

15
12939

3
32

4
13

>
+>−

+
>

−

x
xx

xx

 

x > 15 or x < 7. 

or 

or 
or 7

1512
3
5

9
12

<
−>−−

−>
+

−

x
x

x

 

 
The graphical representation of the solutions is 

 

(b)  
 
 
 
 xx

xx

xx

2416251012
2
3116)52(512

2
314)52(

4
53

−≤+−







 −≤−−







 −≤−−

 

2114 −≤x  

2
3

−≤x  

or 

or 

or 

or 

or 

)23(125)410(6 −−>− xx  

243652460 +−>− xx  

12
72

12
31
3112

−>

−>

−>

x

x

x

 

 
∴ All real numbers are solutions.

  
 
Checkpoint 2.1  

Solve xx 23
5

4
+≤  and represent the solutions graphically. 
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Checkpoint 2.2  
Solve the following compound inequalities and represent the solutions graphically. 
(a) xx 2314 −≤−  and xx 4528 −≥+  

(b) 




+≥−
+<−
4315

)1(6310
xx

xx
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Checkpoint 2.3  
Solve the following compound inequalities and represent the solutions graphically. 
(a) 7)1(2 +≥+ xx  or )1(6)21(3 xx −<+  
(b) )3(3)2(2 −<− xx  or )3(2)2(3 −>− xx  
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2.2 Quadratic Inequalities in One Variable 
2.2.1 Standard Forms 

(1) 02 >++ cbxax  
(2) 02 <++ cbxax  
(3) 02 ≥++ cbxax  
(4) 02 ≤++ cbxax  
 
2.2.2 Methods of Solutions 
A. Algebraic Method 

(5) If ab > 0, then 




>
>

0
0

b
a

 or 




<
<

0
0

b
a

. 

If 0))(( >−− βα xx , where βα > , then β<x  and α>x . 

(6) If ab < 0, then 




<
>

0
0

b
a

 or 




>
<

0
0

b
a

. 

If 0))(( <−− βα xx , where βα < , then αβ << x . 
 
 
Example 2.4  

Solve the following inequalities: 
(a) 0542 >−− xx  
(b) 0)52)(3( ≤−+ xx  
 
Solution 
(a)  

 
∴ 1or          5

0)1)(5(
0542

<>
>+−
>−−

xx
xx
xx   

(b)  
 
 
 
 

∴ 
2
53

0
2
5)3(

0
2
5)3(2

0)52)(3(

≤≤−

≤





 −+

≤





 −+

≤−+

x

xx

xx

xx
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Checkpoint 2.4 
Solve the following inequalities. 
(a) 01242 <−− xx  
(b) 0232 2 ≥−+ xx  
 
 
 
 
 
 
 
 
 
 
 
 
 
Example 2.5 
Solve the following inequalities. 
(a) )5(3)5)(32( +>+− xxx  
(b) 5)2)(32( >++ xx  
 
Solution 
(a)  

 
 
 
∴ 3or          5

0)3)(5(2
0)62)(5(
0)332)(5(
0)5(3)5)(32(

>−<
>−+
>−+
>−−+
>+−+−

xx
xx
xx

xx
xxx

 

(b)  
 
 
 
 
 
 
 

∴ 

0
4

417
4

417

0
)2(2

)1)(2(477
)2(2

)1)(2(477

0172
5672
5)2)(32(

22

2

2

>






 −−
−







 +−
+

>












 −−−
−













 −+−
+

>++

>++

>++

xx

xx

xx
xx

xx

 

4
417or          

4
417 +−

>
−−

< xx  
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B. Tabulation 
A table is constructed to determine the signs of ))(( βα −− xx  for x < α, α < x < β and x > β 
respectively. 
 
Example 2.6 
Solve the inequality 06 2 <−+ xx . 
 
Solution 

0)3)(2(
06
06

2

2

>−+
>−−

<−+

xx
xx

xx
 

 x < –2 –2 < x < 3 x > 3 
x + 2 – + + 
x – 3 – – + 

(x + 2)(x – 3) + – + 

[From the table, (x + 2)(x – 3) is positive only when x < –2 or x > 3.] 
∴ The solutions are x < –2 or x > 3. 
 
 
Checkpoint 2.5 
Solve the inequality 0532 2 ≤−+ xx  by tabulation method. 
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C. Graphical Method 
A graph is sketched for the given quadratic function and the signs of the function in different 
regions along the x-axis is determined. 
 
Example 2.7 
Solve the inequality 0822 <−− xx  graphically. 
 
Solution 
Let 

)4)(2(
822

−+=
−−=
xx

xxy
  

The x-intercepts of 822 −−= xxy  are –2 and 4, and its y-intercept is –8; it opens upwards 
as the coefficient of x2 = 1 > 0. 

 
For 0822 <−− xx , (i.e. y <0), we have –2 < x < 4. 
 
 
Checkpoint 2.6 
The graph of 592 2 −−= xxy  is shown below. By using the graph, solve the inequality 

0592 2 >−− xx . 
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2.2.3 Special Cases 
(1) If the roots of the corresponding quadratic equation 02 =++ cbxax are both α (i.e. 

repeated root), then , for the inequality, either 
(a) all real numbers are solutions, or 
(b) all real numbers except α are solutions, or 
(c) there is no solution, or 
(d) the solution is x = α. 

 
(2) If the corresponding quadratic equation 02 =++ cbxax  has no real roots, then for the 

inequality, either 
(a) all real numbers are solutions, or 
(b) there is no real solution. 

 
 
Example 2.8 
Solve the following inequalities. 
(a) 0882 2 ≥+− xx  
(b) 27318 2 <− xx  
 
Solution 

(a)  
 
 
 
∴ 

0)2(
0)2(2
0882

2

2

2

≥−

≥−

≥+−

x
x

xx
 

All real numbers are solutions. 

(b)  
 
 
 
 
∴ 

0)3(
0)3(3
027183
27318

2

2

2

2

>−

<−−

<−+−

<−

x
x
xx

xx

 

The solutions are all real numbers except 3. 
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Checkpoint 2.7 
Solve the following inequalities: 
(a) 0442 ≤++ xx  
(b) 025204 2 <+− xx  
(c) 0222 >+− xx  
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2.3 Applications of Quadratic Inequalities 
Many problems concerning quadratic equations and quadratic functions require the solutions 
of inequalities.  
 
Example 2.9 
Find the range of values of p for which the quadratic equation 043)23(2 2 =++−− pxpx  
has  
(a) two distinct real roots; 
(b) two distinct positive roots. 
 
Solution 
(a) For the equation to have two distinct real roots, ∆ > 0. 
 i.e. 

 
 

 
∴ 

3
14or

3
2

0)23)(143(
028369
032244129
0)43)(2(4)]23([

2

2

2

>−<

>+−
>−−

>−−+−

>+−−−

pp

pp
pp
ppp
pp

 

(b) For the equation to have two distinct positive roots,  
(i) ∆ > 0; 
(ii) sum of roots > 0; 
(iii) product of roots > 0. 

 
For (i): 

For (ii): 
 
 
 
For (iii): 
 

3
14or

3
2

>−< pp  

3
2

0
2

23

>

>
−

∴ p

p

 

3
4

0
2

43

−>

>
+

∴ p

p

 

 
∴ Combining (i), (ii) and (iii), the required solutions are 

3
14

>p . 
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Example 2.10 
Find the range of values of k so that the quadratic expression 32 −>+− xkxx  is always 
greater than –3 for all real values of x. 
 
Solution 
 

i.e. x
x

kkxx
kkxx

 allfor 
 allfor 

0)3(
3

2

2

>++−

−>+−
 

Since the coefficient of 012 >=x , the discriminant of )3(2 ++− kkxx  must be negative. 
i.e. 

62
0)2)(6(
0124
0)3)(1(4)(

2

2

<<−
<+−
<−−

<+−−

k
kk
kk
kk

 

 
 
Example 2.11 

Given that 
14
12 2

+
+

=
x
xy . 

(a) Show that 0)1(42 2 =−+− yxyx . 
(b) Find the range of values of y when x is real. 
 
Solution 
(a)  

 
 
∴ 0)1(42

124
14
12

2

2

2

=−+−

+=+
+
+

=

yxyx
xyxy
x
xy

 

(b) When x is real, the discriminant of the equation must be greater than or equal to 0. 
 i.e. 

1
0)1)(12(
012
08816
0)1)(2(4)4(

2

2

2

−≤
≥+−
≥−+

≥+−

≥−−−

y
yy
yy

yy
yy

 

 
 
 
 

or 
 

 
 
 
 

2
1

≥y  
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Checkpoint 2.8 
Given the quadratic equation 0932 2 =++ kxkx . Find the range of values of k if x is real. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Checkpoint 2.9 
Find the range of values of k such that 442 >−+ kxkx  for all real values of x. 
 
 
 
 



 15

EExxeerrcciissee  22    LLiinneeaarr  aanndd  QQuuaaddrraattiicc  IInneeqquuaalliittiieess  
 
2.1 
1. Solve the following inequalities and represent the solutions graphically if possible. 

(a) 
10

97
5

43
2

34 −
<

−
−

− xxx  and 
3
37

2
24 xx +

<
−  

(b) 






−≤+

−−<−+

xx

xxx

7)2(2

3)29(
5
3

10
7)3(

4
1

 

(c) xxx 2
2

219
4

112
<

−
+

−  or 
3

)1(
5
1

9
152 xxx

+−≥
+  

(d) 
10
7)23(

5
1

2
53

4
313

+−≤<+
− xxx  

 

2. Find all the integers that satisfy 
2

5
3

13
3

72
5

210
6

1 −
−

−
≤

+
<

+
+

− xxxxx . 

3. Solve the compound inequality 

)43(
7
18

3
5

−≤− xx  or 43
3

12
2

3
−>

−
− xxx  or 

4
3

4
18 xx

−<
+ . 

 
2.2 
4. Solve the following inequalities by algebraic method: 

(a) 0762 <−+ xx  
(b) 0352 2 <−− xx  
(c) 94 2 ≥x  

 
5. Solve the following inequalities by tabulation method: 

(a) 0202 >++− xx  
(b) 058 2 >− xx  
(c) 837 22 −+−<− xxx  

 
6. Solve the following inequalities by graphical method: 

(a) 0583 2 >+− xx  
(b) )1(3)2(4 +<− xxx  
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7. Use any method to solve the following inequalities: 

(a) 1)2)(4( −<−− xx  
(b) 22 )2()2(2 −+<− xxxx  
(c) 2)4(4)52)(41( −+<−− xxx  

(d) 1
6

)3)(45(
+>

++ xxx  

(e) 
6

167
3

)1)(73(
2

)52)(2( +
>

++
−

++ xxxxx  

(f) 
4

3
3

)5)(4(
4

)32)(3( xxxxx −
+

+−
≤

−−  

 
8. Solve the following inequalities: 

(a) 






>−−

≤−−

09256
0615

2

2

xx
xx

 

(b) )5(2)23)(6( −≥−−− xxxx  
(c) 0)4)(52(42 ≥+−−+ xxxx  or xxx 8)3)(3( <−+  

 
9. Find the greatest and smallest values that satisfy 032 2 ≤−− xx . 
 
2.3 
10. Find the range of values of k for which the quadratic expression 1)3(5 2 +−+− xkx  is 

always less than 6 for all real values of x. 
 
11. Find the range of values of k for which the quadratic expression 2)23(2 +++ xkkx  is 

not less than 
4
7  for all real values of x. 

 
12. Find the range of values of λ such that 062)23( 22 =−++−+ λλλ xx  has 

(a) real and distinct roots; 
(b) one positive root and one negative root. 

 

13. Let 
14
23

2 +
−

=
x
xy ……(*). 

(a) Express (*) in the form 02 =++ cbxax . 
(b) If the solution of (*) is real, find 

(i) the range of values of y; 
(ii) the maximum value of y . 


