Chapter 2 Linear and Quadratic Inequalities

2.1 Linear Inequalities in One Variable

For ax+b6>0,

Example 2.1
Solve the following inequalities and represent the solutions graphically.
(@ 3Bx-2)>212x-7)

(b) %+5(x+2) S%(Zx—l)

Solution
(a) 33x-2)>212x-17)
Ox—-6>4x-14
Ox—-6—-4x>4x-14-4x
Sx-6+6>—-14+6
S5x > -8

xX>—=
5

The graphical representation of the solutions is

o

(b) %+5(x+2)£%(2x—1)

1+10(x+2)<3(2x—-1)
10x+21<6x-3
10x+21-6x—-21<6x—-3-6x—-21
4x <24
x<-6

The graphical representation of the solutions is

I

=B o




Example 2.2

Solve the following inequalities and represent the solutions graphically if possible:
(a) 3(5x-1)<2(2x-7) and %(4x -1)< %(3x +2)

S5x < 1-3x < dx -7

b 6——< <
®) 4 2 3
Solution
(a) 35x—-1)<2(2x-17) and %(4x -1)< %(3x +2)
15x—-3<4x-14 and 12x-3<6x+4
11lx<-11 and 6x<7
x<-1 and x<Z
x< -1

The graphical representation of the solutions is

]

-1 0

S5x 1-3x 4x-7
<

(b) 6-—< <
4 2 3
ie 6_5_x£1—3x and l—3xs4x—7
4 2 2 3
24 -5x<2—-6x and 3-9x<-8+14
x<=-22 and x>-11

There is no solution for x.



Example 2.3
Solve the following inequalities and represent the solutions graphically if possible:

3x-1_ 2x+3 2x+1 5
(a) > or

4 3 9 3

(b) 3—%(2x—5)s4(1—%xj or 6(10—4x)>5-12(3x-2)

Solution
(a) 3x—1>2x+3 or _2x+1 _é
4 3 9 3
9% -3>9x+12 or —-2x—-1>-15
x>15 or x<7

x>15o0rx<7.
The graphical representation of the solutions is

——

0 7 15

(b) 3—%(2x—5)s4(1—%xj or  6(10-4x)>5-12(3x—2)

12—5(2x—5)£16[1—%xj or 60—24x >5-36x+24

12—-10x+25<16—-24x or 12x > =31
14x <21 x>—ﬂ

X or 12
x<—— or x>—2l
2 12

All real numbers are solutions.

Checkpoint 2.1

Solve % <3+ 2x and represent the solutions graphically.



Checkpoint 2.2
Solve the following compound inequalities and represent the solutions graphically.
(@) 4x-1<3-2x and 8x+2>5-4x
10x-3<6(x+1)
(b)
Sx-1>23x+4



Checkpoint 2.3

Solve the following compound inequalities and represent the solutions graphically.
(@ 2(x+1)=2x+7 or 3(1+2x)<6(1—-x)

(b) 2(x-2)<3(x-3) or 3(x—2)>2(x—-3)



2.2 Quadratic Inequalities in One Variable

2.2.1  Standard Forms
(1) ax’ +bx+c>0
Q) ax’ +bx+c<0
(3) ax’ +bx+c>0
(4) ax’ +bx+c<0

2.2.2  Methods of Solutions
A.  Algebraic Method

a>0 a<0
(5) Ifab>0,then or .
b>0 b<0

If (x—a)(x—p)>0,where o> f,then x<f and x>«.
a>0 a<0
(6) Ifab<0,then or .
b<0 b>0

If (x—a)(x—p)<0,where a< f,then f<x<a.

Example 2.4

Solve the following inequalities:
(a) x*—4x-5>0

(b)) (x+3)(2x-5)<0

Solution
(a) x> —4x-5>0
(x=5(x+1)>0
x>5 or x<l

(b) (x+3)2x-5)<0

5
2(x + 3)(x _Ej <0

5
(x+3)(x—5j30



Checkpoint 2.4

Solve the following inequalities.
(a) x> —4x-12<0

(b) 2x*+3x-22>0

Example 2.5

Solve the following inequalities.
@ 2x-3)(x+5)>3(x+5)
(b)) 2x+3)(x+2)>5

(x+5)(2x-6)>0
2(x+5)(x-3)>0

Solution

(a) 2x-3)(x+5)-3(x+5)>0
(x+5(2x-3-3)>0

(b)

2x+3)(x+2)>5
2x> +7x+6>5

2x2+7x+1>0

7 —7* = 4(2)(1) g

[x+ —7+7 —4Q2)(1)
2(2)

~7-+/41
4

x <

+—7+\/ﬂ =741

~7++/41
X>———



B. Tabulation

A table is constructed to determine the signs of (x—a)(x—f) forx<q, a<x<fandx>pf
respectively.

Example 2.6

Solve the inequality 6+x—x*<0.

Solution

6+x—x><0
X’ =x—6>0
(x+2)(x-3)>0

x<-2 —2<x<3 x>3

x+2 — + +
x-3 - -

(r+2)-3) + - +

[From the table, (x + 2)(x — 3) is positive only when x <-2 or x > 3.]
" The solutions are x <-2 or x > 3.

Checkpoint 2.5
Solve the inequality 2x* +3x—5<0 by tabulation method.




C.  Graphical Method
A graph is sketched for the given quadratic function and the signs of the function in different

regions along the x-axis is determined.

Example 2.7
Solve the inequality x> —2x—8 <0 graphically.

Solution
Let ypy=x"—-2x-8
=(x+2)(x—-4)
The x-intercepts of y = x> —2x—8 are —2 and 4, and its y-intercept is —8; it opens upwards

as the coefficient of x> = 1 > 0.

Pl

For x* —2x-8<0, (i.e. y <0), we have -2 <x < 4.

Checkpoint 2.6
The graph of y =2x>-9x-5 is shown below. By using the graph, solve the inequality
2x*—9x-5>0.

y=2x'-9x-5

T
e




2.2.3  Special Cases
(1)  If the roots of the corresponding quadratic equation ax” +bx + ¢ =0 are both « (i.e.
repeated root), then , for the inequality, either
(a) all real numbers are solutions, or
(b) all real numbers except « are solutions, or
(c) there is no solution, or

(d) the solution is x = .

(2) If the corresponding quadratic equation ax”+bx+c =0 has no real roots, then for the
inequality, either
(a) all real numbers are solutions, or

(b) there is no real solution.

Example 2.8

Solve the following inequalities.
(a) 2x>—8x+8>0

(b) 18x-3x’ <27

Solution

(a) 2x* —8x+8>0
2(x-2)*>0
(x=2)">0

All real numbers are solutions.
(b) 18x —3x* <27
—3x? +18x-27<0
-3(x— 3)2 <0
(x=3)*>0

The solutions are all real numbers except 3.

10



Checkpoint 2.7

Solve the following inequalities:

(a) x+4x+4<0
(b) 4x*-20x+25<0
() x*=2x+2>0

11



23 Applications of Quadratic Inequalities

Many problems concerning quadratic equations and quadratic functions require the solutions

of inequalities.

Example 2.9

Find the range of values of p for which the quadratic equation 2x*—(3p—2)x+3p+4=0

has
(a) two distinct real roots;

(b) two distinct positive roots.

Solution
(a) For the equation to have two distinct real roots, A > 0.
ie. [-Bp-2)1 -4(2)3Bp+4)>0
9p> —12p+4-24p-32>0
9p*-36p—28>0
GBp-19)3p+2)>0

<2 o puit
P=73 P=3

(b) For the equation to have two distinct positive roots,
i A>0;
(1)) sum of roots > 0;

(ii1) product of roots > 0.

For (1): P<—g or P>E
3 3
For (ii): 3P=2
2
p>2
3
For (iii): 3PF4
2
p>-2
3

14

Combining (i), (i1) and (iii), the required solutions are p > 3

12



Example 2.10
Find the range of values of k so that the quadratic expression x° —kx+x>-3 is always
greater than —3 for all real values of x.

Solution

x*—kx+k>-3 forallx
ie. xX'—kx+(k+3)>0 forallx

Since the coefficient of x> =1> 0, the discriminant of x* —kx+ (k +3) must be negative.
ie. (=k)Y—-4)(k+3)<0
k*—4k-12<0
(k—6)(k+2)<0
—-2<k<6

Example 2.11

2x* +1

dx+1"°

(a) Show that 2x> —4xy+(1-y)=0.

(b) Find the range of values of y when x is real.

Given that y =

Solution
a 2x% +1
(a) e
4x+1
dxy+y=2x"+1
2x% —4xy+(1-y)=0

(b) When x is real, the discriminant of the equation must be greater than or equal to 0.

ie. (-4y)’-42)1-y)=0
16y*—8+8y>0
2y°+y-120
2y-D(y+DH=0

y<-1 or Yy

13



Checkpoint 2.8
Given the quadratic equation 2kx” +3kx+9 =0. Find the range of values of & if x is real.

Checkpoint 2.9

Find the range of values of k such that kx* +4x—k >4 for all real values of x.

14



Exercise 2  Linear and Quadratic Inequalities

2.1
1 Solve the following inequalities and represent the solutions graphically if possible.
4x-3 3x-4 Tx-9 4-2x T+3x
(a) - < and <
2 5 10 2 3
1 7 3
—(x+3)-—x<=(9-2x)-3
(b) 4 ( ) 10 5 ( )
2(x+2)<7—x
(©) 2x—11+19—2x<2x or 2x+152l(x_1)+£
4 5 3
@ 3 X a7
2 5 10

2. Find all the integers that satisfy x—1 + 10+ 2x < 2047 < Sx=l_x=5 .

5 3 3 2
3. Solve the compound inequality
S gelgpoay or X2 g g o 285X
3 7 2 4

4.  Solve the following inequalities by algebraic method:
(a) x*+6x-7<0
(b) 2x*-5x-3<0
(c) 4x°>9

5. Solve the following inequalities by tabulation method:
(@) —-x"+x+20>0
(b) 8x-5x*>0
() 7-3x"<-x"+x-8

6.  Solve the following inequalities by graphical method:
(a) 3x*=8x+5>0
(b)  4x(x—-2)<3(x+1)

15



2.3

10.

1.

12.

13.

Use any method to solve the following inequalities:
@ (x—-4(x-2)<-1

b) 2xQ2-x)<x*+(x-2)°

() (1-4x)2x-5)<4+(x-4)°

(5x+4)(x+3) .

(d 1
© GRS GreN+) Tr+l6
2 3 6
@ G-I (-t 3-x
4 3 4

Solve the following inequalities:

15—x—-6x*<0
(a) ,
6x —=25x-9>0

(b) (6-x)(3-2x)-22=2x(x-5)
() X +4x—(2x-5)(x+4)>0 or (x+3)(x—3)<8x

Find the greatest and smallest values that satisfy 2x* —x—3<0.

Find the range of values of k for which the quadratic expression —5x° +(k—3)x+1 is
always less than 6 for all real values of x.
Find the range of values of k for which the quadratic expression kx* +(3k+2)x+2 is

not less than % for all real values of x.

Find the range of values of A such that x*>+(31-2)x+24 +1-6=0 has
(a) real and distinct roots;

(b) one positive root and one negative root.

(a) Express (*) in the form ax* +bx+c=0.
(b) If'the solution of (*) is real, find
(i)  the range of values of y;

(i) the maximum value of | y| .

16



