Chapter 1 Quadratic Equations and Quadratic Functions

1.1 Solutions of Quadratic Equations

1.1.1  The method of Completing the Square
A quadratic equation can be solved by first transforming it into the form (x + p)* = ¢ using the

method of completing the square.

Example 1.1

Solve the equation x> +6x+5=0.

Solution

x> +6x+5=0

2 2
x2+6x+(§] —(éj +5=0
2 2

(x+3)*=3>-5
(x+3)° =4
Xx+3=+4
x+3=2 or -2
x=-1 or -5

Example 1.2

Solve the equation 2x*—5x-9=0.

Solution

2x*=5x-9=0

x—§=i 9—7
16
5+497
X =




Checkpoint 1.1

Use the method of completing the square, solve the quadratic equation 3x* —2x-3=0.

1.1.2  Quadratic Formula

—b++b* —4ac

The two roots of the quadratic equation ax”+bx+c=0 (a#0)are x= 5
a

Example 1.3

Solve the equation 3x” —6x—-2=0.

Solution
3x>—6x-2=0
(06 ~43)(2)
23)
_6+460
6
6+

w
H+

Q‘o\l\)

—

9, S‘
W




Example 1.4

Solve the equation x> =x—4.

Solution

xP=x—-4
x'—x+4=0
o —CEDEy =D)* -4()4)
2(D)
_ 1+4-15

2

(rejected)

The equation x> = x—4 has no real roots.

Checkpoint 1.2

Solve the equation 3x” —8x+1=0.

Checkpoint 1.3

Solve the equation mx> —2x+m =0, where m > 1.



Example 1.5
Solve the equation (x* —4x)* —5(x* —4x)+4=0.

Solution
Let y = x* — 4x. Then the equation becomes
Y =5y+4=0

(y-D(y-4)=0
y=1 or 4

Consider y = 1.

x'—4x=1
x*—4x-1=0
(D 40D
2(1)
_4+420
2
—2+4/5
Consider y =4.
x’—4x=4
x*—4x-4=0
(D 4
2(1)
_4%432
2
=2+22

The solutions are x =2+ \/g or 2+ 2\/5.



Example 1.6

Solve the simultaneous equations

x—y=3
y=-x +2x

Solution
x—y=3 .. (D)
y==x"+2X ... (2)
(1) +(2): x=3-x"+2x
1.€. XZ—X—3:O
DD 40
2()
1+413
2
When x= PV g 113 =543
2 2 2
When le_;/B’ y=x—3:1_;/ﬁ—3=¥.

The solutions are (

1413 —5+\/§] o (1—\/5 —S—JBJ

2 2 2 2

Checkpoint 1.4
Solve the equation (x* —2x)* + (x> —=2x)—-2=0.



Checkpoint 1.5

) ) x+y=5
Solve the simultaneous equations .
2
y=x"+x+2



1.2 Nature of Roots of the Quadratic Equation
For the quadratic equation ax” +bx+c =0, where a, b, c are real. Let A=b>—4ac.

Case 1:

If A=b"—4ac >0, then the equation has two distinct (unequal) real roots.

If A is a perfect square, then the roots are rational; if A is NOT a perfect square, then the
roots are irrational.

Case 2:

If A=b"—4ac=0, then the equation has two equal real roots.

The roots are rational.

Case 3:

If A=b"—4ac <0, then the equation has no real roots.

Example 1.7

Without solving each of the given quadratic equations, determine whether the equation has real
roots. If the equation has real roots, state whether the roots are equal and rational.

(a) 4x*+x-3=0

(b) 3x*=5x+1=0

(c) 9x*-30x+25=0

(d) x*—ax+a® =0, where a is a non-zero real number.

Solution
(@) 4x°+x-3=0
A =17 —4(4)(-3)
=49
>0
Also, 49 is a perfect square.

The equation has two distinct roots which are rational.

(b) 3x*-5x+1=0
A=(=5)"-4(3)1)
=13
>0
Also, 13 is not a perfect square.

The equation has two distinct roots which are irrational.



() x*—ax+a’=0
A =(-30)> —4(9)(25)
=0
The equation has two equal roots which are rational.

(d) 4x*+x-3=0
A=(-a)’ —4(1)(a”)
=-3a’
<0
The equation has no real roots.

Checkpoint 1.6

Determine if each of the following equations has real roots. State also whether the roots are
equal and rational.

(a) 10x*+14x+5=0

(b) 4x*-12x+9=0



Example 1.8
Determine the possible value(s) of k so that the equation 4x> + 6(k +3)x -9k =0 has equal

roots.

Solution

For the equation to have equal roots, A = 0.
[6(k +3)]* —4(4)(-9%) =0

k*+10k+9=0
(k+9)k+1)=0
k=-9 or -1

Example 1.9
Find the range of values of k so that the equation 3x”> —6x—(5—k) =0 has real roots.

Solution
For the equation to have real roots, A>0.
(=6)* —4(3)[~(5-£)]=0
36 -12k+60>0

12k <96
k<8
Example 1.10
: : : y=x+k :
Determine the range of values of & so that the simultaneous equations 52 ; will
y=2x"—-x—

have real solutions.

Solution
Substituting y =x + k and y = 2x* — x — 3, we have

x+k=2x"-x-3

2x* —2x—(k+3)=0......... (1)
[If (1) has real solutions, then the simultaneous equations will have real solutions.]
A A>0
ie. (=2 —4Q)[-(k+3)]=0
4+8k+242>0
k-1
2



Checkpoint 1.7
Find the possible values of & so that the equation x* +2kx+4 =0 has equal roots.

Checkpoint 1.8
Find the range of values of & so that the equation x> —3x+2k =0
(a) has distinct real roots;

(b) has no real roots.

10



Example 1.11
Prove that the quadratic equation (a—1)x> +ax+1=0 has real roots for all values of a.

Solution
A=a’*—4(a-1)(1)
=a’—4a+4
=(a-2)°
>0

The equation has real roots for all values of a.

Checkpoint 1.9
Prove that the quadratic equation
2(a’ +b*)x* +6(a—b)x+9=0,where a+b#0,

has no real roots for x.

11



1.3 Relations Between Roots and Coefficients
(1) If aand Bare the roots of ax® +bx+c=0, then

b c
sum of roots = o+ ff=—— and product of roots = aff =—.
a a

(2) Any quadratic equation in x can be written in the form
x* — (sum of roots)x + (product of roots) = 0.

Example 1.12
If @ and S are the roots of the quadratic equation 4x> +8x —1=0, find, without solving the

equation, the values of
1 1

— 4 — 2 2
(a) a B (b a +p
) a’+p° (d) «a—p where a> p.
Solution
We have a+ﬂ——§——2 and aﬂ—_—l——l
4 4 4
@ —+p =P
a B of
_-2
1
4
=8

®) o+ =(a+ ) -20p

, 1
]

) o’ +p =(a+p) -3a’p-3ap’
=(a+p)’ =3af(a+p)

L
=(-2) 3( 4j( 2)

19
2

12



(d) (@=p) =a’ +p° -2ap
=a’ +2af+ > —dap

=(a+ f)’ —4af
) |
o]
=5
a> p.
a-pf=+5

Checkpoint 1.10

If @ and S are the roots of the quadratic equation x” —4x+2 =0, find, the values of

p «

@ 242

a p

(b)

(@=p)

13



Example 1.13

If o and } are the roots of the quadratic equation 2x> —5x—1=0, in each of the following,

form a quadratic equation in x whose roots are

1 1 ] |
a s, b a+—,[F+—
() az ﬂz () ﬂﬂ .
Solution

We have a+ﬂ—5 and 0{,6’=—%.

T2
(a) Sum of new roots:szLLz: B’ +02(2
a B (af)
_(a+p) -20p
(aB)’

BES)
|

B 1
E
=29
Product of new roots = % . %
1
(ap)’

1
1)V
_2)

The required equation is x* —29x+4=0.

N

(b) Sum of new roots = (a + l} + [ B+ lj
p a

=a+ﬂ+a;ﬂ’3

>

2

+ =
1

2

14



Product of new roots =| o + i ( £+ lj
p a

:05,6’+1+1+L
af

1 1

=——+2+—
1

. L 1 .
The required equation is x° + %x ~3 =0,ie 2x +5x-1=0.

Checkpoint 1.11
If « and S are the roots of the quadratic equation 3x* —x —1=0, form a quadratic equation in

1+ 1+
x whose roots are and B .
a

15



Example 1.14

If one root of the equation ax’+bx+c=0 is k times the other root, show that
kb*> =(1+k)ac.

Solution

Let  and ka be the roots of the equation ax” +bx+c =0, then

Checkpoint 1.12

Given the equation x* —(k —4)x +2k —12 =0, find the possible values of k such that the two
roots of the equation differ by 4.

16



1.4 Quadratic Functions

For the graph of y=ax’ +bx+c, a# 0, we have:

a>0 a<0

Direction of opening Upwards Downwards

Minimum value when | Maximum value when

Vertex b b
X=—— X=——
2a 2a
. b
Line of symmetry X=——o
2a
y-intercept c
y>0 for all x v <0 for all x
A>0
Intersection At no points

with the x-axis |\ At two distinct points

A=0 At only one point
line of
symmetry b 3
- b B -sac )
0,c) yzaxis by e 2a ' dat
-. -
line of y=ax+br+c

V. _b*-aac, symmetry

vertex (- Eﬂ ! aa

(a)a=0 (bla <o



Example 1.15

By expressing the quadratic function f(x)=2x"+3x+4 in the form a(x+p) +gq,

determine the minimum value of the function and the corresponding value of x.

Solution

f(x)=2x"+3x+4

A3

Hence, the minimum value of f{x) is % , and the corresponding value of x is —% )

Explanation

2

2
Since (x + %] > (0 for any x, Z(x + %] >0, we have

Example 1.16

Find the maximum value of the function f(x)=—x"+x+6 and its corresponding value of x.

Solution

f(x)=—x"+x+6
:—{xz—x+(1J —[1] ]+6
2 2
[ 1}2 25
=—{x—=| +—
2 4

Hence, the maximum value of f{x) is ? and the corresponding value of x is % .

18



Checkpoint 1.13
Find the minimum value of the function f(x)=3x>+6x+5 and the corresponding value of

X.

Checkpoint 1.14
Find the maximum/minimum value of the function f(x)=1+4x—2x> and the corresponding

value of x.

19



Example 1.17
Find the range of values of k so that the function y =5x> +4x—k is always positive.

Solution
y=5x> +4x—k attains a minimum value since a = 5 > 0.
y=5x* +4x—k being always positive means that the curve does not meet the x-axis,
A<O0
ie. 47 —405)(-k)<0
20k <-16

k<—i
5

Alternative Solution

2
Since y =5x" +4x—k is always positive and (x+§) >0, —?—k>0,i.e.k<—%.

Checkpoint 1.15
Find the range of values of k so that the function so that the function y =-x’>-5x+k <0 for

all values of x.

20



1.5 Graphical Solutions of Simultaneous Equations: One Linear and One
Quadratic

The coordinates of the point(s) of intersection are the roots of the simultaneous equations.

Example 1.18
Solve the following simultaneous equations graphically:

y=2x>—x
y=-2x+2

Solution

y=2x"—x

y=-"2x+2
-2 -1 0
y 6 4 0

The graphs of the two equations are shown below:

From the graph, the solution of (x, y) is (1.3, 4.6) or (0.8, 0.4).

21



Checkpoint 1.16

Solve the system of equations graphically:

y=—x"+4x
2x+y-9=0
y=-x"+4x

22



In general, the simultaneous equations {

y=mx+k

ax> +(b—m)x+(c—k)=0

y=ax’ +bx+c

can be reduced to

Then (*) has 2 distinct real roots, one real root or no real roots when A >0, A=0and A <0

respectively.

A = 0, TWO points of intersection

A = 0, ONE point of intersection

A < 0, NO points of intersection

In Example 1.18, the simultaneous equations have 2 distinct real roots. Thus A > 0.

In Checkpoint 1.16, the simultaneous equations have 1 real root. Thus A = 0.

1.6
1.5.1

1.5.2
(1)
)

3)

“4)

)

(6)

Absolute Values

Definition

Properties
|x>0

| x[= —x|

ot =

A

_|y

X

y

. if y#0

2 2
o =x

If |y|:a,where a>0,theny=aory=—a.

ifx>0
ifx<0

23



The concept, definition and properties we learnt about absolute values are used to solve

equations when they involve absolute values.

Example 1.19

Solve the following equations.
4—5x

a

(a) 5

=1

(b) [2x—3|=[7—44]

© [2x+5-x=2

Solution
4—5x
a =1
@
4—5x:1 or 4—5x=_1
2 2
4-5x=2 or 4-5x=-2
2 6
xX=— or xX=—
5 5
(b) |2x—3|=]7—4x|
2x—-3=7-4x or 2x—-3=—(7-4x)
6x =10 or 2x =4
x=2 >
3 or X =
©  hrssox=2
|2x+5|:2+x20
x=>-2
2x+5=2+x or 2x+5=—(2+x)
x=-3 (rejected) or X = —% (rejected)

24



Example 1.20

Solve (x—3)*—2|x-3|-3=0.

Solution
(x-3)"-2]x-3]-3=0
=3[ —2}x-3-3=0
(x=3)-3(x-3+1)=0
x—=3[=3 or x=3]=-1 (rejected)

For |x—3| =3, we have

x—3=3 or x—3=-3

x=6 or x=0

Checkpoint 1.17

Solve the following equations.

(@ [4x-3=1 (b) [2-3x|=[4x+1]
(c) |-6x]=-2 (d) Jx+3=x

25



Example 1.21

Solve |x+4|+[3x—1=6.

-(x+4), ifx<—4

Solution
Notice that
x+4, ifx+4>0 3x—1, if3x—-1>0
|x+4|= ] and |3x—-1|= . ,
—(x+4), ifx+4<0 -Q@Bx-1), if3x-1<0
3x -1 if >1
x+4, if x>—4 b ! x—§
ie |x+4|: and |3X—1|:

—(3x-1), ﬁx<%

[ — —

4 0 1
3

So consider 3 cases: x <-4, —4Sx<% and le.

Casel: x<—4.
x+4|+[3x-1|=6
-(x+4)-Bx-1)=6
-4x-3=6

X= —% (rejected) - x<4

Case 2: —4Sx<%.

x+4+[3x-1=6
X+4-(3x—-1)=6
—-2x+5=6

X=——=

2

Case 3: le.
3

x+4)+[3x-1=6
x+4+(Bx-1)=6

4x+3="6
3

xX==

4

The solutions are x = —% or x= i

26



Checkpoint 1.18
Solve [2x—3|+|x+35/=4.

27



1.7 Graphical Solutions Involving Absolute Values

To draw the graph of the function in the form of y = |[f(x)|, we can first draw the graph of
y = f{x), then take the portion of the graph below the x-axis and reflect it about the x-axis.

y y
A A

y=x
r=H

Example 1.22
(a) Draw the graph of y = |2x - 1| .
(b) Hence solve the equations

(i) x-1=3

(i) 32x—1=2x+3

Solution

(@)

28



(b) (i) y=[2x—1=3,s0theline y =3 is added to the graph.

From the graph, x =—1 or 2.

(i) 32x—1]=2x+3

y =|2x—1| :gx+1
3
. 2 .
So the line y = gx +1is added to the graph.
3
From the graph, x =0 or 3

Example 1.23

Solve ‘xz —4x - 1‘ =4 graphically.

Solution

The graph of y = ‘xz —4x - 1‘ is shown below:

8 yelx?-ax-1
E.,_
4 f_\
| . ¥y=4
| I
24 | |
] I
] I
1 1 T
r k] T Tr ¥ -
IR e UREN LA, It GLOE L LREE GheE
& L
_2"\ .!'r
i ; 2
i N S y=xt-ax-1
g Ly

y= ‘xz —4x - 1‘ =4, so the line y = 4 is added to the graph.

From the graph, x=-1, 1,3 or 5.

29



Checkpoint 1.19

(2)
(b)
(©)

(2)

Draw the graph of y = ‘xz —6x + 5‘ fromx=—1tox="7.
Solve [x* —6x+3/=3 graphically.
Find the value(s) of @ in the equation ‘xz —6x+ 5‘ =a 1if the equation has

(1) 4 distinct roots;
(11) 3 distinct roots;

(111)) 2 distinct roots.

y:‘x2 —6x+5‘

30



Exercise 1 Quadratic Equations and Quadratic Functions

1.2
10.

Solve the following equations.
(@ 2xB3-x)=-1
(b)  4x>—23x-1=0

Solve the equation 16y + 1 =8.
y

Solve the equation 10(2x—1)* —(2x—1)-2=0.

4 2
Solve the equation 3x3 —10x3 -8 =0.

Solve the equation 1 +—=—.
x x+1 3

Solve the equation 9* —2(3")—-8=0.

(Give the answers correct to 3 significant figures.)

Solve the equation log(x —1)+log(x—-3)=1.

(Give the answers correct to 3 significant figures.)

x+y=2

2

Solve the system of equations 5 .
xX“+y —4x-2y+3=0

Solve 2(x2 +L2j—5(x+lJ +6=0
X X

Determine the nature of roots of the following quadratic equations.
(a) 2x*-x-2=0

b)) (x-D(x+3)=4

(c) 3x>—+8x-1=0

(d -3x"+7x-2=0

31



11.

12.

13.

14.

15.

16.

1.3
17.

18.

Find the possible values of k so that the quadratic equation x> +2(k—3)x+k> =0 has

real roots.
, : : y=he—1
Find the range of values of & so that the simultaneous equations " | A has real
y o =4ax
roots.

Show that the equation kx> +2x —(k —2) =0 has real roots for all values of k.

Given the equation (2x” +4x+1)h=3x> —2x+2. Find the value(s) of 4 such that the

equation has equal roots.

Prove that, if a, b, ¢ are rational, the roots of the equation

x> —6ax+9a’> —4b* +12bc —9¢* =0 are rational.

Given the quadratic equation
2x” log(k —2) —4xlog(k —2)+logk =0, where k>2 and k #3.

Find the value of & such that the equation has equal roots.

The equation 3x” —4x+1=0 hasroots  and #(a> ). Find the values of
@ o’ +p’

b) a’p+aop’

(c) a-p

(d) (a+é}+(ﬂ+%j

If aand f are the roots of the equation 2x° —x—5=0, find quadratic equations with
integral coefficients such that the roots of the equations are as follows:

(a a-3,p-3
1 1

® s

(c) 2a-p20-a

sl 1
(d) a+ﬁ,ﬂ+a

32



19.

20.

21.

22.

23.

24.

14
25.

26.

27.

28.

If one root of the equation 3x*> —(k—2)x+4=0 is %, find the other root and hence

find the value of £.

State the condition that the sum of reciprocals of the roots of the equation

ax’* +bx+c=0 is 1.

[The reciprocal of a is 1 N
a

aand S are the roots of the equation 2x° —(m—1x+(m+1)=0 such that

a’ + % = af +1. Find the value of m where m < 0 and hence solve the equation.

aand f are the roots of the equation x> + px+¢ =0 such that o’ + B’ =1. Without
solving the equation, show that p° +1=3pq.

a and S are the real roots of the equation 2x° +4x+m =0 while Lz and Lzare the

(24

roots of the equation 9x* —nx +4 = 0. Find the values of m and n.

Let aand Bbe the roots of the equation x° + px+¢g=0.
(a) Express (o’ — f)(B° —a) interms of p and g.
(b) If one root of the equation is the cube of the other, using the result of (a), show that

P (P’ —4q9)=q(q-1).

Given that the vertex of a quadratic curve y =ax’ +bx+c is (3, 2). If the curve passes
through (-1, 4), find the values of a, b and c.

Determine the maximum value of the expression and the corresponding

3x?—4x+5

value of x.
Sketch the graph of y=ax’ +bx+c ifa>0,b<0andc<O0.

Find the range of values of kif (k* +1)x* +2kx+1>0 for all values of x.

33



29.

30.

1.5
31.

1.6

32.

33.

34.

35.

36.

37.

38.

(a) Prove that the quadratic function y=4x>+4hkx+h* +k* —h’k> can never be
negative if /# and k are real constants.

(b) If the minimum value of y is 0, express / in terms of £.

Given that the maximum value of the function f(x)=2+ %x —x?, where k#0,is 18.

Find the values of %.

Plot the graph of y =2x—x> for —3 < x <3. Use this graph, and by drawing a suitable
straight line, solve each of the following quadratic equations.

(@) 3x*—4x+5=0

(b) 4x>+12x+9=0

(c) 2x*-5x-3=0

[Scales: x-axis, 5 divisions (I cm) = 1 unit; y-axis,5 divisions (I cm) = 5 units.]
Solve 3[2x—1|-4=5.
Solve ‘4—x—x2‘ =2.

Solve |3x - 1| =

x—7‘_
Solve \x2 —3x+1‘=5.

2
Solve ﬂ =3.

x—1

Solve 6(1—4x)> +[l—4x|-12=0.

Solve |x+7|+|5x—6/=10.
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39.

40.

1.7

41.

Solve [6x—4|—[2x+9|=-5.

Solve [3-2x]-1|=2]x].

Let f(x)= |x| +|2x—3| .

(a) Show that

3-3x if x<0
f(x)=43-x if 0£x<%

3x-3 if xZé
2

Hence draw the graph of y = f{x) for —2<x<4
[Scale for both axes: 5 divisions (I cm) = I unit.]

(b) Using the graph drawn in (a), solve the equation |x| + |2x - 3| =6.

35



