
Spiking NeuronsPietro Mele (pietromele�yahoo.
om)June 12, 2005Abstra
tSome notes about spiking neurons to be used in a future proje
t(Neuro3).Copyright (C) 2003, Pietro MeleA few data about the human brain- 104 
ell bodies per 
ubi
 millimiter.- Several kilometers of �wires� per 
ubi
 millimiter.- A neuron in the 
ortex often makes 
onne
tions to more than 104postsynapti
 neurons.- Many axonal bran
hes end in the dire
t neighborhooud of the neuron, butthe axon 
an also stret
h over several millimiters to 
onne
t to neurons inother areas of the brain.- The duration of an a
tion potential is typi
ally in the range of 1-2 ms.- Sin
e the spikes of a given neuron look alike, the form of the a
tion potentialdoes not 
arry any information.- The information is 
ontained in the number and the timing of the spikes.- It 
an happen that a presynapti
 and a postsynapti
 neuron are 
onne
tedby more than one synapse (e.g. 5 or more).- A single synapse generates a binary response to ea
h spike of its presynapti
neuron.
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NotationA set of neurons: I (i, j∈I ).Firing time of neuron i : t
(f)
iSpike train of neuron i : Fi =

{

t
(1)
i , ..., t

(n)
i

} where t
(n)
i is the most re
ent spike.Resolution in time measurement: ∆tPossible representations of a spike train:- as a sequen
e of ones (spike) and zeros (no spike) at times ∆t, 2∆t, 3∆t, ...- ...Presynapti
 neurons j of neuron i : Γi ⊆ IDelay between presynapti
 spike arrival and postsynapti
 �ring: s = t

(f)
j − t

(f)
iSynapti
 weight: wijAxonal transmission delay: ∆ijResponse fun
tions that model the postsynapti
 potentials: ǫij

(

t − t
(f)
i

)Refra
tory fun
tion: ηi

(

t − t
(f)
i

)Heaviside step fun
tion: H(s) = 0 for s ≤ 0 and H(s) = 1 for s > 0Dira
 δ fun
tion: δ(s) = 0 for s 6= 0 and ∫ +∞

−∞
δ(s)ds = 1Coding strategies based on spike timingTime-to-First-SpikeConsider a neuron that abruptly re
eives a new input at time t0. With thishypothesys, the time the neuron takes to generate the �rst spike 
ontains allthe information about the stimulus; i.e. if the neuron �res shortly after t0
ould mean a strong stimulation, and vi
eversa. All following spikes would beirrelevant. This model is an idealization... or maybe not: there might not beenough time to evaluate more than one spike from ea
h neuron per time step.2



PhaseThis 
oding strategy is identi
al to the time-to-�rst-spike, but, instead of aninput signal at time t0, there is ba
kground os
illation that provides an internalreferen
e signal. The information is en
oded in the phase of the spikes withrespe
t to this os
illation.Correlations and Syn
hronyIn this 
ase, spikes from other neurons are used as the referen
e signal. Syn-
hrony between a group of neurons 
ould 
onvey information whi
h is not 
on-tained in the �ring rates of the single neurons.Stimulus re
onstru
tionA stimuls evokes a spike train of a neuron. This stimulus 
an be re
onstru
ted(with a 
ertain approximation) from the spike train itself. A simple, and good,way to do it is with a linear re
onstru
tion with a spe
i�
 kernel.Spike Response Model (SRM)In this se
tion the �time-to-�rst-spike� model will be examined.The state of neuron i is des
ribed by a state variable ui. The neuron �res if uirea
hes a threshold ϑ from below. The �ring time t
(f)
i is the moment when thethreshold is rea
hed. The set of all �ring times of neuron i is:

Fi =
{

t
(f)
i ; 1 ≤ f ≤ n

}

= {t | ui(t) = ϑ}where t
(n)
i is the most re
ent spike (also indi
ated with t̂ ).The state variable ui is in�uen
ed by:- the ex
itatory or inhibitory input from presynapti
 neurons, whose e�e
t isdes
ribed by the kernel ǫij ;- the spikes generated by neuron i itself: immediately after a spike, ui isreset (adding a refra
tory fun
tion η).So ui 
an be des
ribed by the following equation:

ui(t) =
∑

t
(f)
i

∈Fi

ηi

(

t − t
(f)
i

)

+
∑

j∈Γi

∑

t
(f)
j

∈Fj

wijǫij

(

t − t
(f)
j

)One possible form of the kernels η and ǫ is:3



ηi(s) = −ϑ exp
(

−
s

τ

)

H(s)

ǫij(s) =

[

exp

(

−
s − ∆ij

τm

)

− exp

(

−
s − ∆ij

τs

)]

H (s − ∆ij)where τ , τm and τs are time 
onstants, H(s) is the Heaviside step fun
tion,and ∆ij is the axonal transmission delay. The synapti
 weight wij s
ales thee�e
t of the spikes, and is positive for ex
itatory synapses and negative forinhibitory synapses (
onsider that an ex
itatory synapse 
annot be
omeinhibitory, and vi
eversa). Choosing di�erent kernels, it is possible toapproximate other models (e.g. Hodgkin-Huxley).Short term memoryIt is possible to simplify the equation that gives ui assuming that only the last�ring 
ontributes to refra
toriness:
ui(t) = ηi

(

t − t̂i
)

+
∑

j∈Γi

∑

t
(f)
j

∈Fj

wijǫij

(

t − t
(f)
j

)External inputA neuron may re
eive an analog input 
urrent Iext(t) from a sensory input; 
on-sidering a spe
i�
 kernel ǫ̃, the following term must be added in the expressionthat gives ui(t):
hext(t) =

∫ ∞

0

ǫ̃ (s)Iext(t − s)dsLearningA spiking neuron 
an learn by updating the following parameters:- its synapti
 weights wij- its axonal transmission delays ∆ij- its threshold ϑ.Feeding and Linking InputsA variation of the standard spiking neuron has two di�erent types of inputsignals:- feeding input, 
oming from the input layer or from layers pla
ed before the
urrent one;- linking input, 
oming thruogh feedba
k 
onne
tions from higher layers ofthe network (e.g. an asso
iative memory, ...).4



These two inputs are 
ontrolled by di�erent time 
onstants, and are multipliedto produ
e the potential ui(t) of the 
orresponding neuron.This model seems to be biologi
ally plausible.Network of Spiking NeuronsLet I be a set of neurons, and assume that the subsets Iinput ⊆ I and Ioutput ⊆ Iof neurons work as an interfa
e with the external world. The Iinput subset willalso re
eive spikes from outside the network, while the Ioutput subset's spikes
onstitute the network output.So a network of spiking neurons 
omputes a fun
tion that maps a ve
tor oftime series 〈Fi〉i∈Iinput
into another ve
tor of time series 〈Fi〉i∈Ioutput

.Using a logarithmi
 en
oding of the external sensory input 
ould be a goodway to treat data over a large range of values.Remember that, for numeri
al reasons, one of the following two things has tobe 
onsidered:- weight normalization;- bias. ⇐LearningIt is not 
lear whi
h are the parameters that get 
hanged to learn, and it is evennot 
lear what the goal of learning is: learning a fun
tion (input ve
tors �>output ve
tors), or learning a fun
tional (input fun
tions �> output fun
tions).Synapses' parameters 
hange depend on a series of fa
tors, and this 
hangehappens in various forms depending on the time s
ale we 
onsider.Phenomenon Duration Lo
us of Indu
tionShort-term Enhan
ementPaired-Pulse Fa
ilitation (PPF) 100 ms PreAugmentation 10 s PrePost-tetani
 potentiation 1 min PreLong-term Enhan
ementShort-Term Potentiation (STP) 15 min PostLong-Term Potentiation (LTP) >30 min Pre and PostDepressionPaired-Pulse Depression (PPD) 100 ms PreDepletion 10 s PreLong-term Depression (LTD) >30 min Pre and Post5



The terms �Paired-pulse fa
ilitation� and �Paired-pulse depression� are relativeto the 
ase where the stimulus 
onsists of just two spikes, and the se
ond spike
auses a larger (smaller) postsynapti
 response. The lo
us of indu
tionindi
ates whi
h pla
es (presynapti
, postsynapti
, or both) have an in�uen
eon the synapse's learning.Hebbian LearningHebbian learning is an unsupervised 
orrelation-based adaptation me
hanism:�When an axon of 
ell A is near enough to ex
ite a 
ell B and repeatedly orpersistently takes part in �ring it, some growth pro
ess or metaboli
 
hangetakes pla
e in one or both 
ells su
h that A's e�
ien
y, as one of the 
ells�ring B, is in
reased.�LTP obeis Hebb rule. In the 
ontext of spiking neurons, a synapse isstrengthened if pre- and postsynapti
 neurons are �simultaneously� a
tive, i.e.a presynapti
 spike arrival and a postsynapti
 �ring o

ur in a 
ertain timewindow.Considering a synapse from neuron j to neuron i, let's de�ne the spike trainsin the following way:presynapti
 spike train: Sj(t) =
∑

t
(f)
j

∈Fj
δ(t − t

(f)
j )postsynapti
 spike train: Si(t) =

∑

t
(f)
i

∈Fi
δ(t − t

(f)
i )To be general, assume an arbitrary learning window W (s) whi
h depends onthe time di�eren
e s = t

(f)
j − t

(f)
i . The 
hange of the synapti
 e�
a
y after atime T is:

∆wij =

∫ T

0

∫ T

0

W (t′ − t)Si(t)Sj(t
′)dt dt′ + b̃i

∫ T

0

Si(t)dt + b̃j

∫ T

0

Sj(t)dt + T ãThe �rst term of the right-hand side for
es simultaneity between pre- andpostsynapti
 �ring through the learning window W (s). The se
ond and thirdterms are just the number of pre- and postsynapti
 spikes that o

ur in thetime window 0...T , without any 
orrelation between them.From experimental eviden
e, the following is a good approximation of thelearning window W (s):
W (s) =

{

[A+ − A−] exp [−(s∗ − s)/τsyn]
A+ exp [−(s − s∗)/τ+] − A− exp [−(s − s∗)/τ−]

for s < s∗

for s > s∗The maximum value of W (s) o

urs for s = s∗, and to get stable learning s∗must be negative, i.e. the output spike must o

ur after the presynapti
 spikearrival. 6



The parameters used so far depend on the kind of neuron we are 
onsidering.For neurons in the auditory pathway they will have the following values:
A+ = 0.5 A− = 0.2
τsyn = 0.5 ms τ+ = 0.5 ms τ− = 5 ms
s∗ = −0.05 ms
ã = 0.0 b̃i = 0.0 b̃j = 0.1In the 
ortex and in the hippo
ampus the learning window is mu
h wider,probably 50-200 ms.The meaning of W (s) is the following one: if a presynapti
 spike arrivesslightly before the postsynapti
 �ring, the synapti
 e�
a
y is in
reased(W (s) > 0); if a presynapti
 spike arrives a few millise
onds after the outputspike, the synapse is weakened (W (s) < 0).Sin
e, using the previous equations, the value of the synapti
 weights 
ouldgrow to very high values, it is realisti
 to impose some upper and lowerbounds, e.g. (0, wmax).This model does not 
onsider (all?) the dynami
 e�e
ts of synapses.Axonal transmission delays ∆ij tuning by Hebbian learning...Stability-Plasti
ity dilemmaLearning and memory are based on long-lasting 
hanges of synapti
 e�
a
y. Onthe other hand, synapti
 e�
a
y is a dynami
al variable that 
hanges in realtime, depending on pre- and postsynapti
 a
tivity.One way to implement this behaviour is to 
onsider a synapse as a bistablesystem; i.e. a synapse dynami
s is 
hara
terized by two stable and �xed states

w0 and w1. In the absen
e of input spikes, the synapti
 weight will settle downeither at w0 or at w1. If pre- or postsynapti
 a
tivity has the ne
essary durationand amplitude, a transition 
an o

ur from one state to the other (long-lasting
hange). Otherwise, the synapti
 weight will 
hange to a value w̃, and it willimmediately �de
ay� to its previous stable state (short term 
hange).Personal 
onsiderationsSpike train implementationA possible way to represent a spike train for neuron i : using the sequen
e ofbits 
ontained, e.g., in a variable of type 
har or int or long, ... (depending onhow mu
h information about the past we want to keep tra
e of).7



Every bit represents a �time slot�, and it 
ontains a one if a spike o

urs inthat time frame, or a zero otherwise.The most signi�
ant bit represents the most re
ent time slot.At the next time step, the spike train of ea
h neuron should be �translated� tothe right (i.e. divided by 2), so that the oldest timeslot gets lost, and the spa
efor a new timeslot is available in the most signi�
ant bit.�Sender-oriented� vs. �re
eiver-oriented� 
onne
tivity ...Appendix A - SynonimsA
tion potential, spike.Fa
ilitation, enhan
ement.Synapti
 weight, synapti
 e�
a
y.Referen
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Synapses.[6℄ Marian, I., et al (2002). E�
ient event-driven simulation of spiking neuralnetworks.[7℄ Gerstner, W., Kistler, W., (2002). Mathemati
al Formulations of HebbianLearning.
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