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Abstract We construct the sequence of orthogonal polynomials with respect to an
inner product which is defined by g-integrals over a collection of intervals in the
complex plane. We prove that they are connected with little g-Jacobi polynomials. For
such polynomials we discuss a few representations, a recurrence relation, a difference
equation, a Rodrigues-type formula and a generating function.
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1 Introduction

We will start with well-known facts from g-calculus (see, for example, [1, 3, 5]). For
areal number g € (0, 1), the basic number [a], is given by

1 —

laly = (a € R),
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the g-derivative of a function is

Fx)— F
D, F(x) = % (x % 0)

and g-integral over a complex finite interval is defined by
c o0
/ F(x)d,x :=c(1—q) Y _F(cg"g" (c€C).
0 k=0

The generalization of the gamma function I'(x) is given by

(459

— 1— lfx’
(G%; @)oo (-9

Fq (x)

where (a; q)oo = ]_[jozo (1 — aq’). The basic hypergeometric function is defined by

k

rq)s alya27""ar
bi, by, ... b

q;Z> _ Z (ar,az, ..., a5 (_1)(1+S_r)kq(l+s7r)(§) 4 ,
= (b1, by, ... by (g5 9k

where (a;q)). = (a;9)o0/(aq";q)so and (ay, aa, . .. , 4y} q)y = ]_[f;:l(aj;q),\.
The little q-Jacobi polynomials are part of the Askey-scheme of hypergeometric
orthogonal polynomials [5] and are defined by
q; qx) .

bq;
27( q. q)k(aq)kpm(qk;a, blq) pa(g*; a, bl q)
k=0 (f], 6])k

—n n+1

, abq

q
pn(x; a, b| 61) =P (
aq

Their orthogonality is given by the next relation

_ (abg?; q)oe (1 —abq)(aq)" (q, bq; q)n
(ag; Q) (1 —abg®th) (aq, abq; q), "

forO <a <q',b <q '.Ifa =q%and b = gP, the inner product on the left-hand
side can be expressed by g-integral

(Pms Pn) = @@ /l (x5 ¢, qP1q) pa (x3 q%, 4Pl @) w(x)d,x,
(I =9)(q; @)oo Jo
where
w(x) = x% M =x“(qx; 6]),3~

(@P'x; @)oo
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In the next sections, we will define a new inner product and establish the connections
of the corresponding orthogonal polynomials with little g-Jacobi polynomials.

Similar problems were discussed by some other authors. Likewise, in the paper [2],
J.S. Geronimo and W.V. Assche have discussed the orthogonality of a new polynomial
sequence which is obtained by some polynomial transformations of a measure and its
support. J.A. Charris, M.E.H. Ismail and S. Monsalve [4] examined the orthogonality
of the polynomial sequence defined by blocks of recurrence relations and established
the connection with polynomial mappings. Also, the orthogonality on radial rays in
the complex plane was discussed in the papers of G.V. Milovanovi¢ [6] and G.V.
Milovanovié, P.M. Rajkovi¢ and Z.M. Marjanovic [7].

2 About g-orthogonality over the collection of intervals

Letus assume that N is a positive integer, ¢ is areal number (0 < ¢ < 1)and Q = ¢'/V.

We start with the sequence of the little g-Jacobi polynomials p, (x; ¢"/V~', 1] q)
which is orthogonal with respect to the inner product

1
(foon = [ Fgent™1d,x.
0
Also, let us denote
. AN ,
on(D=exp(i— ). j=01.. .N-1 (@=-D.
Then, it is valid

Lemma 2.1. The function j — @n(j) has following properties:
(D en(N) =1, on(j) = on(=));
2) onG+D =on()-on(D), N () = on(jM);

N, v=0
N1 , N-1 : ’
@) 2jmo en((Nn+v)j) =3 i en(v)) = {0, l<v=N-1

We consider the polynomial T (x) = x" over the interval Ey = (0, 1]. Its inverse
branches are

T7'@x) =on(x"Y, xe©0,1] 0<j<N-1)
and the sets
E; =T "(E))=0,ox()] O<j<N-1)

are the intervals which connect the origin and N-th roots of unity. We will define the
inner product

1 N-—1
(F, G) = [ﬂ ngo F(T;7'(0) G(T; ' () "Ny x. 2.1

q j=0
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Lemma 2.2. For the g-integral it is valid

c 1
/ F(x)d,x = c/ F(cx)dyx (c € C),
0 0

1 1
/F(xN)dez[i:| f F(x) xl/N_ldqx.
0 N1, Jo

Using these properties of the g-integral, the inner product (2.1) can be also written
in the two following forms

N—1

(F. G) =Y on(-J) /E F(x)G(x)dox 22)
Jj=0 J
N—1

(F, G) = Z/ F(pn(j)x) G (pn(j)x)dox. (2.3)
—o JEo

It is easy to see that it is valid (zVF, G) = (F, zVG), where F(z) and G(z) are an
arbitrary pair of functions.

The inner product (2.3) is positive-definite because of || F||> = (F, F) > 0, ex-
cept for F(x) = 0. It implies the existence of the sequence of the monic orthogonal
polynomials { P, (z)} which satisfies

(Pyy Py) = 8unll Pull>  (m,n € N).

We can construct this sequence by Gram—Schmidt orthogonalization.
If we evaluate the moments

N
pig = (2,2 ={ li+k+1lo
0, others

, [ =k(mod N)

and denote the moment-determinants by
Ag=1, A, =det[pillily, m>1,

then these polynomials can be expressed in the form

Moo M10  e-- Hm—10 1
1 | Mot K11 Mm—1,1 4
Pyz)=1, Pu@x)=— , m>1
Ay
Hom  M1m Mm—1,m Zm
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This sequence is unique and the norms are || P,,||> = A,41/A,,. Precisely,

N 0
N "
2v+ 11,
n .2
I Prnsoll® = N QV@e=Dt2v D) [T [Nilo
[2Nn +2v + 1]y -1 = o onzl
n+2v+ n-
¢ .]:{)[Ni+2v+1]2Q

By the definition of the g-analogous of the I"-function, we have
N[1/N],

(v + 1)/N],’

N[1/N], g"(=D+v+D/N) ([n]q IT, (v + 1)/N)>2 -
[2n+ 2v+1)/N], L,n+Qv+1)/N)) "’ -

n=20

2
[ PNnoll” =

Lemma 2.3. The polynomials { P,,(z)} satisfy

Pu(on())z) = on(mj)P,(z), j=0,...,N—1.

Lemma 2.4. The first N members of the orthogonal polynomial sequence are

P,(z)=z7", m=0,...,N—-1

+o0
m=0

Theorem 2.5. The monic polynomials { P,,(z)} satisfy the recurrence relation

Puin(z) = (ZN —ay) Pp(z) — BuPn—n(z), m =0,

P,()=7", m=0,...,N—1, 24
where
PITL’ Pm
<ZNPma Pm> ¥, m zN
Oy = ﬁ7 m=>0, B,= (Pp_n, Pu_n)
< ms m> 0, m < N — 1

The explicit form of coefficients will be derived in the next section. But it should be
emphasized that they are real because of (zV P,,, P,,) = (P, z" P,).
3 Some representations of the polynomials {P,,(z)}

According to the last section, we easily get to the next conclusion.
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Lemma 3.1. Every polynomial Py, ,(z) can be expressed in the form

Pynin(2) =2"SM(Y;q),  (meNy, 0<v<N-1)

where S{")(t; q) are the monic polynomials of degree 7.

Theorem 3.2. The polynomial Py, ,(z) can be represented by

Pynio(2) = Kn (@) 2" Pu(zN5q® VN1 1), 3.1
where
2
. C,(n+Q2v+1)/N
Kin(q) = (—1>"q<2> (Tn @ £ /) (3.2)
Ly (Qv+1/N)T'y 2n+ 2v+1)/N)
and p,(x; g > +tV/N=1 1| q) is the member of the sequence of the little q-Jacobi poly-
nomials.

Proof: Foranyn,! € Ngandv € {0,1,..., N — 1} we have

N—1

(Punsv, Puis) = (1= Q)Y Y Puntn(on () Q") Pyisu(on (/)05 0.
j=0 k=0

According to Lemma 2.1 and Lemma 3.1, we yield

(PNn-&-v’ PNl+u>

m—1 oo

=(1= Q)Y > on((Nn + 1)) Prunio(Q5pn (NI + v)j) Pri (05 0F

=0 k=0

00

= NU=0)) Puntn(Q") Py, (0H Q"

k=0

Since the polynomials P,,(z) have all real coefficients, taking Q = g'/V

relation can be written as

, the previous

oo
(Pywiws Prrp) = N(L—=q"™) Y~ (@"™)'$M(q": 9) (6*™)' S, ) ¢*"
k=0

o0
— N(l _ ql/N)ZSr(lU)(qk’ q) S[(V)(qk, q)qk((ZU-H)/N—])qk

1 1
=N|— / S (x; q) Sl(v)(x; q)xa”“)/N’ldqt.
N ¢ J0
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Because of the orthogonality of the polynomials P, (z), we have

: ) 2+1)/N-1 [Nlo
fo S0 ) 80 g ) x Ny x = =

||PNn+u ”2 8nl~

It means that the sequence of the polynomials S{”(x; g) is orthogonal with respect
to the same inner product as little g-Jacobi polynomials p,(x;g@"*D/N=D 1|g). So,
because of the uniqueness of the sequence of the orthogonal polynomials and the fact
that S,g”)(x; q) are monic, we get the coefficient K,, ,(¢) and, finally, the representation
(3.1-2). g

Corollary 3.3. The coefficients in recurrence relation (2.3) for m = Nn+v,n €
Ny, 0 <v < N — 1, can be represented by

OUNn+v = QNn
[Nn+2v + 1HIN@n — 1) +2v + g + Q¥ V[NalH[INQn + 1) +2v + 1]
[NCn—1)4+2v+1]g [2Nn +2v + 1]p[NCn+ 1)+ 2v + 1]p

2N(n—1)+2v+1
,BNrH—v:Q (n=Dt2vt

[N(n — 1)+ 2v + 115 [Nnl;,
“IN@R—2)+ 20+ Lo IN@n — )+ 2v + 113 2Nn + 2 + 1y

Proof: The statement follows from Theorem 3.2 and the recurrence relation for the
little g-Jacobi polynomials y,(x) = p,(x;a, b | q)

—xyn(x) = ApYnt1(x) — (A; + Co)ya(x) + Cpyn—1(x),
(1 _ aanrl)(l _ abanrl)

n n
An = Cn =a

T (1 —abg? (1 — abg?+?)’

(1 —¢")(1—Dbg")
(1 _ abq2n)(1 _ aqu”“).

The proof of the next statement follows from Theorem 3.2 and the definition of the
little g-Jacobi polynomials by the basic hypergeometric function.

Theorem 3.4. The polynomial P, (z), with the indexm = Nn + v, wheren € Ny and
0 <v < N — 1, can be represented by
q;qu),

qn q(2v+1)/N+n

PNn+v(Z) = Kn,v(CI)ZV 2q>1 < q(2v+l)/N

where K, ,(q) is defined by (3.2).
@ Springer
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Theorem 3.5. Every polynomial Py,,(z) can be expressed in the explicit form

) (g + v 4 1yw)
T, v+ @v + 1/N)

k+1
N Z(—l)k(]( 5 )‘k” n Fq(n+k+(2v+1)/N)_ZNk+v
= k . Iy (k+Qv+1)/N)

Pnin(2) = (—1)"q<

Proof: For the little g-Jacobi polynomial p,(x;g®"+P/N=1 1| q), itis valid (see [5])

(2v+1)/N—1 g ", g
pn(x3q ,llq)=z<1>1< R qwm)
_i(q—n’q(Zv-&-l)/N-‘rn;q)k quk

= (PN g (g

o0 k—1 _ . )

1 — g~ )1 — g@uHD/N+n+i

]+Z H( 611.)( 6121 4)61kxk

=\ (=g )1 — g@+D/N+)
k=1 k=1

o (DF O 0 = i1, TTIY + D/N +n+ il

i=0 i=0 k. .k

1 + Z k—1 k—1 q X
k=l [T0+ 1], [T[2v+1D/N +il,

i=0 i=0

- Xn:(—l)"q—"”(ﬁ) [n] Fy(@v+ D/ND(@v + D/N +n+K) 4y
py k], Tg(@2v+ 1)/N +mIy(2v + /N +k)

_ D@+ 1/N) X":(_l)kq-kn+(’;) [n} Ly(@v+ D/N +n 400y
Ty(Qv+1D/N +n) = ki, (@v+D/N+k

Putting x = z" and using Theorem 3.2, we get the required formula. g

4 Some properties of the polynomials {P,,(z)}

From the theory of the orthogonal polynomials it is well-known that all zeros of the
little g-Jacobi polynomials p,(x; a, b|q) are simple and lie in the interval (0, 1)
under the conditions0 < ¢ < 1,0 <a <q~ ', b < g~

By the representations from the third section, we easily conclude that all zeros of the

polynomial P,,(z), orthogonal withrespectto (2.1), are located on the support-intervals.
@ Springer
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Moreover, they are simple with a possible exception of a multiple zero in the origin
z = 0of the order v if m = v (mod N).

Theorem 4.1. Every polynomial P, (z)(m = Nn+v,n € Np,0 <v < N — 1) sat-
isfies the following Q-difference equation

Az Q)22 DY Prniv(2) + Buu(2; Q)2Do Prntn(2) + Cuo (25 Q) Prnt(2)
= (1 = O)T,v(z; @)z Do Pyn4(2),

where

Ann(z Q)= 07NN — 1),

Byu(z: Q) = [2100"z" —[2 — Nlp,

Cun(z; Q) = Q7 V" (QV"V]o[l — N 4 vlg — [Nn + v]p[Nn 4+ v + 110V zY),
Tun(z; @) = Q""" (@Y [v]gll = N +vlg — [Nn 4+ v]g[Nn +v +1]p).

Proof: One solution of the g-difference equation (see [5])

q(lfn)(l _ q”)(l _ qn+(2v+1)/N)ty(qt)
= ¢g@ NG — D(y(g*t) — y(gt) — (gt — D(y(qt) — y(1))
is the little g-Jacobi polynomial y(t) = p,(t; g@'+V/N=1 1| g). Applying the relation
(3.1), we have
y(t) = (Kn (@)t Py 8V,
y(gt) = (Kn (@) 'q7 17N Py (g N V),
¥(@* 1) = (Ko@) 'q 217N Prpsn (@ VN,

Having in mind that Q = ¢'/V, substituting ¢ = z" in g-difference equation, it
becomes

QNI (L — QN1 — QNN Py (Q2)
= Q"N = 1N(Q7 Prus(Q72) — Prusn(02)
—(Q" 2" = Q™" Pyuss(Q2) = Prun(2)).

According to [3], we have
L (D
Punn(@'2) = Y (1Y (1= 0V [}] 0\ D) Prsnta)
=0 ¢
where from the last identity takes the required form. g
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Theorem 4.2. For the polynomial P,,(z) satisfies the Rodrigues-type formula

INY = (_l)nqn(n—2+(2v+1)/N) Ly(n+2v+ 1)/N)
I,(2n + Qv + 1)/N)

X Z]_<U+])/N Dgil (Z11—1+(2v+l)/N (qz;q)n)

1
Pnniv(z

is valid.

Proof: The Rodrigues-type formula for the little g¢-Jacobi polynomials
palxs g@ VN g) s

L @v+D/N-1 @v+)/N=1 1 )

Pn(x5q

qn((2v+1)/N71)+(’2’)(1 _ q)n

= i . n—14+Qu+1)/N
- (@@+D/N ), Dy ((gx;q)n x )

n@vrn/ -ty Lqg(@v+1D/N)
T, + Qv+ 1)/N)

=q D1 ((gx3q)a X"~ HETIN)

According to Theorem 3.2, we can write
pa(xs 2N g) = (K (@) 27N Py (21,
and by simplifying the previous identity, we get the formula. g

Theorem 4.3. The generating function for the polynomials { P,,(z)} is given by

i &= (=9 T, (v +1)/N)T, (2n + (2v + 1)/N) .

L = ([n]y))? (T, (n 4+ Qv+ 1)/N))

= - zN,0
=2 @) o <q(2u+1)/N g q(z”“)/NthN) 20 < g 'q;thN).
v=0

Prpv(2)t

Proof: Starting from the generating function for the little g-Jacobi polynomials
Pa(x; @ TY/N=1 1| g), which is given by

i (=1y'g®1 — g™

L ([,

-1
— x50
- 0¢)1<q(2v+1)/N ‘ E q(ZVH)/qu) 2¢>1( q ‘ ¢ xu)

Pu(xs @t ) u”
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and using the relations (3.1-2), we have

i (1—=¢)*" T,(2v+1)/N)I,(2n + (2v +1)/N)
— ([n],))? (Cy(n+ v + 1)/N))?

-1
- x,0
:chl(q(2u+l)/N ‘ g q(2v+1)/qu> 2<I>1( , ‘ 7 xu)

for any 0 < v < N — 1. Taking z = x"¥ and ¥ = " and summing by v from 0 to
N — 1, we get the desirable expansion. g

x VN Py (2N
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