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In a similar manner as in the papers by W. Koepf, D. Schmersau, Spaces of functions satisfying simple
differential equations, Konrad-Zuse-Zentrum Berlin (ZIB), Technical Report TR 94-2 (1994) and Salvy,
B., Zimmermann, P., GFUN: A package for the manipulation of generating and holonomic functions in
one variable, ACM Transactions on Mathematical Software, (1994), pp. 163–177, where explicit
algorithms for finding the differential equations satisfied by holonomic functions were given, in this paper
we deal with the space of the q-holonomic functions which are the solutions of linear q-differential
equations with polynomial coefficients. The sum, product and the composition with power functions of
q-holonomic functions are also q-holonomic and the resulting q-differential equations can be computed
algorithmically.

Keywords: q-derivative; q-differential equation; Algorithm; Algebra of q-holonomic functions
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1. Preliminaries

The purpose of this paper is to continue the research exposed in Refs [7,8]. There, the authors

discussed holonomic functions which are the solutions of homogeneous linear differential

equations with polynomial coefficients.

In the present investigation, we consider a similar problem from the point of view of q-

calculus. As general references for q-calculus see Refs [2,4]. We begin with a few

definitions.

Let q [ R; q – 1#. The q-complex number [a ]q is given by

½a�q U
1 2 qa

1 2 q
; a [ C:

Of course

lim
q!1

½a�q ¼ a:
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The q-factorial [n ]q of a positive integer n and the q-binomial coefficient are defined by

½0�q! U 1; ½n�q! U ½n�q½n2 1�q· · ·½1�q;
n

k

" #
q

¼
½n�q!

½k�q!½n2 k�q!
:

The q-Pochhammer symbol is given as

ða; qÞ0 ¼ 1;

ða; qÞk ¼ ð1 2 aÞð1 2 aqÞð1 2 aq2Þ· · ·ð1 2 aqk21Þ; k ¼ 1; 2; . . . ;

ða; qÞ1 ¼ lim
k!1

ð1 2 aÞð1 2 aqÞð1 2 aq2Þ· · ·ð1 2 aqk21Þ ðjqj , 1Þ

and

ða; qÞl ¼
ða; qÞ1

ðaql; qÞ1
ðjqj , 1; l [ CÞ:

The q-derivative of a function f ðxÞ is defined by

Dq f ðxÞ U
f ðxÞ2 f ðqxÞ

x2 qx
ðx – 0Þ; Dq f ð0Þ U lim

x!0
Dq f ðxÞ; ð1Þ

and higher order q-derivatives are defined recursively

D0
q f U f ; Dn

q f U DqD
n21
q f ; n ¼ 1; 2; 3; . . . : ð2Þ

Of course, if f is differentiable at x, then

lim
q!1

Dq f ðxÞ ¼ f 0ðxÞ:

The next four lemmas are well-known in q-calculus and their proofs can be found, for

example, in [3,4].

Lemma 1.1. For an arbitrary pair of functions uðxÞ and vðxÞ and constants a;b [ C and

q – 1, we have linearity and product rules

DqðauðxÞ þ bvðxÞÞ ¼ aDquðxÞ þ bDqvðxÞ;

DqðuðxÞ�vðxÞÞ ¼ uðqxÞDqvðxÞ þ vðxÞDquðxÞ

¼ uðxÞDqvðxÞ þ vðqxÞDquðxÞ:

Lemma 1.2. The Leibniz rule for the higher order q-derivatives of a product of functions is

given as

Dn
qðuðxÞ�vðxÞÞ ¼

Xn
k¼0

n

k

" #
q

Dn2k
q uðqkxÞDk

qvðxÞ:

W. Koepf et al.622
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Lemma 1.3. For an arbitrary function uðxÞ and for tðxÞ ¼ cxk ðc [ C; k [ N; qk – 1Þ we

have for the composition with tðxÞ

Dqðu+tÞðxÞ ¼ DqkuðtÞ�DqtðxÞ:

Lemma 1.4. The values of the function for the shifted argument and for higher

q-derivatives are connected by the two relations:

f ðqnxÞ ¼
Xn
k¼0

ð21Þkð1 2 qÞk
n

k

" #
q

q ðk2ÞxkDk
q f ðxÞ; ð3Þ

Dn
q f ðxÞ ¼

1

ð1 2 qÞnxn

Xn
k¼0

ð21Þk
n

k

" #
q

q ðk2Þ2ðn21Þkf ðqkxÞ: ð4Þ

For our further work, it is useful to write the product rule in slightly different form.

Lemma 1.5. The product rule for the q-derivative can be written in the form

DqðuðxÞ�vðxÞÞ ¼ uðxÞDqvðxÞ þ vðxÞDquðxÞ2 ð1 2 qÞxDquðxÞDqvðxÞ: ð5Þ

In the same manner, higher q-derivatives can be expressed by

Dn
qðuðxÞ�vðxÞÞ ¼

Xn
n¼ 0

Xn
m¼0

aðnÞ
n;mðxÞD

n
quðxÞD

m
q vðxÞ;

where the coefficients aðnÞ
n;mðxÞ are symmetric

aðnÞ
n;mðxÞ ¼ aðnÞ

m;nðxÞ ðn;m ¼ 1; . . . ; nÞ

and can be computed recursively:

a
ðnþ1Þ
0;0 ðxÞ ¼ 0;

a
ðnþ1Þ
0;nþ1ðxÞ ¼ a

ðnÞ
0;nðqxÞ;

a
ðnþ1Þ
nþ1;nþ1ðxÞ ¼ 2ð1 2 qÞxaðnÞ

n;nðqxÞ;

a
ðnþ1Þ
0;m ðxÞ ¼ Dqa

ðnÞ
0;mðxÞ þ a

ðnÞ
0;m21ðqxÞ;

a
ðnþ1Þ
nþ1;mðxÞ ¼ aðnÞ

n;mðqxÞ2 ð1 2 qÞxaðnÞ
n;m21ðqxÞ;

aðnþ1Þ
n;m ðxÞ ¼ Dqa

ðnÞ
n;mðxÞ þ a

ðnÞ
n21;mðqxÞ þ a

ðnÞ
n;m21ðqxÞ2 ð1 2 qÞxaðnÞ

n21;m21ðqxÞ;

with initial values

a
ð1Þ
0;0 ¼ 0; a

ð1Þ
0;1 ¼ 1; a

ð1Þ
1;1 ¼ 2ð1 2 qÞx:

Let us finally recall that the q-hypergeometric series is given by Refs [2,6]

rfs

a1; a2; . . . ; ar

b1; b2; . . . ; bs

�����q; x
 !

U
X1
k¼0

Qr
j¼1ðaj; qÞkQs
j¼1ðbj; qÞk

x k

ðq; qÞk
ð21Þkq ðk2Þ
� �1þs2r

:

Properties of q-holonomic functions 623
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2. On q-holonomic functions

For every function f ðxÞ which is a solution of a polynomial homogeneous linear q-differential

equation

Xn
k¼0

~pkðx; f ÞDk
q f ðxÞ ¼ 0 ð~pk [ KðqÞ½x�; n [ NÞ ð6Þ

we say that f ðxÞ is a q-holonomic function. The smallest n such that ~pn � 0 is not

the zero polynomial is called the holonomic order of f ðxÞ. Here K is a field, typically

K ¼ Qða1; a2; . . . Þ or K ¼ Cða1; a2; . . . Þ where a1; a2; . . . denote some parameters.

An equation of type (6) is called a q-holonomic equation.

Although the following examples of q-holonomic functions of first order are well-known,

we state them with complete proofs so that the paper is self-contained.

Example 2.1. Since

Dqx
s ¼ ½s�qx

s21 ðx;a; s [ RÞ;

we have

f ðxÞ ¼ xs ) xDq f ðxÞ2 ½s�q f ðxÞ ¼ 0;

or

ðq2 1ÞxDq f ðxÞ2 ðqs 2 1Þf ðxÞ ¼ 0;

i.e. the power function is (for integer s) a q-holonomic function of first order.

Example 2.2. For 0 , jqj , 1, l [ R, x – 0; 1, we have

Dqððx; qÞlÞ ¼ 2½l�qðqx; qÞl21 ¼
2½l�q

1 2 x
ðx; qÞl:

Hence

f ðxÞ ¼ ðx; qÞl ) ðx2 1ÞDq f ðxÞ2 ½l�q f ðxÞ ¼ 0

or

ðq2 1Þðx2 1ÞDq f ðxÞ2 ðql 2 1Þf ðxÞ ¼ 0:

Therefore, the q-Pochhammer symbol is (for integer l) also q-holonomic of first order.

Similarly, from

Dqððx; qÞ1Þ ¼ 2ð1 2 qÞ21ðqx; qÞ1 ¼ 2
1

1 2 q

1

1 2 x
ðx; qÞ1;

we get

f ðxÞ ¼ ðx; qÞ1 ) ð1 2 xÞDq f ðxÞ þ
1

1 2 q
f ðxÞ ¼ 0:

W. Koepf et al.624
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Example 2.3. The small q-exponential function

eqðxÞ ¼1 f 0

0

2

�����q; x
 !

¼
X1
n¼0

1

ðq; qÞn
xn; jxj , 1; 0 , jqj , 1; ð7Þ

has q-derivative

DqeqðxÞ ¼
eqðxÞ2 eqðqxÞ

x2 qx

¼
1

x2 qx

X1
n¼0

1

ðq; qÞn
xn 2

X1
n¼0

1

ðq; qÞn
ðqxÞn

 !

¼
1

x2 qx

X1
n¼0

xn 2 ðqxÞn

ðq; qÞn

¼
1

x2 qx
xþ

X1
n¼2

1 2 qn

ð1 2 qÞð1 2 q2Þ· · ·ð1 2 qn21Þð1 2 qnÞ
xn

( )

¼
x

x2 qx
1 þ

X1
k¼1

1

ð1 2 qÞð1 2 q2Þ· · ·ð1 2 qkÞ
xk

( )

¼
1

1 2 q
eqðxÞ;

i.e. the small q-exponential function is q-holonomic of first order:

f ðxÞ ¼ eqðxÞ ) ð1 2 qÞDq f ðxÞ2 f ðxÞ ¼ 0:

Note that this q-differential equation as well the resulting q-differential equations of the next

four examples and similar ones can be obtained completely automatically by the

qsumdiffeq command of the Maple package qsum by Böing and Koepf [1] using

the q-version of Zeilberger’s algorithm [6]. The above equation, e.g. is obtained using the

q-hypergeometric representation (7) and the command

qsumdiffeq(1/qpochhammer(q,q,n)*x
^n,q,n,f(x))}

Example 2.4. The big q-exponential function

EqðxÞ ¼0 f0

2

2

�����q;2x

 !
¼
X1
n¼0

q ðn2Þ

ðq; qÞn
xn; 0 , jqj , 1

has q-derivative

DqEqðxÞ ¼
1

x2 qx

X1
n¼0

q ðn2Þ

ðq; qÞn
xn 2

X1
n¼0

q ðn2Þ

ðq; qÞn
ðqxÞn

 !
¼

1

1 2 q
EqðqxÞ:

which can be obtained in a similar way as in Example 2.3. Since

f ðqxÞ ¼ f ðxÞ2 ð1 2 qÞxðDq f ÞðxÞ;

we conclude that the big q-exponential function is also q-holonomic of first order:

f ðxÞ ¼ EqðxÞ ) ð1 2 qÞðxþ 1ÞDq f ðxÞ2 f ðxÞ ¼ 0:

Properties of q-holonomic functions 625



D
ow

nl
oa

de
d 

B
y:

 [K
oe

pf
, W

ol
fra

m
] A

t: 
17

:3
7 

20
 J

un
e 

20
07

 

Example 2.5. For 0 , jqj , 1, both the q-sine and q-cosine functions

sin qðxÞ ¼
eqðixÞ2 eqð2ixÞ

2i
¼
X1
n¼0

ð21Þn

ðq; qÞ2nþ1

x2nþ1;

cos qðxÞ ¼
eqðixÞ þ eqð2ixÞ

2
¼
X1
n¼0

ð21Þn

ðq; qÞ2n
x2n;

satisfy

ð1 2 qÞ2D2
q f ðxÞ þ f ðxÞ ¼ 0

and are therefore q-holonomic of second order.

Example 2.6. The q-hypergeometric series rfs is q-holonomic. The qsumdiffeq

command computes in particular for

f ðxÞ ¼2 f1

a; b

c

�����q; x
 !

the q-holonomic equation

0 ¼ ðxabq2 cÞxðq2 1Þ2D2
q f ðxÞ

þ ð2xb2 xaþ 1 þ xabq2 cþ xabÞðq2 1ÞDq f ðxÞ

þ ð21 þ aÞð21 þ bÞf ðxÞ:

Example 2.7. Most q-orthogonal polynomials are q-holonomic. The Big q-Jacobi

polynomials (see e.g. [5], 3.5) are given by

f ðxÞ ¼ Pnðx; a; b; c; qÞ ¼3f2

q2n; abqnþ1; x

aq; cq

�����q; q
 !

:

They satisfy the q-holonomic equation

0 ¼ qnaðbqx2 cÞðq2 1Þ2ð1 2 qxÞD2
q f ðxÞ

þ ðq2 1Þðabqnþ1 þ abq2nþ1xþ x2 qna2 qnc2 abqnþ1x2 abqnþ2x

þ qnþ1acÞDq f ðxÞ þ ðqn 2 1Þðabqnþ1 2 1Þf ðxÞ

which is again easily determined by the qsumdiffeq command. The following lemma will

be the crucial tool for the investigations of the next section.

W. Koepf et al.626
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Lemma 2.1. If f ðxÞ is a function satisfying a holonomic equation (6) of order n, then the

functions Dl
q f ðxÞ ðl ¼ n; nþ 1; . . . Þ can be expressed as

Dl
q f ðxÞ ¼

Xn21

k¼0

pðlÞk ðx; f ÞDk
q f ðxÞ; ð8Þ

where pðlÞk ðxÞ are rational functions defined by

pðlÞk ðxÞ ¼

dkl; 0 # l , n2 1;

2
~pkðxÞ
~pnðxÞ

; l ¼ n

pðl21Þ
k21 ðqxÞ þ Dqp

ðl21Þ
k ðxÞ þ pðl21Þ

n21 ðqxÞpðnÞk ðxÞ; l . n;

8>>><
>>>:

for 0 # k # n2 1 and 0 for other k’s.

Proof. The representations (8) and the corresponding coefficients are evident by equation (6)

for l ¼ 0; 1; . . . ; n. By q-deriving and using Lemma 1.1, from

Dn
q f ðxÞ ¼

Xn21

k¼0

pðnÞk ðxÞDk
q f ðxÞ

we get

Dnþ1
q f ðxÞ ¼

Xn21

k¼0

Dq pðnÞk ðxÞDk
q f ðxÞ

� �

¼
Xn21

k¼0

pðnÞk ðqxÞDkþ1
q f ðxÞ þ

Xn21

k¼0

Dq pðnÞk ðxÞ
� �

Dk
q f ðxÞ

¼
Xn21

k¼0

pðnÞk21ðqxÞ þ Dq pðnÞk ðxÞ
� �

Dk
q f ðxÞ

� �
þ pðnÞn21ðxÞD

n
q f ðxÞ

¼
Xn21

k¼0

pðnþ1Þ
k ðxÞDk

q f ðxÞ;

with

pðnþ1Þ
k ðxÞ ¼ pðnÞk21ðqxÞ þ Dqp

ðnÞ
k ðxÞ þ pðnÞn21ðqxÞp

ðnÞ
k ðxÞ ð0 # k # n2 1Þ:

Repeating the procedure, we get the representation and coefficients for arbitrary l . n. A

We finish this section by noticing that there are functions which are not q-holonomic.

Lemma 2.2. The exponential function f ðxÞ ¼ axða . 0; a – 1Þ is not q-holonomic.

Proof. Taking successive q-derivatives of f ðxÞ U ax up to order n generates iteratively the

functions of the list L U {ax; aqx; aq 2x; . . . ; aqnx}. Since the members of L are linearly

independent over KðqÞ½x� (by mathematical induction), and since L contains nþ 1 elements,

no q-holonomic equation for f ðxÞ of order n exists. A

Properties of q-holonomic functions 627
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3. Operations with q-holonomic functions

In this section, we will formulate and prove a few theorems about q-holonomic functions

provided by derivation, addition or multiplication of the given q-holonomic functions.

Theorem 3.1. If f ðxÞ is a q-holonomic function of order n, then the function hmðxÞ ¼

Dm
q f ðxÞ is a q-holonomic function of order at most n for every m [ N.

Proof. If we prove the statement for m ¼ 1, the final conclusion follows by mathematical

induction.

Let hðxÞ ¼ Dq f ðxÞ, where the function f ðxÞ satisfies (6). If ~p0ðxÞ ; 0 is the zero

polynomial, then obviously hðxÞ is a q-holonomic function of order n2 1.

Hence, let ~p0ðxÞ � 0. Then, by Lemma 2.1, we have

Dn
q f ðxÞ ¼

Xn21

k¼0

pðnÞk ðxÞDk
q f ðxÞ;

wherefrom

f ðxÞ ¼
1

pðnÞ0 ðxÞ
Dn

q f ðxÞ2
Xn21

k¼1

pðnÞk ðxÞDk
q f ðxÞ

 !

¼
1

pðnÞ0 ðxÞ
Dn21

q hðxÞ2
Xn22

k¼0

pðnÞkþ1ðxÞD
k
qhðxÞ

 !
:

Also, by q-deriving, we get

Dn
qhðxÞ ¼ Dnþ1

q f ðxÞ ¼
Xn21

k¼0

pðnþ1Þ
k ðxÞDk

q f ðxÞ ¼ pðnþ1Þ
0 ðxÞf ðxÞ þ

Xn21

k¼1

pðnþ1Þ
k ðxÞDk21

q hðxÞ

¼
pðnþ1Þ

0 ðxÞ

pðnÞ0 ðxÞ
Dn21

q hðxÞ2
Xn22

k¼0

pðnÞkþ1ðxÞD
k
qhðxÞ

 !
þ
Xn22

k¼0

pðnþ1Þ
kþ1 ðxÞDk

qhðxÞ:

Hence,

Dn
qhðxÞ ¼

Xn21

k¼0

Pkðx; hÞDk
qhðxÞ;

where

Pkðx; hÞ ¼ pðnþ1Þ
kþ1 ðxÞ2

pðnþ1Þ
0 ðxÞ

pðnÞ0 ðxÞ
pðnÞkþ1ðxÞ; k ¼ 0; 1; . . . n2 2; Pn21ðx; hÞ ¼

pðnþ1Þ
0 ðxÞ

pðnÞ0 ðxÞ
:

By multiplying with the common denominator of the rational functions

{Pkðx; hÞ; k ¼ 0; 1; . . . ; n2 1}, we can conclude that hðxÞ satisfies the equation

Xn
k¼0

~pkðx; hÞDk
qhðxÞ ¼ 0;

i.e. hðxÞ ¼ Dq f ðxÞ is a q-holonomic function of order # n. A

W. Koepf et al.628
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We note that the proof of Theorem 3.1 provides an (iterative) algorithm to compute the

corresponding q-differential equation for Dm
q f ðxÞ.

Example 3.1. In Example 2.2, for the q-Pochhammer symbol we proved that it satisfies

f ðxÞ ¼ ðx; qÞ1 ) ð1 2 xÞDq f ðxÞ þ
1

1 2 q
f ðxÞ ¼ 0:

Hence, we have

hmðxÞ ¼ Dm
q ððx; qÞ1Þ ) ð1 2 qmxÞDqhmðxÞ þ

qm

1 2 q
hmðxÞ ¼ 0 ðm [ N0Þ:

Theorem 3.2. If uðxÞ and vðxÞ are q-holonomic functions of order n and m respectively,

then the function uðxÞ þ vðxÞ is q-holonomic of order at most mþ n.

Proof. If uðxÞ and vðxÞ are q-holonomic functions of order n and m respectively, they satisfy

holonomic equations

Xn
k¼0

~pkðxÞD
k
quðxÞ ¼ 0;

Xm
j¼0

~rjðxÞD
j
qvðxÞ ¼ 0; ð9Þ

where ~pkðxÞ and ~rjðxÞ are polynomials and ~pn � 0, ~rm � 0. According to Lemma 2.1, Dl
quðxÞ

and Dl
qvðxÞ can be represented as

Dl
quðxÞ ¼

Xn21

k¼0

pðlÞk ðxÞDk
quðxÞ; Dl

qvðxÞ ¼
Xm21

j¼0

rðlÞj ðxÞDj
qvðxÞ; ð10Þ

where pðlÞk ðxÞ and rðlÞj ðxÞ are rational functions given by Lemma 2.1.

Let hðxÞ ¼ uðxÞ þ vðxÞ. Then, according to (10), we have

Dl
qhðxÞ ¼

Xn21

k¼0

pðlÞk ðxÞDk
quðxÞ þ

Xm21

j¼0

rðlÞj ðxÞDj
qvðxÞ; l ¼ 0; 1; . . . ;mþ n: ð11Þ

Taking the values for l ¼ 0; 1; . . . ;mþ n2 1 in the above identities and expressing

q-derivatives of uðxÞ and vðxÞ by q-derivatives of hðxÞ, we get

Dk
quðxÞ ¼

Xmþn21

l¼0

aðlÞk ðxÞDl
qhðxÞ; k ¼ 0; 1; . . . ; n2 1;

Dj
qvðxÞ ¼

Xmþn21

l¼0

bðlÞj ðxÞDl
qhðxÞ; j ¼ 0; 1; . . . ;m2 1:

By eliminating Dk
quðxÞ ðk ¼ 0; 1; . . . ; n2 1Þ and Dj

qvðxÞ ð j ¼ 0; 1; . . . ;m2 1Þ from the

last identity ðl ¼ mþ nÞ of (11), we get

Dmþn
q hðxÞ ¼

Xmþn21

l¼0

clðxÞD
l
qhðxÞ;

Properties of q-holonomic functions 629
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where

clðxÞ ¼
Xn21

k¼0

pðlÞk ðxÞa
ðlÞ
k ðxÞ þ

Xm21

j¼0

rðlÞj ðxÞbðlÞj ðxÞ:

By multiplying with the common denominator of {clðxÞ; l ¼ 0; 1; . . .mþ n2 1}, we get the

holonomic equation for hðxÞ

Xmþn

l¼0

~clðxÞD
l
qhðxÞ ¼ 0:

This proves that the q-holonomic order of uðxÞ þ vðxÞ is at most mþ n, but can be less. A

Note that the algorithm given in the proof of Theorem 3.2 finds a q-differential equation

which is not only valid for uðxÞ þ vðxÞ, but also for every linear combination l1uðxÞ þ l2vðxÞ,

in particular for uðxÞ2 vðxÞ. An iterative version of the given algorithm will determine the

q-holonomic equation of lowest order for uðxÞ þ vðxÞ.

Example 3.2. The small q-exponential function from Example 2.3 is q-holonomic of first

order and satisfies

uðxÞ ¼ eqðxÞ ) Dk
quðxÞ ¼

1

ð1 2 qÞk
uðxÞ ðk ¼ 0; 1; . . . Þ:

Also, the q-sine from Example 2.5 is q-holonomic of second order and satisfies

vðxÞ ¼ sin qðxÞ ) Dkþ2
q vðxÞ ¼

21

ð1 2 qÞ2
Dk

qvðxÞ ðk ¼ 0; 1; . . . Þ:

Now, by the algorithm given in the proof of Theorem 3.2, the function hðxÞ ¼ uðxÞ þ vðxÞ

satisfies

D3
qhðxÞ ¼

1

1 2 q
D2

qhðxÞ2
1

ð1 2 qÞ2
DqhðxÞ þ

1

ð1 2 qÞ3
hðxÞ:

i.e. it is q-holonomic of third order.

Theorem 3.3. If uðxÞ and vðxÞ are q-holonomic functions of order n and m respectively,

then the function uðxÞ�vðxÞ is q-holonomic of order at most m�n.

Proof. If uðxÞ and vðxÞ are q-holonomic functions of order n and m respectively, they satisfy

holonomic equations (9), and their q-derivatives (10).

Let hðxÞ ¼ uðxÞ�vðxÞ. Then, according to (1.5), we have

Dl
qhðxÞ ¼

Xl
n¼ 0

Xl
m¼0

aðlÞ
nmðxÞD

n
quðxÞD

m
q vðxÞ

¼
Xl
n¼ 0

Xl
m¼0

aðlÞ
nmðxÞ

Xn21

k¼0

pðnÞk ðxÞDk
quðxÞ

 ! Xm21

j¼0

r
ðmÞ
j ðxÞDj

qvðxÞ

 !
;
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i.e.

Dl
qhðxÞ ¼

Xn21

k¼0

Xm21

j¼0

b
ðlÞ
kj ðxÞD

k
quðxÞD

j
qvðxÞ ðl ¼ 0; 1; . . . ;mnÞ; ð12Þ

where

b
ðlÞ
kj ðxÞ ¼

Xl
n¼ 0

Xl
m¼0

aðnÞ
nmðxÞp

ðnÞ
k ðxÞr

ðmÞ
j ðxÞ:

Taking the relations (12) l ¼ 0; 1; . . . ;mn2 1 and expressing the q-derivatives

Dk
quðxÞD

j
qvðxÞ by q-derivatives of hðxÞ, we get

Dk
quðxÞD

j
qvðxÞ ¼

Xmn21

l¼0

g
ðlÞ
kj ðxÞD

l
qhðxÞ ð0 # k # n2 1; 0 # j # m2 1Þ:

Eliminating all the products Dk
quðxÞD

j
qvðxÞ from the last identity ðl ¼ mnÞ of (12), it becomes

Dmn
q hðxÞ ¼

Xmn21

l¼0

slðxÞD
l
qhðxÞ;

where

slðxÞ ¼
Xn21

k¼0

Xm21

j¼0

b
ðlÞ
kj ðxÞg

ðlÞ
kj ðxÞ:

By multiplying with the common denominator of {slðxÞ; l ¼ 0; 1; . . .mn2 1}, we get the

q-holonomic equation for hðxÞ

Xmn
l¼0

~slðxÞD
l
qhðxÞ ¼ 0:

This proves that the q-holonomic order of uðxÞ�vðxÞ is at most mn, but can be less. A

Again, the proof of Theorem 3.3 provides an algorithm. An iterative version of the given

algorithm will determine the q-holonomic equation of lowest order for uðxÞ�vðxÞ.

Example 3.3. We use again uðxÞ ¼ eqðxÞ and vðxÞ ¼ sin qðxÞ. Now, by the given algorithm

the function hðxÞ ¼ uðxÞ�vðxÞ satisfies

ð1 2 qÞ2D2
qhðxÞ2 ð1 2 q2ÞDqhðxÞ þ ðqx 2 2 ð1 þ qÞðx2 1ÞÞhðxÞ ¼ 0;

i.e. it is q-holonomic of second order.

Theorem 3.4. If uðxÞ is a q-holonomic function of order n, then the function wðxÞ ¼ uðxnÞ

ðn [ NÞ is a q-holonomic function of order at most n.
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Proof. By assumption uðtÞ satisfies a q-holonomic equation

Xn
k¼0

~pkðtÞD
k
quðtÞ ¼ 0; ð13Þ

where ~pkðtÞ are polynomials and ~pn � 0. Then, by Lemma 2.1, Dl
quðtÞ can be represented as

Dl
quðtÞ ¼

Xn21

k¼0

pðlÞk ðtÞD
k
quðtÞ; ð14Þ

where pðlÞk ðtÞ are rational functions determined by that lemma.

Let t ¼ x n. Using Lemma 1.3, we have

DqwðxÞ ¼ Dq nuðtÞDqðx
nÞ ¼

uðtÞ2 uðqntÞ

ð1 2 qnÞt
½n�qx

n21:

According to (4), we get

DqwðxÞ ¼
Xn
j¼1

ej;nðxÞD
j
quðtÞ;

where

ej;nðxÞ ¼ ð21Þj21ð1 2 qÞj21
n

j

" #
q

q

� j

2

�
xnj21; j ¼ 1; 2; . . . ; n: ð15Þ

By (14), we can write

DqwðxÞ ¼
Xn
j¼1

ej;nðxÞ
Xn21

k¼0

p
ð jÞ
k ðtÞDk

quðtÞ ¼
Xn21

k¼0

f ð1Þk;nðxÞD
k
quðtÞ;

where

f ð1Þk;nðxÞ ¼
Xn
j¼1

p
ðjÞ
k ðx

nÞej;nðxÞ; k ¼ 0; 1; . . . ; n2 1: ð16Þ

Furthermore,

D2
qwðxÞ ¼

Xn21

k¼0

Dq f ð1Þk;nðxÞD
k
quðtÞ

� �
¼
Xn21

k¼0

Dqf
ð1Þ
k;nðxÞD

k
quðtÞ þ

Xn21

k¼0

f ð1Þk;nðqxÞDq Dk
quðtÞ

� �
:

As before, the second sum in the above term can be transformed to

Xn21

i¼0

f ð1Þi;n ðqxÞDq Di
quðtÞ

� �
¼
Xn21

i¼0

f ð1Þi;n ðqxÞ
Xn
j¼1

ej;nðxÞD
j
q Di

quðtÞ
� �

¼
Xn21

i¼1

Xn
j¼1

f ð1Þi;n ðqxÞej;nðxÞD
iþj
q uðtÞ

¼
Xn21

i¼1

Xn
j¼1

f ð1Þi;n ðqxÞej;nðxÞ
Xn21

k¼0

p
ðiþjÞ
k ðtÞDk

quðtÞ:
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Hence,

D2
qwðxÞ ¼

Xn21

k¼0

f ð2Þk;nðxÞD
k
quðtÞ;

where

f ð2Þk;nðxÞ ¼ Dq f
ð1Þ
k;nðxÞ þ

Xn21

i¼0

Xn
j¼1

f ð1Þi;n ðqxÞej;nðxÞp
ðiþjÞ
k ðx nÞ; k ¼ 0; 1; . . . ; n2 1:

By induction, we obtain the representations

Dl
qwðxÞ ¼

Xn21

k¼0

f ðlÞk;nðxÞD
k
quðtÞ; l ¼ 0; 1; 2; . . . ; n ð17Þ

where f ð0Þk;nðxÞ ¼ dk0, f ð1Þk;nðxÞ is given in (16) and

f ðlÞk;nðxÞ ¼ Dq f
ðl21Þ
k;n ðxÞ þ

Xn21

i¼0

Xn
j¼1

f ðl21Þ
i;n ðqxÞej;nðxÞp

ðiþjÞ
k ðxnÞ: ð18Þ

Taking the first n of the identities (17), we can determine

Dk
quðtÞ ¼

Xn21

l¼0

bðkÞl;n ðxÞD
l
qwðxÞ; k ¼ 0; 1; . . . ; n2 1;

where bðkÞl;n ðxÞ are rational functions. Substituting this in identity (17), we get

Dn
qwðxÞ ¼

Xn21

k¼0

f ðlÞk;nðxÞ
Xn21

l¼0

bðkÞl;n ðxÞD
l
qwðxÞ ¼

Xn21

l¼0

cl;nðxÞD
l
qwðxÞ;

where

cl;nðxÞ ¼
Xn21

k¼0

f ðlÞk;nðxÞb
ðkÞ
l;n ðxÞ:

By multiplying with the common denominator of {cl;nðxÞ; l ¼ 0; 1; . . . ; n2 1}, we obtain

Xn
l¼0

~cl;nðxÞD
l
qwðxÞ ¼ 0:

A

Example 3.4. In Example 2.2, it was proved that

uðxÞ ¼ ðx; qÞl ) ðq2 1Þðx2 1ÞDquðxÞ2 ðql 2 1ÞuðxÞ ¼ 0:

Using our algorithm we get for wðxÞ ¼ uðx2Þ ¼ ðx2; qÞl the q-holonomic equation

ðq2 1Þðx2 1Þðxþ 1Þðx2q2 1ÞDqwðxÞ2 xðql 2 1Þðx2qlþ1 2 q2 1 þ x 2qÞf ðxÞ ¼ 0

and similar, but more complicated, equations for ðxn; qÞl for higher n [ N.
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Example 3.5. In Example 2.5, for the q-sine function, we got

uðxÞ ¼ sin qðxÞ ) ð1 2 qÞ2D2
quðxÞ þ uðxÞ ¼ 0:

Now, for wðxÞ ¼ uðx2Þ, we have

DqwðxÞ ¼ f ð1Þ0;2ðxÞuðtÞ þ f ð1Þ1;2ðxÞDquðtÞ;

with

f ð1Þ0;2ðxÞ ¼
qx3

1 2 q
; f ð1Þ1;2ðxÞ ¼ ð1 þ qÞx

and

D2
qwðxÞ ¼ f ð2Þ0;2ðxÞuðtÞ þ f ð2Þ1;2ðxÞDquðtÞ;

with

f ð2Þ0;2ðxÞ ¼
ðqxÞ2ð22 2 q2 q2 þ q3x4Þ

ð1 2 qÞ2
f ð2Þ1;2ðxÞ ¼

ð1 þ qÞð1 2 qþ q2ð1 þ q2Þx4Þ

1 2 q
:

By eliminating DquðtÞ, we get

D2
qwðxÞ ¼ c0;2ðxÞwðxÞ þ c1;2ðxÞDqwðxÞ;

wherefrom we get for the function wðxÞ ¼ uðx2Þ the following equation

xD2
qwðxÞ2 1 þ q2 1 þ q2

1 2 q
x4

� �
DqwðxÞ þ qx 3 1 2 q4

ð1 2 qÞ3
þ

q2

ð1 2 qÞ2
x4

� �
wðxÞ ¼ 0:

4. Sharpness of the algorithms

In the previous section we proved that the sum, product and composition with powers of q-

holonomic functions are q-holonomic too. In this section we show that the given bounds for

the orders are sharp in all algorithms considered.

Example 4.1. The functions uðxÞ ¼ x2 and vðxÞ ¼ x 3 are q-holonomic of first order.

According to Theorem 3.2, the function hðxÞ ¼ uðxÞ þ vðxÞ is q-holonomic of order at most

two. However, all polynomials are q-holonomic functions of first order, and we find that hðxÞ

satisfies the equation

xð1 þ xÞDqhðxÞ2 ð½2�q þ ½3�qxÞhðxÞ ¼ 0:

This example shows that the order of the sum of some q-holonomic functions can be

strictly less than the sum of their orders. This applies if the two functions uðxÞ and vðxÞ are

linearly dependent over KðqÞðxÞ.

However, we will prove that for every algorithm given in the previous section there are

functions for which the maximal order is attained.

W. Koepf et al.634
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Lemma 4.1. The functions Eqðx
mÞ ðm ¼ 1; 2; . . . ; nÞ are linearly independent over KðqÞðxÞ.

Proof. Let us consider a linear combination

r1EqðxÞ þ r2Eqðx
2Þ þ · · · þ rnEqðx

nÞ ¼ 0;

where rm ¼ rmðxÞ ðm ¼ 1; 2; . . . ; nÞ are rational functions and suppose that rn � 0. Then,

rnEqðx
mÞ ¼ 2

Xn
m¼0;
m–n

rmEqðx
mÞ;

i.e.

Xn
m¼0;
m–n

rm

rn

Eqðx
mÞ

EqðxnÞ
¼ 21: ð19Þ

Since

AðmÞ ¼ lim
x!1

Xm
n¼0

q ðn2Þ

ðq; qÞn
ðxmÞn

Xm
n¼0

q ðn2Þ

ðq; qÞn
ðxnÞn

¼ lim
x!1

xmðm2nÞ ¼
þ1; m . n;

0; m , n;

(

we have

lim
x!1

Eqðx
mÞ

EqðxnÞ
¼ lim

m!1
AðmÞ ¼

þ1; m . n;

0; m , n:

(

This is a contradiction with (19). Hence, it follows that rm ; 0 for all m ¼ 1; 2; . . . ; n, i.e.

Eqðx
mÞ ðm ¼ 1; 2; . . . ; nÞ are linearly independent over KðqÞ½x�. A

Lemma 4.2. The function

FnðxÞ ¼
Xn
m¼1

Eqðx
mÞ ð20Þ

is q-holonomic of order n.

Proof. The function EqðxÞ satisfies the q-holonomic equation of first order (see Example 2.4)

ð1 2 qÞðxþ 1ÞDq f ðxÞ2 f ðxÞ ¼ 0:

With respect to Theorem 3.4, for each m [ N, the function Eqðx
mÞ is q-holonomic of first

order and one has

Dl
qðEqðx

mÞÞ ¼ f ðlÞ0;mðxÞEqðx
mÞ; l ¼ 0; 1; . . . ; ð21Þ

where f ðlÞ0;mðxÞ are rational functions given as in (18).
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According to Theorem 3.2, the function FnðxÞ is q-holonomic of order at most n. Therefore

Dl
qFnðxÞ ¼

Xn
m¼1

Dl
qðEqðx

mÞÞ ¼
Xn
m¼1

f ðlÞ0;mðxÞEqðx
mÞ:

Let us suppose that the function FnðxÞ satisfies a q-holonomic equation of order m, i.e.

Dm
q FnðxÞ þ

Xm21

i¼0

AiD
i
qFnðxÞ ¼ 0: ð22Þ

This equation can be represented in the form

Xn
m¼1

f ðmÞ0;mðxÞ þ
Xm21

i¼0

Ai f
ðiÞ
0;mðxÞ

 !
Eqðx

mÞ ¼ 0:

Since Eqðx
mÞ ðm ¼ 1; 2; . . . ; nÞ are linearly independent over KðqÞ½x�, it follows that

f ðmÞ0;mðxÞ þ
Xm21

i¼0

Ai f
ðiÞ
0;mðxÞ ¼ 0; m ¼ 1; 2; . . . ; n:

This can be written in the form of the system of equations

Xm21

i¼0

Ai f
ðiÞ
0;mðxÞ ¼ 2f ðmÞ0;mðxÞ; m ¼ 1; 2; . . . ; n

with unknown rational functions Ai ¼ AiðxÞ.

If m , n, then the system is overdetermined and has no solution. Hence it follows that

m ¼ n. A

Note that similar results as in Lemmas 4.1 and 4.2 hold for the small q-exponential

function.

Using the functions (20) of Lemma 4.2, we get the following conclusions.

Theorem 4.3. For each n [ N there is a function F which is q-holonomic of order n, such

that H ¼ DqF is q-holonomic of order n.

Proof. The function defined by (20) satisfies the statement. A

Theorem 4.4. For each n;m [ N there are functions U and V that are q-holonomic of

order n and m respectively, such that H ¼ U þ V is q-holonomic of order nþ m.

Proof. Consider the functions

UðxÞ ¼
Xn
m¼1

Eqðx
mÞ and VðxÞ ¼

Xnþm

m¼nþ1

Eqðx
mÞ: ð23Þ
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According to Lemma 4.2, they are q-holonomic of order n and m respectively, and the

function

HðxÞ ¼ UðxÞ þ VðxÞ ¼
Xnþm

m¼1

Eqðx
mÞ

is q-holonomic of order nþ m. A

Theorem 4.5. For each n;m [ N there are functions U and V that are q-holonomic of

order n and m respectively, such that H ¼ U�V is q-holonomic of order n�m.

Proof. The statement is valid for the functions defined by (23), because in the function

HðxÞ ¼ UðxÞ�VðxÞ ¼
Xn
m¼1

Xnþm

n¼nþ1

Eqðx
mÞEqðx

nÞ

there are nm linearly independent summands Eqðx
mÞEqðx

nÞ ðm ¼ 1; 2; . . . ; n; n ¼

nþ 1; nþ 2; . . . ; nþ mÞ over KðqÞ½x�. The proof of their independence is again based on

Lemma 4.1. A

Theorem 4.6. For each n [ N there is a function F which is q-holonomic of order n, such

that WðxÞ ¼ FðxnÞ is q-holonomic of order n.

Proof. Starting from the function FnðxÞ defined by (20), we can form

WðxÞ ¼ Fnðx
nÞ ¼

Xn
m¼1

Eqðx
mnÞ

which is of the same type as FnðxÞ. A

Acknowledgement

We thank Torsten Sprenger for his implementational help. Furthermore, we would like to

thank the three anonymous referees for their fruitful comments on the paper.

References
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