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Abstract

In this paper we investigate the inner products in the space of rational functions and the space of Miintz
polynomials. We prove that the orthogonality of a sequence in one of mentioned spaces can be induced by
the orthogonality of the corresponding sequence in another space. Finally, we point to several special cases,
i.e.,, some very different classes of well-known functions we represent on a unique way.
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1. Introduction

The Legendre polynomials (see, for example, [3])
n n+k

__nn_k k
Py(x) = ( 1)%( D N

satisfy the relation of orthogonality

1
5"’[”
/o P,(x)P,(x)dx = il
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They can be represented by Rodrigues formula

_ (_1)n d”

Pu(x)="—1— 9

(" (1 = x)").

In paper [4], the authors have considered orthoexponential polynomials p,(¢) = P,(1 —e¢™") and
rational functions obtained by applying Laplace transform. They have proved that, for the functions

s—1)s—2)---(s—n)

Wu(s) = L[ pa(t)] = (1) s(s+1)---(s+n)

, (1.1)

it exists a scalar product with respect to whom they are orthogonal. Also, the connection between
the scalar products in the domains of the polynomials and the corresponding rational functions
established. In paper [1] connection between some classes of the Miintz polynomials and rational
functions was presented and it also considered their orthogonality.

Our purpose is to explain on a new way of previously obtained results and to study more general
cases. After the preliminaries, in the second section, it was examined a general scalar product with a
few parameters in the domain of the rational functions using a bilinear transform of the independent
variable and a modification of the rational function corresponding to the Legendre polynomials.

In Section 3 a new operation with the Miintz polynomials is defined and the respected scalar
product in the domain of the set of some classes of the Miintz polynomials is investigated.

Finally, Section 4, various classes of orthogonal functions (the Legendre polynomials, the Miintz—
Legendre polynomials, some classes of the Jacobi polynomials and the Miintz polynomials respected
the Malmquist rational functions) are represented on the similar way like a special cases of previously
considered functions.

2. Orthogonality of a sequence of the rational functions

For the start, note that the zeros of the rational functions (1.1) can be obtained by applying the
linear transform s — 1 — s to their poles. Let us substitute the linear transform by the bilinear one

as+b

cSs —da

(@* +bc>0) (a,b,ceR).

S —
In that sense, consider the set #~ of the rational functions represented by
n—1 5§ — a&k +b
k=0 coy —a
HZ:o(S — o) ’

where oy, k=0,1,2,... be different complex numbers such that

Wa(s) =

2.1)

co;o; — a(o; + o) — b > 0. (2.2)
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The poles {oy } and zeros {(ad; + b)/(ca; —a)} of functions (2.1) lie on different sides of the curve
I'={seC:c|s|*—2a Res—b=0}.

We define the mapping (-, -): # x # +— C by

1 -
W, W) = i / Wmax{m,n}(s) Wmin{m,n}(s) (2.3)
i Jp

9
cs —da

where

mwrwn<@+b)
CcS —da

Theorem 2.1. Mapping (2.3) is the scalar product on W . Moreover, W  is orthogonal with respect
to this scalar product and holds

(a® + bc)" Omn

W, W,)= .
( )T TTTlew —aP el —2a Re 2, — b

Proof. The symmetry and the linearity of the product holds immediately from the definition. For
positivity, note that

(a® + be)'(co, — a) cs—a

[Tio e —al> (s —a,)(s — 422)

Wn(s) Vf/n(s) = -

and

W, W,) = RS (a? —i—bc)"(cozn — a) /

2mi [z, lcow — ) ao'c,,—i—b
§ co'cn —a
(a® + be)'(ca, — a) 1
[Ticoleow —al*  _aguib (s — o, )(s — 527)
oy —a
(a* + be) 1

[1i=, e — al? clom]* —2a Re o, — b

Suppose that n > m. Then

(a® + be) (o — a) (cs — @) [T}, (s — “222)

Wuls) WulS) = =1 o — ap T (s — o)
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and
W ):_(a2+bc)m(cam a)/ [T = 250
me o lcowe — af? [T _,(s — o) '
So, we get
2 n
(W W) = —&+5) O D

| Vleoy — al? clow|? —2a Re o, — b
The scalar product on #" can be represented on the other way.

Theorem 2.2. For the members of the set W holds

nk/]m]
(W, Wm)—ZZCW e 1) (2:4)

where

n—1 _adj+b
[T=0 (ak w’:f—a)

H'}:o (ot — %’)
J#k

A =

(2.5)

Proof. Expanding the rational functions (2.1) as a linear combinations of the partial fractions and
according to the definition of the function W, (s), we have

n

A 1
W,,(s)zzs_ak, Win(s) = f(csfa)z c% e
k=0 caj—a

Hence

~ A,
W(s) W(s) = (Z p _l;k> —(cs — “)an —a acc,+b
; _

k=0 coj—a

n m =
Ak Apj cs—a
c
0

x: —a agi+b\
k=0 j= J (s — o) (s — coz;—a)

Now, the scalar product of two functions (2.2) can be represented in the form

nk/]m' ds
(W, W, >——%ZZC%_; /. 6o (s 52

coj—a
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n m i

Ank Apj 1
=— =" Res "
— CO0; — A _adytb (o _ %
k=0 j=0 s=og—a (8 — o) (S coc,—a)
n m i

o Ane Apj 1

: : z : co: —a adj+b ’

k=0 j=0 ~ "/ cg—a %

wherefrom we get the statement of the theorem. [

3. Orthogonality of the Miintz polynomials

Let 2 = 2({a}) be a set of the Miintz polynomials
P = {m(x) () = ax™ (g €C)(ne No)} :
k=0
Let us define the operation * over the monomials by
x* s xP = xebmaGHh=b=1 " (x5 0, o, feC).

This way, on 2 is defined the external operation. Indeed, by applying * to the Miintz polynomials
pn(x) and g, (x) we join the polynomial

n m

DPu(x) * qu(x) = Zakx“k * Zb S ZZakb X™ s x%

k=0 j=0

which, in general, is not the member of Z.
The operation * is the generalization of an new operation between the Miintz polynomials involved
in [1]. Also, the next statement is inspired by the similar result in [1].

Theorem 3.1. The mapping (-, -): P x P — C defined by

1
(1= [ 1@ g (1.9€2) (3.1
is the scalar product on 2.

Proof. Linearity and symmetry follow immediately from the definition. For the arbitrary polynomials
pn(x) and qm(x) 1s valid

n m
(P> Gm)« = E akx“k,g bix™
k=0 j=0
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1 n m
:/ E E argb; x™ * x* dx
0

k=0 j=0

1
_ § a b]/ xcockot,-—u(ocwroz/)—b—ldx.
; 0

Because of conditions (2.2) are satisfied, we have

n m

akl;j
(pm‘Im)*: — — .
kz_; jZO: coyd; — a(oy + ;) — b

To examine positivity of product (3.1), we will consider the next quadratic form

nom 7]
B ay a;
(pnapn)* - ZZ cO(kO_Cj — a(Oﬂk + oz]) —b

k=0 j=0

and the corresponding matrix

1 n
B [C“ko_‘j —a(oy + ;) — b} k,j=0 .

By Sylvester criterion, necessary and sufficient condition for positivity is
D;=det H; >0, [=0,1,2,...,n.

Since

!
1 1
D[ = det 5

! = adj+b
[Tj=o(cd; —a) il

k,j=0

by Cauchy formula for the determinants of the mentioned form it is valid

! ad;+b ady+b
i LTI Con o) (22— )
[ pr— 1 — -
o ] ad;j+b
[Tj=o(c; —a) [Tk, (O‘k - co?jfa>
I 1= (@+bo) oy —o;*

B 1 k=j+1 11j=0 (cgy—a)(cg;—a)
— 11! = I I cod—a(o+d;)—b "

[Tj=o(c®; —a) T [T %

Hence

&+ by =1 oy — o
D, =D; ;4 2( ) H 3 | j|' 2
cloy|> —2a Re oy — bj=0 |coudt — aoy + ;) — b|

(3.2)
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With respect to (2.2), it holds

1
D, = > 0.
0 clogl> —2aReog — b

Using the principle of mathematical induction, we obtain that D; > 0 for all /. [

Now, we will consider the special Miintz polynomials
Py(x) = Aux™, (33)
k=0

where the coefficients 4, are defined in (2.5).

Theorem 3.2. The sequence of the polynomials {P,(x)}.en, defined by (3.3) is orthogonal with
respect to the scalar product (3.1) and holds

(a® + be)" Omn
. ! Zo leoay —al? o> —2aRea, — b

(Pum)* =

Proof. Because of (3.2), it holds

(Pmp )* - Z Z "k /]mj = (Wn, Wm)

coyd; — a(oy + ;) —

Knowing (2.4), we confirm that the statement is valid. [

4. Special cases

In this section we will point that the set of polynomials & and the set of rational functions %~
comprehend a lot of divers class of functions, which can be obtained for the special values of the
parameters.

Let ¢c=0 and a # 0. Then the curve I' separating the zeros and the poles of the rational functions
(2.1) becomes the line Res = —b/2a. Specially, for a=1, b= —1 and o, = —k, respected rational
function (2.1) is

s—1)s—=2)---(s—n)

W) = =G G+

b

i.e., the rational function respected the Legendre polynomials on the interval (0, 1). The relation of
orthogonality is the same as the relation given in the first section.
For —b/a = by > 0 and oy = —k the rational function (2.1) has the form

(s—bo)(s—by—1)---(s—by—n—+1)
s(s+1)--- (s +n)

Wa(s) =

>
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and orthogonality in the domain of the polynomials becomes

5}71)’[

Pum * = A 7 >
( ) 2n + by

i.e., it is obtained the class of the Jacobi polynomials pfzo’b“)(x) on the interval (0,1), (see [2]).
Ifa=1, b= -1 and Reoy < 1/2, respected rational function is

(s+G—1)s+&H -1 (s 81 —1)
(s —o)(s —ar)- - (s — o)

The orthogonality in the domain of the polynomials is given by
5nm

1 —o, —a&,

Wn(s) =

(Pnapm)* =

On this way the orthogonality of the Miintz—Legendre polynomials over the system
{x7%,x7,...,x" "} is given.

Finally, let @ =0 and ¢ # 0. Then the curve I is the circle |s| =b/c. For b=c=1 and |oy| > 1
the rational function (2.1) is

(s—=3)s—5) (5= 7)
(s —ao)(s — o) (s — o)
i.e., Malmquist rational function of the orthogonal sequence with orthogonality relation

5mn

ooy -+ - ety |2 (Jora > — 1)

Wa(s) =

(Wna Wm) =

In the domain of the polynomials we obtain respected sequence of the Miintz polynomials with the
orthogonality relation

5mn
|otgoty - -+ oty [2(Jota]® — 1)

(P}’l:Pm)* =

If b/c=h; > 0 and |oy| > +/b; we get the generalized Malmquist rational functions and respected
Miintz polynomials with the orthogonality relation
bi

(Wme):(Pum) =
’ |otgoy + + - o1 |*(Jota|* — b1)
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