CS51: Models of Computation

L ecture 26

Par sing Context-Free L anguages

Today’s Topics
« Chomsky normal form

« Simple parsing algorithm
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Review

« Definitions of phrase structure, context-free
and regular languages

» Proof that regular languages and languages
recognized by finite-state machines are the
same.
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Parse Trees

Example: G = (A5 T3 R 9)

@|s | - |cmne (d | N | - | bNb
(b) [ M| - |ava @©|N|-]|cC
©Im | -|c

A derivation of caacaabchbc and its parse tree.

s O coMneO camanc O ca?maN ¢

2 2

0 ca?ca®Nc 0 ca’ca’bnbe O ca’ca’bebe

Yield of treeis string of leaves, height islength of
longest path. In leftmost derivation, rulesinvokedin
depth-first left to right order. Rightmost similar.
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Context-Free Languages

« A context-free grammar is a phrase-
structure grammar G = (A, 7, R, s) in which
each rule has only a single non-terminal on
the left. Context-free languages are
generated by context-free grammars.

Example: Let A\, ={s}, T, ={¢, a b},

Ro={s —asb,s -€}.Then, G, = (N, Tp, Ry, s) is
context-free.
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Chomsky Normal Form

« ACFGG=(,7 R 9)is in Chomsky
normal form if every rule is of the form
A > BCOrA - b, b0 7 exceptif e L(G)in
whichcases - eisasoarule.

Theorem: Every context-free language L can be
generated by a CFG in Chomsky normal form.

Example: G3 = (A T3 3 S)

@ |s | - |cmne (d| N | - | bNb

(b)|m | - |ava e |N|-]|cC
(©) |m - | cC

A Chomsky normal form grammar generating same
language uses (¢) & (€) and replaces others by:
(@ s - cb,C - D - MEE - NC,

(b)M - AR, A - & F - MA

(dN - BG,B > b,G - NB

Putting CFG in Chomsky Normal Form

Theorem: Every context-free language L can be
generated by a CFG in Chomsky normal form.

Proof: Ife OL,adds - €. Let L begenerated by G.
Convert Gto G' in Chomsky normal form in stages.

a) eliminate from G e-rules of theformB - € (except
for s - €) asfollows.for each rule with = 1 B in right-
hand side, e.g. A - aBpBy(q, B,yarestrings), add all
possible rules formed by replacing B by € in all
possiblewayseg. A - apBy,A - aBBY,A - afy,
giving four rules for one original rule.

b) For rules A - aw;( (a, B arestrings) withw; O 7,
replaceit by A — az;3 & add rule z; » wj, where z; is
anew non-terminal. Continue until al rules have a
singleterminal on right or a string of non-terminals.
This new grammar also generates L.
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Chomsky Normal Form (cont.)

Proof (cont.) Rules are now of theform: a)A - b
forbOZb)s - &C)A - 21Z5..2y, for z; O A

Consider rules of type ¢) with k = 1. Cascading such
rules gives derivations A {7 B; delete al rules of type
c) with k = 1 and replace them witha — Bif AT B.
The same language is generated.

Ifc ~DandD - b,add c - b, deleting all rules of
theform A — B. This generates same language; all
remaining rules are of theform s - €,A - bor
A - Z9Z5..Z2 Withk =22,z O 4

Now replace al rules of theform A — z,2,...z; by
therulesA — Z1Nq, Ny — ZoNo, ..., N3 = Zx.oNkoo,
Nk.2 — Zx.1Zx Where each N; isanew non-terminal.

Thisnew grammar isin correct form and generatesL.
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Example

Let G = (N\,Z,RE) be the grammar with A'={E, T, F},
T7={a,b,+,*, (,)} and let R havefollowing rules:

[€) E - E+T (e |F REG
(b) E - T 0] F - a
(c) T - T*F (9) F - b
(d) T - F

E, T, and F denote expressions, terms & factors. Easy
to show that E 11 (a*b+a)* (at+b) and e a*b+a.

Conversion: 1) no e-rules, 2) in A - wyws..w, replace (by (,) by
), + by +, and * by *, 3) cascade non-terminals.

1) E - E+T 9) T - b
2 E - T«F (10) | F - ()
(3 E - G ay | r - |a
¢ E - a (12 | r -~ |b
5 E - b (13) | ( - | (
(6) T - T+F 14 ) - 1)
@) T - () @) |+ I
8 T - a (16) | * |

The last step is to reduce to two the number of non-
terminals on the right-hand side of arule.
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Parsing Using Chomsky Normal Form

« Let’s parse w = wiwowgw,ws = a*b+a where
wW1=a, Wo=", wg=b, W=+, ws=a.

— w; 1s derived by rules A - bwhereAisin
Nijr1 =N | Nowi.

— Thus: N1,2={E7T,F}7N2,3 ={ *}7 N3,4={E7T’F}7
N4,5 :{+}9 N5,6 :{EaTaF}‘

— All other derivations are of form A — BC.

— To derive wjwj 1, we use anonterminal in
Njiz2 ={N[N - MP, MinNj;s1, Pin Nj;q 40}

— Not knowing which pair wjw;, 4 isderived |ast
wetry all ways & compute N; ;,, fori =1,2,3.

— Wetry all waysto derive w;w;,,W;., comptng
Nij+3 ={N [N -~ MP, MinNj .2, Pin Nz .3}
O{N|N - MP,MinNjis3, PinNjyq 43}

— Continuing, we compute N 4. If it contains
the start symbol, w isin our language and we
have a parse for it.
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Example

G = (N/TRE), where A= {A,B,C,D,E,F,G,T,(,),+, *},
7={a,b,+,*, (,)} and let § have following rules:

(A) E o EA L e )
(B) A - +7 ™M) [T - a
© E - B (N) T R b
(D) B - *F P) F - (H
(B E - (c Q |H - |8
(F) c - E) (R F - a
(©) E - a S |F -~ |b
(H) E - b m |( - |
0] T - ™ w - 1)
Q) D - *F v |+ - |
(K) T - (c W) | * - |

This grammar isin Chomsky normal form.

Weillustrate bottom-up parsing.
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More on Parsing

A E - EA L |o -~ | B
(B) A N +7 ™M [T - a
©) E - B N |7 ~ |b
(D) B - *F P) F - (H
B E - (c Q |H - | B
(F) c - E) R |F I P
(©)] E - a S |F -~ |b
(H) E - b m |« - | (
0 T - ™ (C)NED] - 1)
) D > *F V) + S|+
(K) T - (e W) |+ - |

N; o={E,T,F}, Ng 3 ={+}, N3 4 ={E,T,F},
N4,5:{+}’ N5,6 :{E7T7F}

» N13=0,Np4={B, D}, N35=0 Ngg={A}

N14={ET} Ny5=0, N3 ={E}
. Nl,5 =0, N2,6 =0

« Nig={E}
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Summary

« Chomsky normal form

« Multiplication and closure of set matrices —
basis for parsing of contex-free languages.
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