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BACKGROUND



ABSTRACT

Radiosity is a general term for a group of global illumination algorithms which work under the
assumption that all reflections are purely diffuse.

Radiosity is used to produce realistic looking illumation for different kinds of spaces. It is not
designed to compete with ray tracing, it has quite different approach.

This overview gives an in-depth study of the basic constant-element radiosity algorithms and
outlines the basic solution strategies. Two different methods to compute the form factors are also
issued in this paper.

I - INTRODUCTION

Radiosity is a computer graphics method to calculate diffuse light distribution and reflection in
three dimensional environments (the "global illumination model").

In contrast to ray tracing, all variants of the radiosity method have in common, that they separate
the process of shading surfaces and the visible-surface determination. They first compute the
interaction of light with all surfaces in a scene, and then determine visibility of the already shaded
surfaces from different viewpoints.

Radiosity is efficient to compute scenes up to a certain complexity with a lot of light sources, in
essence, each object in the environment is treated as a secondary light source. The method provides
an accurate representation of the "diffuse" and "ambient" terms found in typical image synthesis
algorithms. The phenomena of "color bleeding" from one surface to another, shading within shadow
envelopes, and penumbras along shadow boundaries are accurately reproduced.

Its special strength is in providing the illumination data for many different viewpoints (animation)
of a scene. Computing very large and complex scenes with radiosity methods requires extreme
amounts of memory. Specular effects like metallic reflections are difficult to simulate this way.

II - FRAMEWORK

The radiosity method subdivides the surfaces into small elemental surface patches. Supposing these
patches are small, their intensity distribution over the surface can be approximated by a constant
value which depends on the surface and the direction of the emission. We can get rid of this
directional dependency if only diffuse surfaces are allowed, since diffuse surfaces generate the same
intensity in all directions. This is exactly the initial assumption of the simplest radiosity model.

Let the energy leaving a unit area of surface 7 in a unit time in all directions be B;, and assume that
the light density is homogeneous over the surface. This light density plays a crucial role in this
model and is also called the radiosity of surface i. The dependence of the intensity on B; can be
expressed by the following argument:

1. Consider a di_erential d4 element of surface 4. The total energy leaving the surface dA4 in unit
time is B - dA, while the flux in the solid angle d@ is d® =1-dA-cos¢ - dw if ¢ is the angle
between the surface normal and the direction concerned.

2. Expressing the total energy as the integration of the energy contributions over the surface in all
directions and assuming diffuse reflection only, we get:

1 dq) 2 7wl 2
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since dw = sin¢ -dbdg .



Consider the energy transfer of a single surface
on a given wavelength. The total energy leaving

the surface B, - dA, can be divided into its own

emission and the diffuse reflection of the -~ 1
radiance coming from other surfaces.

The emission term is E, -dA;if E, is the

r|'|r_ a7
emission density which is also assumed to be B T / '/B l R
constant on the surface. ‘\ /‘ g

The diffuse reflection is the multiplication of the -~ /_\ 7
diffuse coefficient o, and that part of the energy  _=— —
of other surfaces which actually reaches surface dd, E,

l.
Let F; be a factor, called the form factor, which determines that fraction of the total energy leaving

surface j which actually reaches surface 1.
Considering all the surfaces, their contributions should be integrated, which leads to the following

formula of the radiosity of surface i:
B,-dAd,=E, -dd,+p,-[B,-F,-dA, (2)

Before analyzing this formula any further, some time will be devoted to the meaning and the
properties of the form factors. The fundamental law of photometry (shown below) expresses the
energy transfer between two differential surfaces if they are visible from one another.

dA-cosg-dA'-cosy’
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Replacing the intensity by the radiosity using
equation 1, we get:

A’

d(I):].dAi - COSs @, -dAj -coS¢j :B.-dAi - COs @, -dAj -Cos¢j .
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If dA; is not visible from dA; , that is, another surface is obscuring it from dA; or it is visible only
from the "inner side" of the surface, the energy flux is obviously zero. These two cases can be
handled similarly if an indicator variable Hj; is introduced:

{1 if d4; is visible from d4 ;

H; (4)
v 0 otherwise

Since our goal is to calculate the energy transferred from one finite surface A4 ; to another A4; in

unit time, both surfaces are divided into infinitesimal elements and their energy transfer is summed
or integrated, thus:
dA; -cos¢, -dA; -cosq .
_ , R i J J
AP, = | [ B -H, — (5)




By definition, the form factor F; is a fraction of this energy and the total energy leaving surface
dA; -cos¢g; -dA; -cos@.
[ Hy— B / (6)
2
Ad;

1
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It is important to note that the expression of F it AA j is symmetrical with the exchange of 7 and J,

which is known as the reciprocity relationship:

We can now return to the basic radiosity equation.
Taking advantage of the homogeneous property of the surface patches, the integral can be replaced
by a finite sum:

J
Applying the reciprocity relationship:
Bi'AAi:Ei'AAi+pi'ZBj'Ej'AAi (9)
J
Dividing by the area of surface i, we get:
Bi:EiJFPi'ZBj'Ej (10)
J

This equation can be written for all surfaces, yielding a linear equation where the unknown
components are the surface radiosities (B,):

—(1—P1F11) - piF - p1Fin | _Bl_ _El_
—paFy (=paFp) - = prFay | B _ £, (11)
 —onEni —onEyy (l_pNFNN)_ By | | Ewn.

The meaning of FJ; is the fraction of the energy reaching the very same surface. Since in practical

applications the elemental surface patches are planar polygons, F’; is 0.
Both the number of unknown variables and the number of equations are equal to the number of

surfaces (N). The solution of this linear equation is, at least theoretically, straightforward.

It can be performed with any standard equation solver. However, a Gauss-Siedel iterative approach
has a number of advantages.The matrix is well suited to this technique due to the fact that it is
diagonally dominant (the sum of the absolute values of each row is less than the main diagonal
term). This is always true since, by definition, the sum of any row of form-factors is equal to unity.
In the matrix to be solved, each form factor term is multiplied by its surface reflectivity , which is
also less than unity.

Thus the summation of the absolute values of all terms in any row exclusive of the main diagonal
term is also less than one. Since, the main diagonal term is always equal to one, the matrix is strictly
diagonally dominant, and guaranteed to converge rapidly to a solution.

An initial guess for the radiosities, which must be supplied for the first iteration , is simply the
emission of each patch (only the primary light sources have any initial radiosity). During each
iteration each radiosity is solved for , using the previously found values of the other radiosities.
Iterations continue until no radiosity value changes by more than a preselected small percentage.



The calculated B; radiosities represent the light density of the surface on a given wavelength.
Recalling Grassman's laws, to generate color pictures at least three independent wavelengths should
be selected (say red, green and blue), and the color information will come from the results of the
three different calculations.

Thus, to sum up, the basic steps of the radiosity method are these:
1. F’j; form factor calculation.

2. Describe the light emission E; on the representative wavelengths, or in the simplified case on the
wavelength of red, green and blue colors.

Solve the linear equation for each representative wavelength, yielding B;, B>, ..., By
3. Generate the picture taking into account the camera parameters by any known hidden surface

algorithm. If it turns out that surface i is visible in a pixel, the color of the pixel will be proportional
to the calculated radiosity, since the intensity of a diffuse surface is proportional to its radiosity
(equ. 1) and is independent of the direction of the camera.

Constant color of surfaces results in the

annoying effect of faceted objects, since

the eye psychologically accentuates the

discontinuities of the color distribution.

To create the appearance of smooth

surfaces, the tricks of Gouraud shading

can be applied to replace the jumps of

color by linear changes. In contrast to B +B,+R.,+R
Gouraud shading as used in incremental B | P4
methods, in this case vertex colors are
not available to form a set of knot points for interpolation. These vertex colors, however, can be
approximated by averaging the colors of adjacent polygons:

Note that the first two steps of the radiosity method are independent of the actual view, and the
form factor calculation depends only on the geometry of the surface elements.

In camera animation, or when the scene is viewed from different perspectives, only the third step
has to be repeated; the computationally expensive form factor calculation and the solution of the
linear equation should be carried out only once for a whole sequence.

In addition to this, the same form factor matrix can be used for sequences, when the lightsources
have time varying characteristics.



IIT - FORM FACTOR CALCULATION
The most critical issue in the radiosity method is efficient form factor calculation, and thus it is not
surprising that considerable research effort has gone into various algorithms to evaluate or
approximate the formula which defines the form factors:

1 dA; -cos¢. -dA; -cosq .
F;'j:_'_[ .[H’ ! ! J J (12)
AAi / 2
Ad; A4

T-r

Different solutions represent different compromises between the conflicting objectives of high
calculation speed, accuracy and algorithmic simplicity.
We conisider the geometrical means of approximating the above double integral.

GEOMETRIC ANALOGUES
The following algorithms focus first on the inner section of the double integration, then estimate the
outer integration. The inner integration is given some geometric interpretation which is going to be
the base of the calculation. This inner integration has the following form:

COS @; - COs @

7Z"I”2

e (20)

diFy= | Hy-
Ad;

Nusselt has realized that this formula can be interpreted as projecting the visible parts of A4j onto

the unit hemisphere centered above dA;, then projecting the result orthographically onto the base

circle of this hemisphere in the plane of dA;, and finally calculating the ratio of the doubly projected

area and the area of the unit circle (). Due to the central role of the unit hemisphere, this method is
called the hemisphere algorithm.

Later Cohen and Greenberg have shown that the projection calculation can be simplified, and more
importantly, supported by image synthesis hardware, if the hemisphere is replaced by a half cube.
Their method is called the hemicube algorithm.

Beran-Koehn and Pavicic have demonstrated in their recent publication that the necessary
calculations can be significantly decreased if a cubic tetrahedron is used instead of the hemicube.

Having calculated the inner section of the integral, the outer part must be evaluated. The simplest
way is to suppose that it is nearly constant on A4;, so the outer integral is estimated as the

multiplication of the inner integral at the middle of A4; and the area of this surface element:

1 Cos¢@; -coS@
Ej:ﬂjdiFfj'dAi“diﬂj: | #Hy————
AA

iAAi T-r

dA; (21)

J
More accurate computations require the evaluation of the inner integral in several points on A4;i

and some sort of numerical integration technique should be used for the integral calculation.



HEMISPHERE ALGORITHM

The result of Nusselt is proven
using the above figure, which
shows that the inner form factor dA
integral can be calculated by a ‘ Wy
double projection of AAj, first o 4

cios ':l'.}'

]
re

onto the unit hemisphere -
centered above dA;, then to the
base circle of this hemisphere in _ _

the plane of dA;, and finally by  d4; w ! |
calculating the ratio of the re B

double projected area and the r

area of the unit circle (). By dA
geometric arguments, or by the '
definition of solid angles, the

projected area of a differential area dA; on the surface of the hemisphere is dA j " cos ¢ i /¥ This

area is orthographically projected onto the plane of dA;, multiplying the area by factor cos¢@ iz The

ratio of the double projected area and the area of the base circle is:
CoS¢; - cos¢@

72"7"2

Since the double projection is a one-to-one mapping, if surface AAj is above the plane of A4;, the

L. d4, (22)

portion, taking the whole AAj surface into account, is:

Cos¢@; - cos¢@
[,

2

L.d4; =d,F,

iF (23)

This is exactly the formula of an inner form factor integral.

HEMICUBE ALGORITHM

The hemicube algorithm is based on the fact
that it is easier to project onto a planar
rectangle than onto a spherical surface. Due to
the change of the underlying geometry, the
double projection cannot be expected to
provide the same results as for a hemisphere,
so in order to evaluate the inner form factor
integral some corrections must be made during
the calculation. These correction parameters \
are generated by comparing the needed terms RS
and the terms resulting from the hemicube
projections.

Let us examine the projection onto the top of dA
the hemicube.




Using geometric arguments and the notations of the above figure, the projected area of a differential
patch d4; is:
R cos g, dA; -cosg; -cosg; pa

2
Tld4d. )=H.. | = | -dA. - —H.
( ]) ij (,,j 7 cosd, ij JE) c0s4¢i

(24)

since R=1/cos¢; .

Looking at the form factor formula, we notice that a weighted area is to be calculated, where the
weight function compensates for the unexpected 7/ cos* ¢, term. Introducing the compensating
function @, valid on the top of the hemicube, and expressing it by geometric considerations of the

figure which supposes an (X, y, z) coordinate system attached to the dA;, with axes parallel with
the sides of the hemicube, we get:

cos* ¢, B 1

71'()(72 + y2 + l)l
Similar considerations can lead to the calculation of the correction terms of the projection on the

side faces of the hemicube:
If the side face is perpendicular to the y axis, then:

a)z(xay): (25)

COS ; z
o, (nz)= St _ (26)
4 T (x2 +z2 4 1)2
or if the side face is perpendicular to the x axis:
cos* ¢, 3 z
7z(y2 +2z% + 1)z

The weighted area defining the inner form factor is an area integral of a weight function. If AAj has

a)x(y,z): (27)

a projection onto the top of the hemicube only, then:
cos* P

T

d,Fy = [ 1(d4,) (28)

ity
Adj
Instead of integrating over AAj, the same integral can also be calculated on the top of the

hemicube in an X, ), zZ coordinate system:

d.Fopr — H~-(x,y)-
o T(A[Aj) ’ 7r(x2 +y2 +1)2
1

since COS@; = 1/ (xz + y2 + 1)2 . Indicator Hj;(x, y) shows whether A4j is really visible through
hemicube point (X, y; 1) from A4, or if it is obscured.

- dxdy (29)

This integral is approximated by a finite sum having generated a P x P raster mesh on the top of
the hemicube. Typical values of P are within the range 50- 200.



1

diF" = [ Hy(xy) ———dudy =
T(A4)) ﬁ(x +y +1)Z
P/2-1 P/2-1 (30)

|
> 2 H,(X)Y)e (X)) —

x=—P/2 y=—P/2 P
The only unknown term here is Hj; , which tells us whether or not surface j is visible through the
raster cell called "pixel" (X, Y). Thanks to the research that has been carried out into hidden surface
problems there are many effective algorithms available which can also be used here. An obvious
solution is the application of simple ray tracing. The center of dA; and the pixel defines a ray which
may intersect several other surfaces. If the closest intersection is on the surface j, then H;(X;Y) is
1, otherwise it is 0.
A faster solution is provided by the z-buffer method, since it’s supported by video display
hardware.
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IMPLEMENTATION



OUTLINE

Input:

The environment definition is input from a file containing
polygon vertex coordinates, and associated reflectivity and
emission values for each color band and a parameter for
subdividing the polygon into patches.

Form-factors:

After decomposing the environment into finite patches, the hemi-
cube is set around the center of each patch with it’s orientation,
and a row of form-factors is calculated from that patch to all
others through their projections onto the cube. A file containing
the matrix of form-factors is output.

Radiosity-solution:

For each color band a linear system of simultaneous equations is
constructed using the form-factors and the corresponding set of
reflectivity and emission values. The system is solved for patch
radiosities. A file containing the radiosities for each color band is
output.

Rendering:

An eye position, view direction, and a perspective view frustum
angle are specified from which an image is rendered.

main

input geometry

¥

Jorm factors

¥

solution

¥

rendering

¥

dispiay

CURRENT IMPLEMENTATION’S STRUCTURE CHART

initialize decompose

radiosity
solution

randering

& <5

read liner system

environment solution

wirite solution
to file

initilaize

form factors
System

s0lve
system

T

I 1
initialize calculate wirite ff romy
hemicube DN Fos to file




MAIN ALGORITHMS

1. Environment decomposition

Given 0fu<u and 0SV<vy . :

max
DecomposeQuad (n, m)
S = {} ; // the resulting set of quadrilateral patches
ul 1 ] =0 ;
for i = 1 to

vl jJ +1 ] = vMax *

3 m
add the quadrilateral (
(
(
(

i i i o O

— — —

[ A

vijl=vl3+11;
endfor
ul 1] =ul 1 + 1 7 ;
endfor
return S ;
end

for mathematical details on surface parameters, see the appendices.

2. Form factor calculation

for i = 1 to patchCount do
for j = 1 to patchCount do F[ 1 ][ 7 1 = 0;
for i = 1 to patchCount do
place hemicube on patch i ;
project environment onto hemicube ;
for k = 0 to pixelCount do
if ( pixel[ k ] > 0 ) then
F[ 1 ][ pixel[ k ] ] += deltaFormFactor [ k ] ;
endfor
endfor

3. Radosity solution
Using Gauss-Seidel iterative approach, after guaranteeing a convergent solution process

while ( not converged ) do
limit = smallest floating point value ;
for i = 1 to patchCount do
previous = radiosity [ 1 ] ;
radiosity[ i ] = emission[ 1 ] ;
for j = 1 to patchCount do
radiosity[ i ] += coefficient[ i ][ j ] * radiosityl j 1
limit = max ( (radiosity[i] - previous)/radiosity[i]), limit ) ;
endfor
if ( limit < epsilon )

solution converged ;
endwhile

for mathematical details on linear system solution procedures, see the appendices.



RESULTS
1. Cornell box

Cornell box — vertex radiosities Cornell box — patch radiosities
2520 patches in the environment Computation was done on an Intel Pentium III at
Hemicube dimensions 100x100 pixels 500 MHz machine.
Form factor calculation : 570 seconds Images were displayed on a 800x600 framebuffer with
Radiosity solution : 22 seconds 32-bit color depth.

Smooth rendering is accomplished by transferring radiosity values from patches to vertices.
Vertex radiosity values are calculated by means of averaging adjacent patch radiosities for a shared
vertex.

2. Dining room

.
e

Dining room — angle/ Dining room — angle2
13218 patches in the environment Computation was done on an Intel Pentium IV at
Hemicube dimensions 100x100 pixels 1.7 GHz machine.
Form factor calculation : 13200 seconds Images were displayed on a 1024x768 framebuffer

with 16-bit color depth.



IMPLEMENTATION LIMITATIONS
Considering performance and time frame restrictions, current implementation of radiosity rendering
system is only able to handle convex quadrilaterals as it’s input.



APPENDIX



SURFACE PARAMETERS

1. Cartesian to parametric conversion:

Y

{u=f(x,y,2)
v=f(x,y,2)

_ M N -MM, _ [(x = x1 Jor —31)+ (=31 2 = y1)+ (2= 2 Nz2 = 21)]
| V=0V + 0z =0V + (2 -2

:W'W _ [(r = Joxg =20+ (=31 s —31)+ (2 =21 Mz — 21)]
|31, \/(x4 —x ) +(a-n )+ -2)




2. Parametric to Cartesian conversion:

¥
v
M, M,
(UD,‘UI ) (111 ?vl )
M, M,
» U
(uu 5v|:| ) (ul 5v|:| )
=
x=f(u,v)
y=7f(u,v)
z=f(u,v)
(uoavo) (”1»"0) (MO’Vl) (ulsvl)
X =X, X=X, +X, X=Xx,+x, X=Xx,+Xx,+X,
y:yO y:y0+yu y:y0+yv y:y0+yu+yv
z=z, z=z,+z, z=z,+z, z=2z,+2z, +z,
on 1@: on @:
('le _xMO) _ ”MOMl” (xM4 _xMo) _ ”M0M4”
X, u X, %
(yMl B yMo) — ”MOMl” (yM4 B yMo) — ||M0M4||
yll u yV v
(ZM1 _ZMO) _ ||M0M1|| (ZM4 _ZMO) _ ”M0M4”
Z u Z \%

u

v



VECTOR-PLANE INTERSECTION

-7 M
M,
M,

MM, :(xl — X0, )1 — Vo-21 —Zo)
MOM:(x_xO’y_yOaZ_ZO)
1t’s clear that
MM=t-M,M,
therefore :
X=X, :t-(x1 —xo):x:xo +t-(x1 —xo)
y=vo=t-0h=y)=>y=y,+1-(y, =) *

Z—Zozt'(Z]—ZO)Z>Z=Z0+l-(Zl —ZO)

Cartesian plane equation:

Ax+By+Cz+ D=0
substituting from * we get:

A(xo +t'(x1 _xo))+B(yo +t-(y1 —yo))+C(ZO +t'(zl _Zo))"'D:O
(Ax, + By, + Cz, + D)

t:_(A(xl _Xo)+B(y1 _yo)+c(21 _Zo))

A vanishing denominator indicates a no intersection case
Substituting t’s value in equations * we get the Cartesian coordinates of the intersection point



LINEAR SYSTEM SOLUTION
Gauss - Jakobi iteration

A-X=B
In detail:
a,x, +a,x, +--+a,x, =b

ay X, +apx, +---+a,,x, =b,

nl‘xl + anZ'xZ teeet ann‘xn - bn

Can be written in the form:
xXp =P+ apX, +apxs +o+a,x,

X, =B, +ayx +ayx; +ta,,x,

= ﬂn + anlxl + an2x2 teeet ann—lxn—l
where:

b.
ﬂl =—
a

a,
- j#i
i a;
0;j=i
i=12,---,n
=12,
Assumzng that the initial solution x'” equals

zero for all unknowns, we get the next
solution:

X' =4 =By, =B,

Genemlly, solution (k + 1) is obtained from:

kel) _ k)
(+) 'B—i_zaljf

j#l

i=12,n
k=12,n

Loop count is either predefined, or it’s
entered and stopped when the following
condition holds for any small positive &

‘x(ku) . xl(k)‘
MAX

1<i<n
k+1
‘xi( )

<&

To apply Gauss-Jakobi method efficiently, the
given system should fulfill convergence
criterion:

n

2.

j=1
i=12,---,n
generally the looping process is guaranteed

to be convergent when the following
inequalities fulfill

aij‘<1

%-‘ <la,|

Gauss - Seidel approach

Gauss-Seidel iteration is considered to
achieve better estimation, and is centered
around the following idea:

The calculation of the (k+1) order solution
for the unknown x, is being done by the use of
the same order (k+1) solutions for the
unknowns xj, x,..., Xi.;, and by the use of the
previous solutions (of order k) for the
unknowns xj+y, ..., X,

Thus:
n
SRRV IR Y
Jj=i+l
i=12,---,n
k=12,--,n

The initial solution is the zero vector, and the
above convergence conditions apply.






	A Traditional Approach
	BACKGROUND
	ABSTRACT
	I - INTRODUCTION
	II - FRAMEWORK
	III - FORM FACTOR CALCULATION
	
	
	
	HEMISPHERE ALGORITHM
	HEMICUBE ALGORITHM




	REFERENCES

	IMPLEMENTATION
	
	OUTLINE



	RESULTS
	APPENDIX

	SURFACE PARAMETERS
	VECTOR-PLANE INTERSECTION
	LINEAR SYSTEM SOLUTION
	Gauss - Jakobi iteration
	Gauss - Seidel approach


