VECTORS 									RP





" turn the problem around." Often a problem can be solved by looking at it                                upside down .  








1.The lines L� EMBED Equation.2  ���and L� EMBED Equation.2  ���are given by the equations 


   





   L� EMBED Equation.2  ���:  r = � EMBED Equation.2  ���  ,  L� EMBED Equation.2  ���: r = � EMBED Equation.2  ���


   (i) Calculate the angle between the directions of L� EMBED Equation.2  ���, L� EMBED Equation.2  ���; 


   (ii) Show that the lines do not intersect ;


  


  (iii)Verify that the vector a =  � EMBED Equation.2  ��� is perpendicular to each of the lines.





   The point P on L� EMBED Equation.2  ���is given by t = p ; the point Q on L� EMBED Equation.2  ���is given by s = q.Write down


    the  column vector representing  PQ .Hence calculate p and q so that the vectors PQ


    and a are parallel .


                                                                                                                                                                                                                                                                                


								(K/49/24/5)





Ans: (i) 30� EMBED Equation.2  ���;  PQ = � EMBED Equation.2  ���;  p = 1 , q = -2 .











2. The two lines with vector equations


               r = k + s (i +j ) and r = k + t (-i +k )


   intersect at the point A. Write down the position vector of A.


   Find a vector perpendicular to both of the lines and hence, or


   otherwise, obtain a vector equation of the plane containing the 


   two lines .


                                                                                     (Lond/Jan83/10)                                             


Ans: k ; (i - j + k ) ; (r - k ) . (i - j +k) = 0 .














                                                                                                                                                3 The position vectors, with respect to a fixed origin ,of the 


    points L,M and N are given by l, m  and  n respectively ,where


        l = a (i + j + k) , m =  a ( 2i +j ), n = a (j +4k)  and a is a non-


    zero constant. Show that the unit vector j is perpendicular to the 


    plane of the triangle LMN .


    Find a vector perpendicular to both j and (m - n), and hence,


    or otherwise, obtain a vector equation of that perpendicular 


    bisector of MN which lies in the plane LMN.


    Verify that the point K with position vector a (5i + j + 4k) lies


    on this bisector and show that K is equidistant from L,M and N.


 								(Lond/June83/15)


Ans: 2i + k ; r = a i + a j + 2a k + ( (2 i + k)





4.Find a unit vector which is in the opposite direction to the sum of 


   the vectors (3i +2j- k) and (-5i -3j +6k). Prove that this unit vector


   is perpendicular to the vector (9i -4j +2k) .


                                                                                	(Lond/Jan84/6)                                           


Ans: � EMBED Equation.2  ���(2i + j +7k)/� EMBED Equation.2  ���





5. Two straight lines are given by the equations


        r = 17i -9j +9k + ((3i +j +5k), 


        r = 15i -8j -k + ((4i +3j)


    where ( and ( are scalar parameters. Show that these lines


    intersect and find the position vector of their point of intersection.


    Find also the cosine of the acute angle contained by the lines.


                                                                          		(Lond/June84/12)                                                                                                                                                                                              


Ans: 11i -11j -k ; � EMBED Equation.2  ���





6.The points A and B have position vectors 4i +j -7k and 2i +6j +2k 


   respectively relative to the origin O.Show that the angle AOB is a 


   right angle .


   Find a vector equation for the median AM of the triangle OAB .


   Find also, in the form r.n = p, a vector equation of the plane OAB .


                                                                                                                                                                                                                                                                          (Lond/Jan85/11)


Ans: r = 4i +j -7k + ((-3i +2j +8k) ; r.(2i -j +k) = 0

















                                                                                                                           


                                                                                                                                              7.With respect to the origin O the points A,B,C have position vectors


      a (5i -j -3k ),  a (-4i +4j -k ),  a (5i - 2j +11k) 


   respectively, where a is a non-zero constant .


   Find (a) a vector equation for the line BC


          (b) a vector equation for the plane OAB ,


          (c) the cosine of the acute  angle between the lines OA and OB .


   Obtain, in the form r.n = p , a vector equation for� EMBED Equation.2  ���, the plane which 


   passes through A and is perpendicular to BC.


   Find cartesian equations for


          (d) the plane � EMBED Equation.2  ���


          (e) the line BC .


                                                                                                                       (Lond/June85/15)


Ans: (a) r = a (-4i +4j -k) + t (3i -2j +4k) 


        (b) r . (13i +17j +16k) = 0  (c) � EMBED Equation.2  ��� ; r.(3i - 2j + 4k) = 5a


        (d) 3x -2y +4z = 5a  (e)  � EMBED Equation.2  ���.





8.Referred to the origin O the points A, B and C have position vectors


   ( 12ai -7aj +5ak) ,  (-8ai -2aj +10ak ) and (4ai +13aj -11ak ) respe-


   ctively , where a is constant . Show that the vector ( i +2j +2k ) is 


   perpendicular to the plane ABC .


   Hence ,or otherwise, find a cartesian equation of the plane ABC .


                                                                                                                      (Lond/June86/11)


Ans: x +2y +2z = 8a .





9.With respect to an origin O the points A and B have position vectors


   3ai -2ak and ai +2aj +ak respectively, where a ( 0. Find


       (a) a vector equation of the line AB ,


       (b) cartesian equations of the line AB ,


       (c) the cosine of the acute angle between the line OA and the line


            AB .


                                                                                                                          (Lond/Jan86/8) 


Ans: (a) r = 3ai -2ak +( (-2ai +2aj +3ak)


        (b) � EMBED Equation.2  ��� ;  (c) � EMBED Equation.2  ���























10.With respect to an origin O , the position vectors of the points                                      


     L, M, and N are 


         a (4i +7j +7k), a (i +3j +2k) and a (2i +4j +6k) respectively,  


     where a is a scalar constant .


    (a) Find the vectors ML and MN .


    (b) Prove that cos ( LMN = 9/10 .


    (c) Prove that the area of ( LMN = (3a� EMBED Equation.2  ���)/2 .


                                                                                                                                                                                                                                                                        (Lond/June87/10)


Ans: (a) ML = a (3i +4j +5k) ; MN = a (i +j +4k)


                                                                                                                                            


11.Referred to the origin O , the points A and B have position vectors 


     a (4i -11j +4k) and a (7i +j +7k) respectively, where a is a constant.


    (a) Find a vector equation for the line passing through A and B in terms 


         of a parameter t.


     (b) Find the position vector of the point P on AB such that OP is perpe-


          ndicular to AB .


                                                                                                                                                                                                                                                                          (Lond/Jan87/10)


Ans: (a) r = a (7i +j + 7k) + t a (i +4j +k)


       (b) 3a (2i -j +2k) 





12. Show that if a and b are two non-zero vectors, the vector 


                           n = (b. b)a - ( a. b)b 


     is perpendicular to b .


     Relative to an origin O the points A and B have position vectors


     ( ci +cj +cb) and (ci -cj -ck) respectively, where c is a constant .


     Find 


     (a) a vector m which is perpendicular to the line OB and is parallel


           to the plane OAB,


     (b) a vector equation of the line l� EMBED Equation.2  ��� which passes through A and is par-


          allel to m .


     A second line l� EMBED Equation.2  ��� has equation 


                  r = ( ci - cj - ck) + t (2i - j - k) ,         


     where t is a parameter. Show that the lines l� EMBED Equation.2  ���and l� EMBED Equation.2  ��� intersect and find


     the position vector of their point of intersection .


                                                                                                                                                                                                                                                                          (Lond/Jan88/12)


    Ans: 2i +j +k ; l� EMBED Equation.2  ���: r = c (i + j +k) +((2i +j +k) ; -ci

















13.With respect to a fixed origin O,the straight lines l� EMBED Equation.2  ���and l� EMBED Equation.2  ��� are given by                               


     l� EMBED Equation.2  ���: r = i -j +( (2i +j -2k) ,


     l� EMBED Equation.2  ��� : r = i +2j + 2k + ((- 3i + 4k) ,


     where ( and ( are scalar parameters .


     (a) Show that the lines intersect .


     (b) Find the position vector of their point of intersection .


     (c) Find the cosine of the acute angle contained between the lines .


     (d) Find a vector equation of the plane containing the lines .


                                                                                                                                                                                                                                                                       (Lond/June88/13)


Ans: (b) 7i +2j -6k ; (c) 14/15 (d) r .(4i - 2j +3k) = 6


                                                                                                                                       


14.Referred to a fixed origin O, the point A has position vector 


    a (4i +j +2k) and the plane � EMBED Equation.2  ��� has equation r . ( i -5j +3k) =5a,


    where a is a scalar constant .


    (a) Show that A lies in the plane� EMBED Equation.2  ��� .


    The point B has position vector a (2i +11j -4k) .


    (b) Show that BA  is perpendicular to the plane � EMBED Equation.2  ���.


    (c) Calculate, to the nearest one tenth of a degree, ( OBA .


                                                                                                                                                                                                                                                                       (Lond/Jan89/12)


Ans: ( OBA = 22.3� EMBED Equation.2  ��� 





15.Planes � EMBED Equation.2  ���and � EMBED Equation.2  ��� have equations given by 


    � EMBED Equation.2  ���   : r.(2i -j +k) = 0 ,


    � EMBED Equation.2  ���   : r.(i +5j +3k) = 1, 


    (a) Show that the point A(2,-2,3) lies in � EMBED Equation.2  ��� .


    (b) Show that � EMBED Equation.2  ��� is perpendicular to � EMBED Equation.2  ��� .


    (c) Find, in vector form, an equation of the straight line 


         through A which is perpendicular to � EMBED Equation.2  ��� .


    (d) Determine the coordinates of the point where this line 


         meets � EMBED Equation.2  ��� .


    (e) Find the perpendicular distance of A from � EMBED Equation.2  ��� .


    (f) Find a vector equation of the plane through A parallel to  � EMBED Equation.2  ���.


                                                                                                                                                                                                                                                                       ( Lond/June89/14)


Ans: (c) r = 2i -2j +3k + ((2i -j +k) ; (d) (-1,-1/2,3/2)


        (e)� EMBED Equation.2  ���/2 ; (f) r.(2i -j +k) = 9




















16.Referred to a fixed origin O, the lines l� EMBED Equation.2  ���and l� EMBED Equation.2  ���  have equations                                           


                    r = 3i + 6j + k + s (2i -3j -k) ,


                    r = 3i - j + 4k + t (i -2j +k)


    respectively,where s and t are scalar parameters.


    (a) Show that l� EMBED Equation.2  ���and l� EMBED Equation.2  ��� intersect and determine the position vector 


         of their point of intersection .


    (b) Show that the vector (- i +3j +7k) is perpendicular to both l� EMBED Equation.2  ���and l� EMBED Equation.2  ���


    (c) Find, in the form r.n = p, an equation of the plane containing l� EMBED Equation.2  ���and l� EMBED Equation.2  ���.


                                                                                                                                                                                                                                                                      ( Lond/June90/12)


Ans: (a) i +3j +2k ; (c) r.� EMBED Equation.2  ��� 








                                                                                                                                         


17. Referred to a fixed origin O, the points A and B have position 


     vectors  a (5i - j - k) and  a (i - 5j + 7k)  respectively, where a


     is a positive constant .


    (a)  Find an equation of the line AB .


    (b)  Show that the point C with position vector  a(4i -2j +k) 


          lies on AB .


    (c)  Show that OC is perpendicular to AB .


    (d)  find the position vector of the point D, where D ( A, 


          on AB such that (OD(= (OA(.


                                                                                                             (Lond/Jan90/9)/8marks


Ans: (a) r = a� EMBED Equation.2  ���  ;  (d) a(3i - 3j +3k).








18. The position vectors of three points A,B and C with respect                                         


      to a fixed origin O are


             ((2i -2j +k) , ((4i +2j +k) and ((i + j + 3k)


     respectively, where ( is a positive constant.


     (a) Write down unit vectors in the direction of the lines CA 


           and CB and calculate( ACB , in degrees, correct to  


          1 decimal place .


     The mid-point of AB is M .


     (b) Find a vector equation of the straight line passing through 


          C and M .


     (c) Show that AB and CM are perpendicular .


     (d) Find the position vector of the point N on the line CM such


          that ( ONC = 90� EMBED Equation.2  ���.


                                                                                                      (Lond/Jan91/14)/13marks


Ans:  (a) 73.4� EMBED Equation.2  ��� (b) r = (� EMBED Equation.2  ���(� EMBED Equation.2  ��� ; (d) ON = ((i +j + 3k)� EMBED Equation.2  ���





 19.With reference to an origin O, the straight lines l� EMBED Equation.2  ��� and  l� EMBED Equation.2  ���  have


      equations 


	l� EMBED Equation.2  ���: r = pi - 2j +2k + ((i - k)


	l� EMBED Equation.2  ���: r = 3i - j + ((2i + j -3k)


      where ( and ( are scalar parameters and p is a scalar constant.             


     


     The lines intersect at the point A .


     (a) Find the coordinates of A and show that p = 2.


     The plane � EMBED Equation.2  ���passes through A and is perpendicular to l� EMBED Equation.2  ���.


     (b) Find a cartesian equation of  � EMBED Equation.2  ���.


     (c) Find the acute angle between the plane � EMBED Equation.2  ���and the line l� EMBED Equation.2  ���, 


           giving your answer in degrees to 1 decimal place .


                                                                                                  (Lond/June91/14)/11marks      


 Ans:                                                                                                                                           





                                                                                                 


20.With respect to a fixed origin O, the point A has position


     vector 2i -j +3k.The  line l passes through A and is parallel


     to the vector -i +2j -2k . 


    (a) Giving your answer to the nearest degree , calculate the 


        acute angle between OA and l .


    The point B with position vector 3i +uj +vk lies on l .


    (b) Calculate the values of u and v .


                                                                                                         (Lond/Jan92/9)/9marks


Ans: (a) 27 0  (b) u = -3 , v = 5 . 


       
