


		Integration + Soln. of Differential Equns.           RP         " A problem arises whenever the key factor is hidden ; you don't see it because  it looks like an inconspicuous bit of background ."-Rudolf Flesch .





�
�



1.Given that   � EMBED Equation.2  ���            


		


   find the values of the constants A and B.


   Hence,or otherwise,evaluate


                       


         		� EMBED Equation.2  ���			


						(Lond/Jan85/Q7)/6marks.


                                                                                                      			


Ans: A= -1, B=1, ln 2 - 1/2 .





2.The gradient of a curve at any point (x,y) on the curve is di-


  rectly proportional to the product of x and y.The curve passes


  through the point (1,1) and at this point the gradient of the   


  curve is 4.Form a differential equation in x and y and solve 


  this equation to express y in terms of x.


                                                                                          (Lond/Jan85/Q8) /6marks.   


          


Ans: 	dy/dx = 4xy , y = e� EMBED Equation.2  ���                          





3.  (i).  � EMBED Equation.2  ���                          


By using the substitution x = 2tan ( , evaluate


		� EMBED Equation.2  ���.


							(Lond/Jan85/Q15)/10marks.


                                                                                                        


Ans:  (i) � EMBED Equation.2  ���  (ii) � EMBED Equation.2  ���




















4. Using the trapezium rule with 6 ordinates, find, to 5        


    sig.figs,  approximations for:


         


   (i) � EMBED Equation.2  ���  (ii) � EMBED Equation.2  ���   (iii) � EMBED Equation.2  ���


                                                                                    (H/202/4.3:1/2)                                            


Ans: (i) 14.539 (ii) 4.3558 (iii) 1.3686 .       





5. In each of the following cases find y in terms of x,sketch the                                     


graph of y against x and find the equation of the tangent at the point (1,1):





  (i) dy/dx  + 2xy =0;y = 1 when x = 1


     


                


  (ii) xdy/dx + (2x  - 1) y = 0;y = 1 when x = 1


                                                                                (H/207/4.4:2/5)                                    





Ans: (i) y = e� EMBED Equation.2  ��� ,  y = -2x+3   (ii) y = xe� EMBED Equation.2  ��� , y = -x + 2 





6. Find y in terms of x when





    x dy/dx + y = xy  ; y = 1/e when x = 1


     


  Show that the minimum value of y is 1/e.Sketch the graph of y


  against x.


                                                                                                           (H/207/ 4.4:2/7) 


Ans: � EMBED Equation.2  ���e� EMBED Equation.2  ��� 


 			 





7.Find y in terms of x given that


                   x� EMBED Equation.2  ��� = y (y +1)


   and y = 4 when x = 2 .


                                                                                             (Lond/June82/8)/ 7marks


Ans: y = � EMBED Equation.2  ���                   





8.Find (a) � EMBED Equation.2  ���,  (b)  � EMBED Equation.2  ���                                  .


                                                                   (Lond/June82/12)/8marks 


Ans:� EMBED Equation.2  ���   (b) � EMBED Equation.2  ���


 





9.Show that the area of the finite region enclosed by the line 


   y = 4x and the curve y� EMBED Equation.2  ��� = 16x is 2/3 .


                                                                           (Lond/Jan83/3)/4marks .                              








10.Solve the differential equation 


                                       dy/dx = � EMBED Equation.2  ���  ,                             


    where y =2 when x = 1, giving y in terms of x .


                                                                              (Lond/Jan83/13)/10marks 


Ans: y = (x� EMBED Equation.2  ��� +3)/(3 -x� EMBED Equation.2  ���)





11.Express � EMBED Equation.2  ��� 


                        


    in partial fractions .


    Hence , or otherwise , solve the differential equation 


               � EMBED Equation.2  ��� ,


    given that y = -1 when x = 0 .


                                                                                      (Lond/June 83/13)/10marks.


Ans: y =(x -1)/(x +1) 





12.Evaluate  .


                  � EMBED Equation.2  ���


.						         (Lond/Jan84/3)/5marks


Ans:   -2(                    





13. Find the area of the region enclosed by the curve with 


     equation  y = x sin x , the x- axis and the lines x = (/4 ,


      x = (/2


                                                                                           		


						(Lond/June84/7)/6marks      


   Ans  1 - (1- (/4)/� EMBED Equation.2  ��� 

















14.A water tank has the shape of an open rectangular box of 


     length 1 m, width 0.5 m and height 0.5 m. Water may be 


     drained from the tank through a tap at the bottom of the tank,


     and it is known that, when the tap is open, water leaves at a 


     rate of 100 h litres per minute, where h m is the depth of 


     water in the tank. When the tap is open, water is also fed into 


     the tank at a constant rate of 50 litres per minute and no water 


     is fed into the tank when the tap is closed. Show that, t minutes


     after the tap has been opened, the variable h satisfies the differe-


     ntial equation 


                       10� EMBED Equation.2  ���  = 1 - 2h .


     On a particular occasion the tap was opened when h = 0.25


     and closed when h = 0.375 . Show that the tap was opened


     for 5 ln 2 minutes .


                                                                                       (Lond /June84/13)/10marks .





15.Given that  e� EMBED Equation.2  ���  and that y = 0 when x = 0,


     express e� EMBED Equation.2  ��� in terms of x .


                                                                                          (Lond/June85/10)/ 7marks


Ans:  e� EMBED Equation.2  ���                                         





												   


16. (i) Find � EMBED Equation.2  ���  ,    


     (ii) By using the substitution  x = 2 sin( , or otherwise, 





          evaluate  � EMBED Equation.2  ���


         	                                                            (Lond/June85/13)/11marks 			  


Ans:  (i) ln� EMBED Equation.2  ��� ;   (ii) � EMBED Equation.2  ���





17.Evaluate  � EMBED Equation.2  ���


       							(Lond/June86/3)/4marks 


Ans: -� EMBED Equation.2  ���





18. Express  � EMBED Equation.2  ��� in partial fractions .


     Solve the differential equation 


                 (x +1)(x +2) dy/dx = x(y +1) 


    for  x ( -1 , given that y = � EMBED Equation.2  ��� when x = 1.Express your 


    answer in the form y = f(x) .


                                                                 	(Lond/June86/14)/10marks 


Ans:� EMBED Equation.2  ���  ; y = -1 + � EMBED Equation.2  ��� 





19.Use the binomial expansion to express  � EMBED Equation.2  ���as a 


     polynomial in x .


     Hence, or otherwise , verify that 


       � EMBED Equation.2  ��� .


     Use this result to evaluate 


         		� EMBED Equation.2  ���


                             


     and deduce that  ( ( 22/7 .


                                                                	(Lond/June86/16)/13marks 


Ans: � EMBED Equation.2  ���; � EMBED Equation.2  ��� .








 


     


       


                            


												     RP


20.Given that  f(x) ( � EMBED Equation.2  ���     


    find  ( f(x)dx  


      (a) by first expressing f (x) in partial fractions ,


      (b) by using the substitution x = tan (


    Hence , or otherwise, show that, for x ( 0 , the solution of the 


    differential equation 


                                 dy/dx = y f (x) ,


with y = � EMBED Equation.2  ��� when x = 1, may be expressed in both of the forms 


y = sin(arc tan x) and y = � EMBED Equation.2  ���   


       						(Lond/Jan86/13)/14marks


                                                                                                          


Ans: (a) ln� EMBED Equation.2  ���  (b) ln[sin(arc tan x)] +k � EMBED Equation.2  ���





21.Given that x and y are positive , find the general solution of the 


     differential equation 


                                   dy/dx = - � EMBED Equation.2  ���.


     Show that the solution for which y = e when x =1 may be 


     expressed in the form 


                                    y = e� EMBED Equation.2  ���                                               (Lond/Jun 87/5)/5 marks


                                     


  Ans : ln y = 1/x + const .





22. Express � EMBED Equation.2  ���    in partial fractions .





     Use the substitution  t = tan x  to show that 


       � EMBED Equation.2  ���


Hence show that � EMBED Equation.2  ���.              





 							(Lond/Jun87/9)/ 9marks


  Ans : � EMBED Equation.2  ��� .   








23. Solve the differential equation 


                           dy/dx = 2 � EMBED Equation.2  ��� ,  x ( 0 ,


     given that y = 4 when x = 1 .


     Hence express y in terms of x .                                              (Lond/Jan 87/4)/5 marks.


  


   Ans: y = 4x� EMBED Equation.2  ��� . 





24.Evaluate  (a) � EMBED Equation.2  ���  ,  (b)  � EMBED Equation.2  ���                                 (Lond/Jan87/7)/7 marks.





 Ans: (a) e� EMBED Equation.2  ���  (b) � EMBED Equation.2  ���.





25. Using the same axes , sketch the curves with equations


                 y� EMBED Equation.2  ���and x� EMBED Equation.2  ���.


     Verify that the curves intersect at the two points (0,0)


     and (4,4) .


     Hence find the area of the finite region enclosed by the  curves.       


							 (Lond/Jan88/7)/7 marks





 Ans: 5� EMBED Equation.2  ���unit.





26.Express  � EMBED Equation.2  ���  in partial fractions. 


    Hence find the solution of the differential equation 


             � EMBED Equation.2  ��� ,  x ( -1 , 


    given that y = 2 when x = 1 .


    Express your answer in the form y = f(x) .                                   


							   (Lond/Jan88/11)/9 marks.





Ans:  � EMBED Equation.2  ���.;  y = 2� EMBED Equation.2  ���








27.Express  � EMBED Equation.2  ��� in the form � EMBED Equation.2  ��� where 





   A and B are constants .


   Given that x ( 0, find the general solution of the differential  


   equation 


		(1+x)(1+2x)� EMBED Equation.2  ���


                  


                                                                                               (Lond/Jun88/9)/7 marks.


 Ans : � EMBED Equation.2  ��� ; ln A� EMBED Equation.2  ���





28.Show that 


     (a)  � EMBED Equation.2  ���   (b) � EMBED Equation.2  ��� .


    Sketch and label the region R defined by


          x ( 0, y ( 0, y ( cos x, x ( (/2 .    


   Find in terms of (


   (c) the x-coordinate of the centroid of the region R,


   (d) the y-coordinate of the centroid of the region R.


   Find also , in terms of (, the volume obtained when the region 


   R is revolved through 2( about the x-axis 


                                                                      	  (Lond/Jun88/15)/14marks.                         		


Ans: (c)  � EMBED Equation.2  ���   (d) � EMBED Equation.2  ��� ;  � EMBED Equation.2  ��� unit� EMBED Equation.2  ���





29. Express � EMBED Equation.2  ��� in partial fractions.





     Given that x ( 0, find the general solution of the differential 


     equqtion


                      (3x+2)(x+3)� EMBED Equation.2  ���  .      


     Given further that y = 6 when x = 4, express y in terms of x .


                                                                                                (Lond/Jan89/9)/7 marks.





 Ans: � EMBED Equation.2  ��� ; y = � EMBED Equation.2  ���.





30.(a) Sketch the curve y = 2x2 - 1, showing on your sketch 


     the coordinates of the points at which the curve meets the 


     coordinate axes.


     The region R is the finite region bounded by the curve and


     the line y = 1.


    (b) By using � EMBED Equation.2  ���, with appropriate limits, find the area 


     of R.


    A uniform thin sheet is made in the shape of R.


    (c) Determine the position of the centre of mass of this


    sheet.


      ( This part not in the syllabus)


                                                                                       (Lond/Jan89/14)/12marks 








Ans: (a) A = -� EMBED Equation.2  ���    (b) 2� EMBED Equation.2  ���  (c) 1/5 from O.





	� EMBED PBrush  ���





31. f(x) = � EMBED Equation.2  ��� .


     Express f(x) in partial fractions .


     Hence evaluate � EMBED Equation.2  ���


                                            				(Lond/Jun89/11)/7marks 


Ans: � EMBED Equation.2  ��� ln 2





32.Given that y ( � EMBED Equation.2  ��� and 0 ( x ( � EMBED Equation.2  ���(, find the general solution of


     the differential equation 


                                   (dy/dx)tan 2x = 2y -1.


    Given further that y =1 at x = � EMBED Equation.2  ���(, find the value of y at x = � EMBED Equation.2  ���(.  


               						(Lond/Jun90/7)/7marks.                                                                                         


Ans: y = � EMBED Equation.2  ���;  1.11





33.Find the value of each of the constants A,B and C for which 


     � EMBED Equation.2  ���


    


    Hence evaluate � EMBED Equation.2  ���


                                                                        		(Lond/Jun90/9)/8marks.                                    


Ans: A = 3 , B =2 , C = -2 ; 2.455














34.(a) � EMBED Equation.2  ���                 (b) � EMBED Equation.2  ���


                                                             		(SPI Trial Exam/96)


Ans: (a) e - 2  (b) � EMBED Equation.2  ���





35.(i) Evaluate the indefinite integrals


� EMBED Equation.2  ���	;    (b) � EMBED Equation.2  ���.


By means of the substitution x = (-y, or otherwise, show that 


			� EMBED Equation.2  ���.


Hence evaluate 	 


			� EMBED Equation.2  ��� .


Evaluate 


			� EMBED Equation.2  ��� .


								(Oxford/Camb/Jun70)	


Ans: (i) (a) 8tanh� EMBED Equation.2  ��� (b) � EMBED Equation.2  ���


         (ii) � EMBED Equation.2  ��� (iii) � EMBED Equation.2  ���


         


(i) Find the equation of the curve which passes through the point (0,1) and


which satisfies the differential equation 


			� EMBED Equation.2  ��� .


By making the substitution y = vx (where v is a function of x) show that the differential equation 


			x� EMBED Equation.2  ���


reduces to 	� EMBED Equation.2  ���


Hence find the general solution of the original equation.


							         (Oxford/Camb/Jun70)	





Ans: y = � EMBED Equation.2  ���











37.(i) Find the general solution of the differential equation 


			� EMBED Equation.2  ���


and hence obtain the particular solution of the differential equation 


			� EMBED Equation.2  ���


which satisfies the boundary condition y = 1 when x = 0 and y = 0 when x = � EMBED Equation.2  ���.





Find the equation of the curve which passes through the origin and satisfies 


the differential equation 


			� EMBED Equation.2  ���


Show that the origin is a stationary point and find whether it is a maximum ,


minimum, or point of inflexion.


								(Oxford/Camb/Jun71)		





Ans (i) y = a sin[2(x+b)] where a and b are constants; y = 1- sin 2x	


       (ii) 6y + 2y� EMBED Equation.2  ���; (0,0) is a min point.


(i)  Evaluate    � EMBED Equation.2  ���	


giving your answers to three significant figures.





Evaluate   � EMBED Equation.2  ���


Evaluate    � EMBED Equation.2  ���


and by means of the substitution x = � EMBED Equation.2  ��� - y, or otherwise,


deduce the value of  


			� EMBED Equation.2  ��� .


							(Oxford/Camb/Jun71)	


Ans: (i) 0.128  (ii) 2 	




















39.(i)  Evaluate 


� EMBED Equation.2  ��� ,    (b)  � EMBED Equation.2  ���  ,   (c) � EMBED Equation.2  ��� ,


Explain very briefly, why, in all three cases, you would expect your 


answers to be positive. 		





By considering the curve y = x� EMBED Equation.2  ���, or otherwise, find the limit, as n � EMBED Equation.2  ���,


of the expression 


	� EMBED Equation.2  ���.


							(Oxford/Camb/Jun73)	


Ans: (i) (a) 1/3  (b) � EMBED Equation.2  ��� © � EMBED Equation.2  ���


         (ii) 4





(i) Find  (a) � EMBED Equation.2  ��� ,  (b) � EMBED Equation.2  ���		


Evaluate � EMBED Equation.2  ���	


By considering the area under the curve y = x� EMBED Equation.2  ���, or otherwise, prove that,


for any N ( 0 ,


	� EMBED Equation.2  ��� ( (N+1)� EMBED Equation.2  ���- N� EMBED Equation.2  ���	( � EMBED Equation.2  ���.


							(Oxford/Camb/Jun74)	


Ans: (i) (a) � EMBED Equation.2  ��� (b) � EMBED Equation.2  ���


� EMBED Equation.2  ���






































(i) If u is a function of x , and y= xu(x) , find � EMBED Equation.2  ��� in terms of u, x, and � EMBED Equation.2  ���.


	         Find the general solution
