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Objective
The purpose of this paper is to derive Ohm’s Law using Quantum Mechanics Principles.
Approach
Ohm’s Law will be derived in three different ways: a) using Classic Physics b) using
Quantum Mechanics Schroedinger’s Equation in an equivalent way to the Classic
Physics solution and ¢) using Quantum Principles of Scattering Theory.
Note: Equation numbers, when given in square brackets [], correspond to the equations
used in the 2 textbooks used as reference. The corresponding pages are included at the
end of this document for convenience. Equations numbered (1.x) are derived as part of
this paper.
a) Classic Physics Approach

The average velocity of the electrons in direction x (current flowing in the —x direction) is

called the drift velocity, v4. At a given time, the current density Jx depends on the drift
velocity and the applied electric field. This relation is expressed as:

J (1) = env, (1) 2.2]
The drift mobility, #,, is defined as
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where e is the electron charge, m, is the mass of the electron and 7 is the mean scattering
time. Relating the drift velocity in terms of the drift mobility, we have:

v, =LE. [2.3]
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which is equivalent to:
v, =M, E. [2.4]
where E _is the electric field in the x direction. Replacing [2.4] in [2.2] we obtain:

J =enu,E. [2.6]



Therefore, the current density is proportional to the electric field and the conductivity o is
the term multiplying E _, that is,

o =enu, [2.7]
Replacing [2.7] in [2.6] we have:

J =oF

Since resistivity p is the inverse of the conductivity o, thatis, p =1/0c, we obtain

J =Lk,

o,

If we have a conductor (or resistor) of cross-section area, 4, and length L, we multiply the
current density J by the cross-section area 4 to obtain the current /7, multiply the
resistivity p by the length L to obtain the resistance R, and multiply the electric field £ by
the length L to obtain the voltage V, as follows:

J A= LEXL
pL
1-Ly
R

or simply V = IR which is the Ohm’s Law.

b) Quantum Mechanics Approach: Schroedinger’s Equation

In this approach we model the electron as a wave, not as a particle. More exactly, we
model the electron as a wavefunction using Schroedinger’s Equation. Since the solutions
to Schroedinger’s Equation behave like traveling waves, we can obtain the equivalent
translation velocity of the wave in the x direction, assuming that the electron is moving in
that direction under the influence of an electric field in the same direction x.

Since the electrons are expected to move in only one direction in average (scattering
actually makes electrons move in all directions), we can use the time-independent one
dimension Schroedinger’s Equation:

2
d t,//+2m
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where E is the free electron potential energy and V is the potential energy due to the
electric field, in this particular case.

For an electron moving under the effect of an externally applied electric field, the free
electron potential £ can be neglected, since most of the energy of the electron is due to
the electric field. Therefore,

d*v 2m
a
or
d’v .,
? +k Y = 0
where k* = —;—TV . Solving the differential equation we obtain:
w(x) = Ae’™ or w(x)=Be ™

The total wavefunction is obtained by multiplying w(x) by e"*'" . We can define a

jat .

fictitious frequency for the electron as @ = E/# and multiply y(x) by e~
w(x) = e/ or w(x) = Be /)
Each of these is a traveling wave. The first solution is a traveling wave in the +x direction

and the second one is in the —x direction. Thus, the electron has a traveling wave solution
with a wavenumber k =27 /A . The energy of the electron is its kinetic energy:

(nk )
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but the kinetic energy of the electron as a particle is:
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from which we can derive the equivalent quantum drift velocity:






e A constant value block labeled Selector, to control the multiport switch. When its
value is 1, the input comes from the sliders (manual valves); when its value is 2,
the input comes from the random number generator.

e Two To-Workspace block, to save the input and output variables to MATLAB
variables invar and outvar

e Function blocks, labeled 4, B, Level and Temp. These blocks split the 2-column
matrices into 1-column vectors for individual displaying

e Four Displays to show the input and outputs of the fuzzy controller

The following pages will describe how to setup the parameters of each block.
1) The Uniform Random Number generator, can be found on the Simulink — Sources

Library. These are the parameters for a 2-column matrix random number
generator. The Sample time = 1 (one time unit).

Block Parameters: Random Chemical Quantities

Unriform Flandom MNurmber

COutput & uniformly distributed random signal. Dutput iz repeatable for a
given seed.

Farameters
Pirirnim:

(0]

GER

|[1000 1000]

Initial seed:
|1 0]

Sample time;
|1

v |nterpret vector parameters az 1-0

0k l Cahcel | Help I |

2) The Slider Gain blocks are found under Simulink — Mah Library. Set the Lower
value to 0 and Maximum value to 1000 (for 0-1000 grams) for both sliders

3) The Matrix Concatenation Block is found under Simulink — Signals & Systems
Library. These are the parameters:
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Block Parameters: Matrix Concatenation x|

— Matrix Concatenation [maszk] [link]

Perfarm harizontal ar vertical concatenation. 1-0 wectar input zsighals are
treated as column vectors, e, [Me1] matices. The output iz always a
rriatris,

— Parameters
MHumber of inputks:

E

Caoncatenation method: IHDriz::lntaI ;I

] I Cancel | Help | Apply |

4) The Multiport Switch is found under Simulink — Non LinearLibrary. These are
the parameters:

' Multi'PDrt SW“CI"I' e T

Fazz through the input signals coresponding to the truncated value of
| the first input.

e e e e e
| Mumber of inputs:

k. I Cancel Help Ay

5) The Constant Value block for the Selector, can be found under Simulink —
Sources Library. Double click on the block and enter the desired value.

6) The To Workspace Block can be found under Simulink — Sinks Library. Double
click on the block and enter the name of the MATLAB variable. Make sure to use
Save Format = Array as shown below.
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Block Parameters: To Workspace

I TEI WD[kSpaCE T o Ty e

Wfrite input to specified array or stucture in MATLAB's main waorkzpace.
| Data iz not available until the simulation iz stopped or paused,

S e e e e e et
| Yariable narme:

Limit data points to last:
finf

i Crecimation:
|1
5 ample time;
[

| Save fomat: ;-'*'-rra_'r' _:_j

] ] Cancel Help J Spply J

7) The Function block can be found under Simulink — Functions & Tables Library. It
is mandatory that the input to the block is named u. To select column 1, double
click on the block and enter u(1); for column 2 enter #(2). To name the input to
the block, click on the line, select the Edit menu, Signal Properties, and in the
Signal Name box enter u.

Block Parameters: & X

r ] 5 R Rt

General expreszion block. Use "u' az the input wariable name.
Exarnple: zinfu[1] * expl2.3 " -ul211]

i
i E=pression:

SADa e LA T S Cats LD e s T e b el e e T e Dt D e T

k. l Cancel Help Apply i

8) The four displays can be found under Simulink — Sinks Library. The default
display has been changed by right-click the mouse on the display. The
Background Color was changed to black, the Foreground Color to red and the
Font size was increased to 26. The resulting display is shown below.
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Block Parameters: Chem A X

Dizplay

MHurmeric: dizplay of input values.

Parameters
Fomat, | RS ~
Decimation:

1
[ Floating dizplay
Sample time:

|st

] | Cancel Help | |

Notice the Sample Time = st. This is usually a number, multiple of the fastest sampling
rate in the system (in this case 1, the random number generator). However, depending on
the computer you are using, the display may change too fast or too slow. Since we have 4
displays, instead of changing the value on the four displays until the rate of change is
acceptable, we use a MATLAB variable named st. This way, we only need to change the
value of st and all displays will change the sample time. From the MATLAB prompt,
type in:

>> st=50);
After running and stopping the simulation, using the Random Number Generator, the
resulting input and output variables are stored on MATLAB variables. To verify this,
enter the following command on the MATLAB prompt:
>>whos
MATLAB responds with something like this:

Name Size Bytes Class

ans Ix1 8 double array

invar  1352x2 21632 double array
outvar 1352x2 21632 double array

st Ix1 8 double array
tank Ix1 21414 struct array
tout  1000x1 8000 double array

As you can see we have a 2-column matrix for the input variables (chemical quantities),
invar, and a 2-column matrix for the output variables (Water Level and Temperature),
outvar.
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To show a simple example of how to split the matrices into individual vectors and plot
them, enter the following code at the MATLAB prompt.

chemA=invar(:,1);
chemB=invar(:,2);
Level=outvar(:,1);
Temp=outvar(:,2);

%plot the first 20 points; Level and temperature are scaled (10 times)
plot(chemA(1:20),'r");hold on;

plot(chemB(1:20),'d');hold on;

plot(10*Level(1:20),'g");hold on;

plot(10*Temp(1:20),'c");hold on;

grid on;

The resulting plot with the 4 variables will show something like this.
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