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Abstract. This paper introduces a new out-of-core sparse symmetric indef-inite factorization method.We present a new out-of-core sparse symmetric-inde�nite factorization algorithm. The most signi�cant innovation of the newalgorithm is a dynamic partitioning method for the sparse factor. This par-titioning method results in very low input-output traÆc and allows the algo-rithm to run at high computational rates even though the factor is stored ona slow disk. Our implementation of the new code compares well with bothhigh-performance in-core sparse symmetric-inde�nite codes and with a high-performance out-of-core sparse Cholesky code. More speci�cally, the new codeprovides a new capability that none of these existing codes has: it can factorsymmetric inde�nite matrices whose factors are larger than main memory; itis somewhat slower, but not by much. For example, it factors, on a conven-tional 32-bit workstation, an inde�nite �nite-element matrix whose factor sizeis about 10 GB in less than an hour.1. IntroductionWe present a method for factoring a large sparse symmetric inde�nite matrix A.By storing the triangular factor of A on disk the method can handle large matriceswhose factors do not �t within the main memory of the computer. A dynamic I/O-aware partitioning of the matrix ensures that the method performs little disk I/Oeven when the factor is much larger than main memory. Our experiments indicatethat the method can factor �nite-element matrices with factors larger than 10 GBon an ordinary 32-bit workstation (a 2.4 GHz Intel-based PC) in 1{2 hours.This method allows us to solve linear systems Ax=b with a single right-hand-sideand linear systems AX = B with multiple right-hand side eÆciently and accurately.Linear systems with a symmetric inde�nite coeÆcient matrix arise in optimization,in �nite-element analysis, and in shift-invert eigensolvers (even when the matrixwhose eigendecomposition is sought is de�nite).Linear solvers that factor the coeÆcient matrix into a product of permutation,triangular, diagonal, and orthogonal factors are called direct methods. Our methodis direct, and it decomposes A into permutation, triangular, and block-diagonalfactors (the block-diagonal factor has 1-by-1 and 2-by-2 blocks). Compared toiterative linear solvers, direct solvers tend to be more reliable and accurate, butthey sometimes require signi�cantly more time and memory. In general, directsolvers are preferred either when the user has little expertise in iterative methods,or when iterative methods fail or converge too slowly, or when many linear systemswith the same coeÆcient matrix must be solved. In many applications, such as�nite-element analysis and shift-invert eigensolvers, many linear systems with thesame coeÆcient matrix are indeed solved, and in such cases a direct solver is oftenthe most appropriate.The size of the triangular factor of a symmetric matrix and the amount of workrequired to compute the factorization are sensitive to the ordering of the rows andcolumns of the matrix. Therefore, matrices are normally permuted into a formwhose factors are relatively sparse prior to the factorization itself. Although theproblem of �nding a minimal-�ll ordering is NP-complete, there exists e�ectiveheuristics that work well in practice (as well as provable approximations that havenot been shown to work well in practice). Even when the matrix has been preper-muted using a �ll-reducing permutation, the factor is often much larger (denser)than the matrix, and it may not �t in memory even when the matrix �ts comfort-ably. When the factor does not �t within main memory, the user has three choices:either to resort to a so-called out-of-core algorithm, which stores the factors on disk,to switch to an iterative algorithm, or to switch to a machine with a larger memory.Since machines with more than a few gigabytes of main memory are still beyond



AN OUT-OF-CORE SPARSE SYMMETRIC INDEFINITE FACTORIZATION METHOD 3the reach of most users, and since iterative solvers are not always appropriate, thereare cases when an out-of-core method is the best solution.The main challenge in designing an out-of-core algorithm is ensuring that it doesnot perform too much disk input/output (I/O). The disk-to-memory bandwidth isusually about two orders of magnitude lower than the memory-to-processor band-width. Therefore, to achieve a high computational rate, an out-of-core algorithmmust access data structures on disk infrequently; most data accesses should be todata that is stored, perhaps temporarily, in main memory. Algorithms in numericallinear algebra achieve this goal by partitioning matrices into blocks of rows andcolumns. When the matrices are dense, relatively simple 1- and 2-dimensional par-titions into blocks of consecutive rows and columns work well; when the matricesare sparse, the partitioning algorithm must consider the nonzero structure of thematrices. Essentially the same partitioning strategies are used whether the I/O isperformed automatically by the virtual-memory system (or by cache policies higherin the memory hierarchy), or explicitly using system calls. In general, explicit I/Otends to work better than virtual memory when data structures on disk are signi�-cantly larger than memory. Explicit I/O is the only choice when the data structureson disk are too large to �t into the virtual address space of the program (larger than2{4 GB on 32-bit processors, depending on the operating system).To the best of our knowledge, our algorithm is the �rst out-of-core sparse sym-metric inde�nite factorization method to be proposed. Several out-of-core methodshave been proposed for the somewhat easier problem of factoring a symmetric pos-itive de�nite matrix, most recently by Rothberg and Schreiber [17] and by Rotkinand Toledo [18]. Gilbert and Toledo proposed a method for the more general prob-lem of factoring a general sparse unsymmetric matrix [9]. This algorithm is morewidely applicable than the algorithm that we present here, but it is also signi�cantlyslower. For earlier sparse out-of-core methods, see the references in the articles citedabove.Our new method is based on a sparse left-looking formulation of the LDLTfactorization. Our code is not the �rst left-looking LDLT code [4], but to the best ofour knowledge a left-looking formulation has never been described in the literature.We partition the matrix into compulsory subtrees [18] to achieve I/O eÆciency, butthe matrix is partitioned dynamically during the numeric factorization, to accountfor pivoting. (The method of [18] partitions the matrix statically before the numericfactorization begins.) To achieve a high computational rate, we have implemented apartitioned dense LDLT factorization, which we use to factor large dense diagonalblocks; the corresponding lapack routine cannot be used in sparse codes.Our implementation of the new algorithm is reliable and performs well. On a2.4 GHz PC, It factors an inde�nite �nite-element matrix with about a million rowsand columns in less than an hour, producing a factor with about 1:3�109 nonzeros(more than 10 GB). A larger matrix, whose factor contained about 3:3�109 nonzerostook about 9.5 hours to factor. On this machine, the factorization runs at a rateof between 1 and 2 billion 
oating-point operations per second, including the diskinput-output time.The paper is organized as follows. The next section provides background onsparse symmetric inde�nite factorizations. The section that follows presents ourleft-looking formulation of the factorization; we use this formulation in both in-core and out-of-core codes. Section 4 presents our new out-of-core algorithm andits implementation. Section 5 presents our experimental results, and Section 6presents our conclusions.



4 OMER MESHAR2. BackgroundThis section provides background material required for the rest of the thesis. The�rst part of this section describes the fundamentals of sparse symmetric inde�nitematrices and factorizations. The second part presents the basics of Out-of-Corealgorithms and their use. This part follows quite closely the observations of SivanToledo's survey on out-of-core algorithms [20].2.1. Sparse Symmetric Inde�nite Matrices. In many applications, there liesa need to solve linear systems, Ax = b, where A is the matrix coeÆceint, b isthe vector of right-hand-side values and x is the vector of variables we are lookingfor (in general, we might have AX = B, where B is multiple right-hand-sides). When there are signi�cantly less nonzeros then entries in A, we call A sparse,and we can exploit the sparseness of A by using special data structures, whichconsume less memory than regular dense matrices. In many linear systems, A isoften symmetric, aij = aji, a fact that again can be exploited for better performanceand less memory needs. (In this work we have used the compressed-column-storagescheme to represent sparse symmetric matrices .)Symmetric matrices are classi�ed into two groups: positive-de�nite matrices andinde�nite matrices. A positive-de�nite matrix is a symmetric matrix A for whichthe quadratic xTAx is positive for all nonzero vectors x, or , equivalently, for whichall the eigenvalues are positive. In the positive de�nite case, there exists a lower-triangular matrix C such that A = CCT . Factoring A into CCT is called theCholesky factorization of A. A symmetric matrix that has both positive and neg-ative eigenvalues, is called inde�nite. This is of course, by its de�nition, the moregeneral case of the symmetric matrices. In this case, there exist a permutationmatrix P , a unit lower-triangular matrix L (has 1's on the diagonal) and a block di-agonal matrix D, with 1-by-1 and 2-by-2 nonzero blocks such that A = PLDLTP T .For example: (here P = I )A = 24 0 � 0� 0 10 1 1 35 = 24 10 11� 0 1 3524 0 �� 0 1 3524 1 0 1�1 01 35 = LDLTFinding such P ,L and D is the goal of the symmetric inde�nite factorization.In order to solve linear systems eÆceintly, we �rst factorize the coeÆceint A intoa produce of permutation, triangular and diagonal (block-diagonal) matrices. Thisallowes us to utilize the simple and quick algorithms of solving triangular and di-agonal linear systems. For example, let us assume that A is symmetric inde�nite,and that we already factorized A into A = PLDLTP T . In order to solve Ax = b,we solve the following triangular and block-diagonal systems (after applying thepermutations in P ).1) Lz = b (for z)2) Dy = z (for y)3) LTx = y (for x)Each step in a triangular and block-diagonal system is simple - either a singleor a couple of equations are to be solved. This factorization can be also used tocompute the inertia of A [6].2.2. Sparse Symmetric Inde�nite Factorizations. This section examines thesparse symmetric inde�nite factorization of A to PLDLTP T . The permutation Pis computed during the factorization to ensure numerical stability. The amount of
oating-point arithmetic required is only slightly larger than that required for theCholesky factorization of A+ �I , where � > �min(A), the smallest eigenvalue of A.The amount of work involved in pivot searches, to construct P so that growth inL is controlled, is usually insigni�cant when a partial pivoting strategy is used, like
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37777777777775Figure 2.1. A sparse matrix example and its Cholesky factor.Each � represents an original nonzero in A, and Æ , a �ll in thecholesky factor C (a new nonzero).the one proposed by Bunch and Kaufman [6]. When complete pivoting [7] or rookpivoting is used [5], the cost of pivot searches can be signi�cant.When A is sparse, the permutation P has a dramatic e�ect on the sparsity ofthe triangular factor L. There are cases where one choice of P would lead to afactor with �(n2) nonzeros and to a �(n3) factorization cost, whereas anotherchoice, equally good from a numerical point of view, would lead to �(n) workand nonzeros, where n is the order of A. This issue is addressed in the followingway. First, a �ll-reducing permutation Q for the Cholesky factor C of A + �I isfound. The rows and columns of A are symmetrically permuted according to Q,and a symmetric inde�nite factorization is applied to QTAQ = PLDLTP T . Ifthe choice P = I is numerically sound for the factorization of QTAQ, then theamount of �ll in L is roughly the same as the amount of �ll in the Cholesky factorC. (The �ll is exactly the same if D has only 1-by-1 blocks; otherwise, full 2-by-2diagonal blocks cause more �ll in the �rst column of the block, but this �ll doesnot generate additional �ll in the trailing submatrix, and so-called oxxo blocks withzero diagonals cause slightly less �ll in both the second column of the block andin the trailing submatrix.) In general, however, P = I is not a valid choice. Anarbitrary choice of P can destroy the sparsity in L completely, so most of the sparsesymmetric inde�nite factorization methods attempt to constrain the pivot searchso that the resulting permutation QP is not too di�erent from Q alone. We explainhow the pivot search is constrained below.A combinatorial structure called the elimination tree of A [19] (etree) plays akey role in virtually all symmetric factorization methods, both de�nite and inde�-nite [13]. When A is de�nite, the etree is used to predict the structure of the factor,to represent data dependences, and to schedule the factorization. In symmetricinde�nite factorizations, the etree is used to constrain P so that L does not �ll toomuch. The etree is also used in inde�nite factorization in which P is thus constrainedto represent data dependences, to schedule the factorization, and to estimate thestructure of the factor (but not to predict it exactly).The elimination tree is a rooted forest (tree unless A has a nontrivial block-diagonal decomposition) with n vertices. The parent �(j) of vertex j in the etreeis de�ned to be �(j) = mini>jfCij 6= 0gwhere C is the Cholesky factor of A+ �I .An illustration of this can be seen in Figures 2.1 and 2.2. An equivalent de�nitionis the transitive reduction of the underlying directed graph of A. This alternativede�nition is harder to visualize, but does not reference a Cholesky factorization.The etree can be computed directly from the nonzero structure of A in time that isessentially linear in the number of nonzeros in A.Virtually all the state-of-the-art sparse inde�nite factorization algorithms usea supernodal decomposition of the factor L, illustrated in Figure 2.3 [8, 15, 16].The factor is decomposed into dense diagonal blocks and into the correspondingsubdiagonal blocks, such that rows in the subdiagonal rows are either entirely zero
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Figure 2.2. The elimination tree for the matrix example in �gure 2.1

Figure 2.3. A fundamental supernodal decomposition of the fac-tor of a matrix corresponding to a 7-by-7 grid problem, orderedwith nested dissection. The circles correspond to elements that arenonzero in the coeÆcient matrix and the stars represent �ll ele-ments.or almost completely dense. In an inde�nite factorization, the algorithm computes asupernodal decomposition for the Cholesky factor C before the numeric factorizationbegins. The decomposition is re�ned during the numeric factorization, such that itis a correct decomposition of the actual factor L.The supernodal decomposition is represented by a supernodal elimination tree oran assembly tree. In the supernodal etree, a tree vertex represents each supernode.The vertices are labeled 0 to s � 1 using a postorder traversal, where s is thenumber of supernodes. The pivoting permutation P is chosen so that the supernodalelimination trees of C and L coincide, although some of the supernodes of L mightbe empty. (We ignore oxxo pivots in this discussion.) We associate with supernodej the ordered set 
j of columns in the supernode in C, and the unordered set �jof nonzero row indices in the subdiagonal block of C. We denote by ~
j and ~�jthe same sets in L. The ordering of indices in 
j is some ordering consistent with



AN OUT-OF-CORE SPARSE SYMMETRIC INDEFINITE FACTORIZATION METHOD 7a postorder traversal of the non-supernodal etree of A. We de�ne !j = j
j j and�j = j�j j. For example, the sets of supernode 29, the next-to-rightmost supernodein Figure 2.3, are 
29 = (37; 38; 39) and �29 = f40; 41; 42; 46; 47; 48; 49g.If A is positive de�nite, the factorization algorithm factors all the columns in
j during the processing of vertex j of the etree, and these columns update thecolumns in �j . When A is inde�nite, however, the algorithm may be unable tofactor all the columns in 
j during the processing of vertex j. The columns thatare not factored are delayed to j's parent �(j). The parent tries to factor the delayedcolumns; if this fails too, the failed columns are delayed again to �(�(j)); at theroot, all the remaining columns are factored. In essence, a column is delayed whenall the admissible pivot rows, the rows with index in 
j , are numerically unstable;delaying provides new admissible pivot rows. We denote the set of columns thatwere delayed from j to its parent by �j = ~�j n �j .State-of-the-art sparse factorization codes fall into two categories: left look-ing [15, 16] and multifrontal [8, 14]. In the inde�nite case, the multifrontal approachis much more common and is well documented in literature [5, 8]. The left-lookingapproach is used in one code that we are aware of, spooles [4], but the formulationof the algorithm is not documented in the literature (Ashcraft and Grime's paper [4]documents the software but not the algorithm). In the next section we address themultifrontal in-core method, and in the next chapter we formulate our left-lookingapproach.2.3. The Multifrontal Inde�nite In-Core Factorization. The multifrontal al-gorithm traverses the etree and factors the matrix in postorder. To process su-pernode j, the algorithm creates a so-called frontal matrix F (j). This matrix isdense, and its rows and columns corresponds to the columns in 
j , to the columns	j = Sk;j=�(k)�k that were delayed from the subtrees rooted at j's children, andto the columns that columns 
j [ 	j update. This matrix is initialized to zero,then updated by the nonzeros of A in columns 
j . Next, the updates from thesubtrees are added to the frontal matrix. All the updates from a child k are packedin an update matrix U~�k;~�k . These matrices are added to F (j) in a scatter-addoperation that is called extend-add. The algorithm now tries to factor the columnsin 
j [ 	j . If the diagonal element of a column is large enough compared to therest of the column, the column is factored and a 1-by-1 block is added to D. Ifthe diagonal element is too small, but a 2-by-2 block consisting of two columns in
j [	j is large enough compared to the rest of the two columns, they are factoredusing a 2-by-2 diagonal block. Di�erent codes use di�erent strategies for choosingpivot columns. Once one or two columns are factored, the remaining uneliminatedcolumns in 
j [ 	j are updated, to allow future pivoting decisions to be made.The factorization of supernode j may fail to factor some of the columns in 
j [	j(essentially those with relatively large elements in rows outside 
j [ 	j). Thesecolumns are put into �j and are delayed to �(j). After supernode j is factored,the algorithm computes its own update matrix by adding the update from columnsin ~
j to columns in �j , which may already contain updates from j's descendants.Note that columns in �j are not updated in this step, because they have alreadyreceived all the updates columns in ~
j .Our codes use a pivot search and a pivot-admissibility test proposed by Ashcraft,Grimes and Lewis [5]. The literature also contains a number of other strategies(including additional strategies in the paper by Ashcraft et al., which is the mostrecent algorithmic paper on this subject). We used this particular strategy sinceit is eÆcient and since it is backed up by extensive research. For further detailson this and other strategies, see HIGHAMXXX[10, 11] and the references therein.Figures 2.4 and 2.5 describe the strategy that we use.
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.Figure 2.4. Notation for pivot entries. The symbols 
1 and 
qdenote the absolute value of the largest subdiagonal element incolumns 1 and q. The elements aq1 and ar1 are the largest elementsin column 1 within and outside 
j [	j , respectively.if 
1 =0 then the first column is already factoredelse if ja11j� b�
1 then use a11 as a 1-by-1 pivotelse if jaqq j� b�
q then use aqq as a 1-by-1 pivotelse if max fjaqq j 
1 + jaq1j 
q; jaq1j 
q + jaq1j 
1g �ja11aqq�a2q1jb� thenuse � a11 aq1aq1 aqq �as a 2-by-2 pivotelse no pivot found; repeat search using next columnend ifFigure 2.5. Our pivot search and admissibility test. This strategyis from [5, Figure 3.3]. The scalar �̂ is a parameter that controlsthe growth. A high value prevents growth in the factor and henceenhances numerical stability, but may cause many columns to bedelayed. We use the value �̂ = 0:001.2.4. Out-of-Core Algorithms. Many algorithms use data structures while pro-cessing and solving a problem. These data structures hold information gathered onthe problem, partial solutions and the state of the algorithm, to name a few of theirtasks. The most common algorithms, called In-Core algorithms, save these datastructures in main memory, with little or no use of disk I/O. However, when thedata structures are too large to �t in main memory, they must be stored on disks.The in-core algorithm does this inattentionaly, by using the virtual memory, whenpossible. Accessing data that is stored on disks, or in virtual memory, is very slowcompared to access to main memory. Use of virtual memory in such algorithms,may cause their performance to be unacceptable. The in-core algorithms mighteven fail if the virtual memory does not suÆce.To achieve better performance, an algorithm must handle storage of the data ondisks, in a much clever way; the algorithm should access data in large contiguousblocks and be able to reuse data on main memory as much as possible. Suchalgorithms, that are designed to achieve high performance when using data stored ondisks, are called Out-of-Core algorithms. Such out-of-core algorithms enable usersto eÆceintly solve large problems on relatively cheap computers, due to the factthat disk space is signiÆcantly cheaper than main memory - RAM. 1Performanceof out-of-core algorithms is usually similar to their corresponding in-core algorithms,1In the begginning of 2004, RAM costs about 300$ per GByte, whereas disks cost about 2$per GByte.



AN OUT-OF-CORE SPARSE SYMMETRIC INDEFINITE FACTORIZATION METHOD 9and although they might be poorer in performance, they are more reliable and havea much wider space of solvable problems.The main di�erence between an out-of-core algorithm and its corresponding in-core algorithm, is in scheduling the operations. When an algorithm is to be executedout-of-core, the schedule must both satisfy the data-
ow constraints of the in-corealgorithm, and minimize the I/O, by reordering independant operations. In ad-dition, the data structures stored on disk should be chosen so that I/O can beperformed in large blocks, and that when data is read from disk, it is utilized asmuch as possible before it is evicted from main memory. Good utilization of in-memory data, is the main challenge in designing an out-of-core algorithm. Thebetter the algorithm uses the data stored temporarily in main memory, the moreinfrequently it needs to access the on-disk data structures, which leads to betterperformance of the algorithm (I/O wise and otherwise).Out-of-core algorithms appear in many �elds of numerical linear algebra (see [20]for a few examples), including dense and sparse matrix factorizations. In the densecase, the matrix can be partitioned as needed, considering only the I/O needs.Scheduling the factorization of a sparse matrix is a somewhat harder task than inthe dense case. The sparsity pattern of the matrix limits our ability to partitionit to contiguous blocks, therefor, the design of the out-of-core sparse factorization,is not trivial. For the positive de�nite case, a few out-of-core Cholesky methodshave been proposed. Rothberg and Schreiber [17] describe a family of algorithmswhich factor sparse positive de�nite matrices, using multifrontal and left-lookingmethods. Rotkin and Toledo [18] propose a left-looking approach for the out-of-core Cholesky factorization, with right-looking updates when appropriate. As far aswe know, there is no out-of-core method currently proposed for the sparse symmetricinde�nite case (excluding our method we are proposing here).3. Left-Looking FactorizationPrevious research on sparse out-of-core factorization methods for symmetricpositive-de�nite matrices suggests that left-looking methods are more eÆcient thanmultifrontal ones [17, 18]. The di�erence between the multifrontal and the left-looking approaches is in the way that updates to the trailing submatrix are rep-resented. In the multifrontal algorithm, updates are computed when a supernodeis factored, and they are accumulated in frontal matrices and proparagated up thetree. In the left-looking approach, updates are not represented explicitly until theyare applied to a supernode. The disadvantage of the multifrontal approach is thatit often simulteneously represents multiple updates to the same nonzero in L. Therepresentation of these updates, which are not part of the data structure that rep-resents the factor L, uses up memory and causes additional I/O activity.Unfortunately, left-looking sparse inde�nite factorizations are not described inthe literature. There is actually one in-core code that uses such a method, Spooles [4],but the algorithm that it uses is not described explicitely anywhere. Therefore, wedeveloped a left-looking sparse inde�nite factorization algorithm, which we describein this section. (The source of Spooles is available, but we have not studied itsalgorithm from the sourc code.) We describe here the formulation of the in-corealgorithm, and the next section explains how we implemented it out of core.The left-looking algorithm also traverses the etree and factors the matrix inpostorder, but updates to columns are performed in a di�erent way. To processsupernode j, the algorithm creates a dense matrix L(j) that will contain all thenonzeros in the supernode (in the columns belonging to the supernode). This matrixis essentially the columns with indices in 
j [ 	j from the frontal matrix F (j).The columns in 
j of this matrix are initialized to zero, and then updated bythe nonzeros of A in columns 
j . The columns in 	j are simply copied from the



10 OMER MESHARcorresponding matrices of the children. Now the algorithm traverses (again) thesubtree rooted at j to compute and apply updates to columns 
j . At a desendantk, the algorithm determines whether ~�k \ 
j 6= ;. If the intersection is not empty,the algorithm computes the update from supernode k to the columns with indicesin 
j and applies these updates to L(j). These updates are computed into a densematrix, whose elements are then scatter-added to L(j). This allows us to computethe updates using a dense matrix-matrix multiplication routine. The algorithmthen continues recursively to k's children. If, on the other hand, ~�k \ 
j = ;,the algorithm returns to k's parent without searching the subtree rooted at k forupdates to j; there are none [13].Note that the algorithm does not test for updates from supernode k to columnsin 	j and it does not apply updates to these columns. Since these columns weredelayed from one of j's children, say `, all the updates from the subtree rooted at `were already applied to these columns, and the columns in subtrees rooted at otherchildren of j can never update these columns. Therefore, these columns are fullyupdated.Now that all the updates from already-factored columns have been applied toL(j), the algorithm tries to factor the columns in 
j [ 	j . This factorization isperformed using exactly the same strategy as in the multifrontal algorithm. Theset of columns ~
j that were successfully factored is added to the factor matricesL and D, and the remaining columns, �j , are delayed to j's parent. By the timethese columns are delayed, all the updates from the subtree rooted at j, includingfrom j itself, have been applied to them.There is a simpler but less eÆcient way to handle column delays. The algorithmcan simply propagate to �(j) the index set �j , but discard the columns themselves.The parent �(j) would then read these columns from A and would apply updatesto them, as it does to columns in 
�(j). This is simpler, since all the columns ofL(j) now receive exactly the same treatment, where as the previous strategy treatedcolumns in 
�(j) di�erently than those in 	�(j). However, this strategy performsthe same numerical update operations to a delayed column more than once, whichincreases its computational cost. Due to this increased cost we decided to use theprevious strategy.4. The Out-of-Core Factorization AlgorithmWhen the factor L does not �t in main memory, out-of-core algorithms storefactored supernodes on disks. In a left-looking algorithm, a factored supernodek is read into memory when it needs to update another supernode j. In a naivealgorithm, supernode k is read from disk many times, once for each supernode thatit updates. More sophisticated algoithms try to update as many supernodes aspossible whenever a factored supernode is read into main memory [9, 18]. Suchalgorithms maintain in main memory a set of partially-updated but yet-unfactoredsupernodes, called a panel. The panel forms a connected subtree of the eliminationtree. These algorithms read from disk the supernodes that must update one of theleaves of the panel, say j. A supernode k that is read updates the leaf j for which itwas brought to memory, then all the other supernodes in the panel that k updates,and is then evicted from memory. Once j is fully updated, it is factored, it updatesall the other supernodes in memory, and is evicted. Supernode j is now pruned fromthe panel, and the factorization continues with another leaf. Such algorithms arenot pure left-looking algorithms: they are hybrids of left-looking updates and right-looking updates. They are classi�ed as left-looking because right-looking updatesare only applied to supernodes that continue to reside in main memory until theyare factored; partially-updated supernodes are never written to disk.



AN OUT-OF-CORE SPARSE SYMMETRIC INDEFINITE FACTORIZATION METHOD 11The next subsection explains how we adapted this strategy to the factorizationof symmetric inde�nite matrices. Our algorithm di�ers from the symmetric-positivede�nite algorithms of [17, 18] not only in that it can factor inde�nite matrices, butalso in some aspects of the automatic planning of the factorization schedule. Thesecond subsection highlights these di�erences.4.1. The Left-Looking Out-Of-Core Symmetric Inde�nite Algorithm. Ourout-of-core algorithm applies the left-looking panel-oriented strategy to the out-of-core factorization of symmetric inde�nite matrices. The algorithm works in phases.At the beginning of each phase, main memory contains no supernodes at all. Thesupernodes that have already been factored are stored on disk. The algorithmbegins a phase by �nding a panel, a connected leaf subtree of the residual etree(the etree of the yet-unfactored supernodes). By a leaf subtree we mean a subtreewhose leaves are all leaves of the residual etree; the leaves of the leaf subtree areeither leaves in the full etree, or all their children have already been factored. Thealgorithm than allocates in-core supernode matrices for the supernodes in the paneland reads the columns of A into them. Then, the algorithm uses the general strategyoutlined in the previous paragraph to factor the supernodes of the panel one at atime. Whenever a supernode is factored, it updates its ancestors in the panel andis evicted from main memory. Hence, when the phase ends, no supernodes residein memory, and a new phase can begin.The application of this strategy to symmetric-inde�nite factorizations faces twochallenges. The �rst and more diÆcult lies in selecting the next panel to be factored.Delaying a column often causes additional �ll in L, so the amount of memoryrequired to store supernodes, even if they are packed and contain no zeros, grows.Therefore, it is impossible to determine in advance the exact �nal size of eachsupernode. As a consequence, the panelization procedure cannot ensure that thepanel that it selects will �t in main memory.Our new algorithm addresses this issue in two ways. First, when a columnis delayed, we update the symbolic structure of the factorization by moving thedelayed row and column to the structure of the parent supernode. This ensuresthat at the beginning of the next phase, the panelization algorithm uses the mostup-to-date information regarding the size of supernodes. They might still expandmore after the panel is selected, but at least all the expansion that has alreadyoccured is accounted for. Second, the panelization procedure only adds supernodesto the panel as long as the combined predicted size of the panel is at most 75%of the available amount of main memory (after setting aside explicitly memory forother data structures of the algorithm). This helps minimize the risk that supernodeexpansion will over
ow main memory. Normally, if the panel over
ows, this causespaging activity and some slowdown in the factorization, but it could also lead tomemory-allocation failure. As in [18], we also limit the size of each supernode, tohelp ensure that an admissible panel can always be found.The other diÆculty lies in delaying columns across panel boundaries. Supposethat columns are delayed from the root supernode j of a panel. The next panelmight not include �(j), so there is no point in keeping these columns in memory,where they will use up space but will not be used soon. Instead we write them todisk, and read them again together with the factored columns of j when j updates�(j). They will not be needed again. (Due to a limitation in our I/O abstractionlayer, the so-called store [18], we actually write j again to disk without the delayedcolumns once the delayed columns have been added to �(j).)4.2. Comparison with Algorithms for Symmetric Positive-De�nite Ma-trices. Out-of-core factorization algorithms for sparse symmetric positive-de�nitealgorithms can panelize the entire factor prior to the numeric factorization. Whenthe matrix is positive de�nite, there is no need to delay columns, so the size of each



12 OMER MESHARsupernode is known in advance. This allows the panelization algorithm to decom-pose the etree into panels before the factorization begins. This has been done byGilbert and Toledo's [9], by Rotkin and Toledo's [18], and in a more limited wayby Rothberg and Schreiber's [17]. As we have explained, this is not possible in theinde�nite case, so we adopted a dynamic panelization strategy.We also note that [9] and [18] actually used a more sophisticated panelizationtechinque than the one that we described above. A supernode only updates its an-cestors in the etree. Therefore, there is no bene�t in simulteneously storing in mem-ory supernodes that are not in a descendant-ancestor relationship. Therefore, [9]and [18] allow panels to be larger than the amount of available main memory, andthey page supernodes in and out of panels without incurring extra I/O. This reducesthe total amount of I/O. Since experiments in [18] have shown that the reductionis not highly signi�cant, however, we have not adopted this strategy in the newinde�nite code.4.3. Implementation. Our implementation of the out-of-core inde�nite algorithmis an adaption of the sparse Cholesky code of Rotkin and Toledo [18], and in par-ticular, the new code is now part of Taucs, a suite of publicly-available sparselinear solvers2. We use the same hardware-abstraction layer, which is based on adisk-resident data structure called a store. The algorithm is implemented in C, withcalls to the level-2 and level-3 Basic Linear Algebra Subroutines (blas).To factor individual supernodes, which are stored as rectangular dense matrices,we have developed a specialized blocked dense code. The code implements thepivoting strategy that we explained above. The code is right-looking and blocked,to exploit the level-3 blas and acheive high performance. The blocking strategy isbased on the lapack code dsytrf, a blocked Bunch-Kaufman symmetric inde�nitefactorization code. We could not use the lapack code, mainly because our codeactually factors the diagonal block of a rectangular matrix, not a square matrix,and the elements in the subdiagonal block a�ect the admissibity of pivots (in anLU factorization with partial pivoting, such elements can be used as pivots, buthere doing so ruin the symmetry). In addition, our pivoting strategy allows pivotswith smaller norms than dsytrf, to reduce the number of delayed columns andthe additional �ll that follows. In addition to more growth in L, the smaller pivotscould also lead to inaccuracies in computing columns of L that correspond to 2-by-2 pivots, since dsytrf uses the inverse of the diagonal blocks; we use an LUfactorization with partial pivoting to reduce that risk.Our implementation also includes a multiple-right-hand side solve routine. Oncethe factor has been computed and is stored on disk, the time it takes to solve linearsystem is determined mostly by the time it takes to read the factor from disk. Thefactor must be read twice, once for the forward solve and once for the backwardsolve. By solving multiple linear systems with the same coeÆcient matrix duringone read-solve process, we can amortize the cost of reading the factor over manylinear systems. Even for fairly large numbers of right-hand-side, the solution timeis determined mostly by the disk-read time, so the marginal cost of simulteneouslysolving additional linear system is close to zero.Many applications can exploit the code's ability to eÆciently solve a large numberof linear systems with the same coeÆcient matrix. For example, there are severalshift-invert eigensolvers that solve multiple inde�nite linear systems in every itera-tion, such as block Lanczos algorithms and subspace iteration XXX.Finally, we mention that we have added not a single factorization code to Taucs,the out-of-core sparse factorization code, but also two in-core sparse symmetricinde�nite codes, one multifrontal and the other left-looking.2http://www.tau.ac.il/~stoledo/taucs/



AN OUT-OF-CORE SPARSE SYMMETRIC INDEFINITE FACTORIZATION METHOD 13Name Source SPD? dim(A) nnz(A)s0tau Bustany nosme1 Ekroth noldoor parasol yesinline-1 parasol yesaudikw-1 parasol yesfemlab1 Ekroth noTable 1. Test matrices from real-world applications. Someof the matrices are from the parasol test-matrix collection(www.parallab.uib.no/parasol/data.html), some were donated byIsmail Bustany from Barcelona Design, and some were donated byAnders Ekroth from Comsol. The third column speci�es whetherthe matrices are symmetric positive-de�nite, the fourth their di-mension, and the �fth the number of nonzeros in their lower trian-gle. 5. Tests and ResultsWe now describe experimental results. The goal of these experiments is to demon-strate that our implementation of the new algorithm performs well, and to providea deeper understanding of the behavior of the algorithm.The experiments are divided into two sets. The �rst set presents the perfor-mance of our in-core implementation of the algorithm and of in-core componentsof the out-of-core algorithm. The objective of this set of experiments is to estab-lish a known baseline for the in-core algorithms, so that we can later use them toassess the performance of the out-of-core algorithm. In this set of experiments wecompare the performance of our in-core code to the performance of another recent,well-known, and high-performance code. We also compare the performance of oursymmetric-inde�nite and Cholesky in-core codes, the performance of left-lookingand multifrontal variants, and the performance of kernels for the in-core factoriza-tion of dense diagonal blocks.In the second set of experiments we compare the performance of our out-of-core code to the performance of our best in-core code, to measure the performancepenalty imposed by disk I/O. Other experiments in this set explore other aspectsof the algorithm. One experiment compares the algorithm to the out-of-core sparseCholesky algorithm of Rotkin and Toledo [18], to measure the e�ect of inde�nitenesson the performance of out-of-core sparse factorization codes. Other experimentsexplore the e�ects of the inertia (number of negative eigenvalues) and main-memorysize on the performance of the algorithm. We also present performance results thatshow the performance bene�t of simulteneously solving multiple linear systems withthe same coeÆcient matrix.Before we present the results of the experiments, however, we present the matricesand the computer that we used in the experiments.5.1. Test Matrices. We performed our experiments on three sets of symmetricmatrices; each set contains both inde�nite and positive-de�nite matrices. The �rstset, listed in Table 1 consists of matrices that arise in real-world applications. Thisset is quite small, since there are not many matrices in test-matrix collections thatare large enough for evaluating the performance of out-of-core codes. To maximizethe utility of these matrices, some of which are positive de�nite, we generatedinde�nite matrices from the de�nite ones by shifting the diagonal.The second set of matrices consists of synthetic matrices whose graphs are regu-lar three-dimensional meshes. The set consists of positive-de�nite matrices, which
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Figure 5.1. Sparse test matrices. Names printed in upright (ro-man) font signify positive-de�nite matrices, whereas names printedin italics signify inde�nite matrices. Positive-de�nite matriceswhose graph is an x-by-y-by-z mesh are named \lapx-y-z" andinde�nite meshes are named \rndx-y-z". The numbers that followtwo dashes are shift values, for matrices whose diagonal was shiftedto make them inde�nite. The x-axis is simply an index; these ma-trices are shown using the same x-axis in all subsequent graphs.The y-axis shows the number of nonzeros in the symmetric indef-inite lower-triangular factor of each matrix, following a reorderingusing metis.are discretizations of the Laplacian on a 3D mesh using a 7-point stencil, and ofinde�nite matrices. The inde�nite matrices are generated by using the same un-derlying graph, but assigning symmetric random values (uniform in [0; 1]) to theelements of the matrix. These matrices tend to have roughly n=2 positive and n=2negative eigenvalues, where n is the dimension of the matrix. Some of the meshesthat we use are perfect cubes, such as 140-by-140-by-140, and some are longer inone dimension than in the others, such as 500-by-100-by-100. Generally speaking,perfect cubes lead to more �ll in the factorization than meshes with wide aspectratios.The matrices in the �rst two sets are listed in Figure 5.1. The matrices areordered in this �gure by the number of nonzeros in their symmetric inde�nite factor.The same ordering is used in all the other plots. In other words, we identify matricesby their index in Figure 5.1.The third set, which we use in only one limited experiment, consists of densematrices. They are shown in Figure 5.2.5.2. Test Environment. We performed the experiments on an Intel-based work-station. This machine has a 2.4 GHz Pentium 4 processors with a 512 KB level-2cache and 2 GB of main memory (dual-channel with ddr memory chips). Themachine runs Linux with a 2.4.22 kernel. We compiled our code with the gcc C
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Figure 5.2. Dense test matrices. The axes are the same as thoseof Figure 5.1.compiler, version 3.3.2, and with the -O3 compiler option. We used the imple-mentation of the blas (Basic Linear Algebra Subroutines) written by KazushigeGoto, version 0.93. This version exploits vector instructions on Pentium 4 proces-sors (these instructions are called sse2 instructions). This setup allows our codeto compute the Cholesky factorization of large sparse matrices at rates exceeding3� 109 
ops (e.g., the Laplacian of a 65-by-65-by-65 mesh).The graphs and tables use the following abbreviations: taucs (our sparse code),mumps (mumps version 4.3), ll (left-looking), and mf (multifrontal). ????5.3. Baseline Tests. To establish a performance baseline for our experiments, wecompare the performance of our code, called taucs, to two in-core codes. Oneis the in-core sparse factorizations in taucs, both Cholesky and symmetric indef-inite. Our in-core codes can use either a left-looking or a multifrontal algorithm,and we test both. The other code that we use for the baseline tests is mumpsversion 4.3 [2, 1, 3]. Mumps is a parallel and sequential in-core multifrontal factor-ization code for symmetric and unsymmetric matrices. We used metis4 [12] version4.0 to symmetrically reorder the rows and columns of the all the matrices prior tofactoring them. We tested the sequential version of mumps, with options that in-struct it to use metis to preorder the matrix and tell mumps that the input matrixis symmetric, and positive de�nite when appropriate. We used the default valuesfor all the other run-time options.We compiled mumps, which is implemented in Fortran 90, using Intel's FortranCompiler for Linux, version 7.1, and with the compiler options that are speci�edin the mumps-provided makefile for this compiler, namely -O. We linked mumpswith the same version of the blas that are used for all the other experiments.3http://www.cs.utexas.edu/users/
ame/goto/4http://www-users.cs.umn.edu/~karypis/metis/
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Figure 5.3. The performance of the in-core factorization codesin taucs. The �gure only shows the performance on the subsetof matrices that could be factored in core. The computationalrates, in 
oating-point operations per second, are canonical rates,as explained in the text. In particular, a higher rate indicates fastercompletion time, not a higher operation count.The results of the baseline tests are shown in Figures 5.3, 5.4, and 5.5. Theresults, both here and later, display performance in terms of canonical 
oating-point-operations per second. This metric is the ratio of the number of 
oating-pointoperations in the out-of-core symmetric-inde�nite factorization in taucs to numericfactorization time in seconds. Thus, if one code achieves a canonical rate of 2� 109and another code achieves a rate of 4 � 109, then the second code ran in exactlyhalf the time, independently of how dense a factor each code produced.Figure 5.3 compares the performance of the left-looking and multifrontal factor-izations in taucs. The plot only shows a subset of the matrices, those small enoughto be factored in core. The results show that the left-looking codes, both Choleskyand symmetric-inde�nite, are consistently faster. Therefore, in subsequent graphswe only show the performance of the faster left-looking algorithms.Figure 5.4 shows the performance of taucs relative to that of mumps. Mumpsran out of memory on many of the matrices that taucs was able to factor in core.Mumps also reported that s0tau is singular and halted; this is not a defect, butsimply re
ect di�erent built-in thresholds in taucs and mumps. The data showsthat on this setup, taucs is consistently faster. This result does not imply that onecode is superior to the other in general, since our comparison is quite limited. Thisresult merely indicates, for the purpose of our experimental evaluation, that theperformance of the in-core routines of taucs are comparable to the performance ofmumps.Figure 5.5 shows that the routine that we have implemented to factor the di-agonal block of supernodes is eÆcient. The data that the �gure presents com-pares the performance of �ve dense factorization kernels: lapack's potrf (denseCholesky), lapack's sytrf (dense LDLT symmetric-inde�nite factorization), our
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oating-point operations per second.
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Figure 5.7. The performance of the out-of-core solve phase as afunction of the number of right-hand-sides. The numerical factor-ization time is stated in parentethes.Figure 5.7 shows the performance of the solve phase for a few large matrices.When solving a single linear system, the solve time is dominated by the time toread the factor from disk. However, the disk-read time can be amortized overmultiple right-hand sides. When multiple linear systems are solved simultaneously,the solve-time per system drops dramatically.Figure 5.8 shows that our factorization code is relatively insensitive to the inertiaof the input matrix. The running times do not vary signi�cantly when a matrix isshifted and when its inertia changes.Figure 5.9 shows that the out-of-core code slows down when it must run withlimited main memory. To conduct this experiment, we con�gured the test machineso that the operating system is only aware of 512 MB of main memory. In the runsthat we conducted with 512 MB, we instructed the factorization code to use only384 MB of memory, 75% of the available memory, the same fraction as in exper-iments with 2 GB of memory. On small matrices the slowdown is not signi�cant,but on large matrices it can reach a factor of 2.6. Furthermore, the largest matrices,lap140-140-140 and rnd140-140-140, could not be factored at all with only 512 MBof memory. Still, this experiment shows that even on a machine with a relativelysmall amount of memory, 512 MB, our code can factor very large matrices. But alarger memory helps, both in terms of the ability to factor very large matrices, andin terms of running times.6. Discussion and ConclusionThanks toTo the best of our knowledge, this paper presents the �rst out-of-core sparse symmetric inde�nite factorization algorithm. Our implementation ofthe algorithm is reliable and performs well. Its performance is slower than butcomparable to that of recent high-performance in-core sparse symmetric inde�nitefactorization codes and out-of-core sparse Choleksy codes.
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AN OUT-OF-CORE SPARSE SYMMETRIC INDEFINITE FACTORIZATION METHOD 21The new code allows its users to directly solve very large sparse symmetric-inde�nite linear systems, even on conventional workstations and personal comput-ers. Even when the factor size is 10 GB or more, the factorization time is oftenless than an hour, and subsequent solves take about 10 minutes. The code's abil-ity to simulteneously solve for multiple right-hand sides reduces even further theper-system cost of the solve phase.Acknowledgement. Thanks to Dror Irony for assisting in the implementation of thein-core code, and for writing the inertia-computation subroutine. Thanks to AndersEkroth and Ismail Bustany for sending us test matrices. Thanks to Didi Bar-Davidfor con�guring the disks of the test machine. This research was supported in partby an IBM Faculty Partnership Award, by grant 572/00 from the Israel ScienceFoundation (founded by the Israel Academy of Sciences and Humanities), and bygrant 2002261 from the United-States-Israel Binational Science Foundation.References[1] P. R. Amestoy, I. S. Du�, J. Koster, and J.-Y. L'Excellent. A fully asynchronous multifrontalsolver using distributed dynamic scheduling. SIAM Journal on Matrix Analysis and Appli-cations, 23:15{41, 2001.[2] P. R. Amestoy, I. S. Du�, and J.-Y. L'Excellent. Multifrontal parallel distributed symmetricand unsymmetric solvers. Computer Methods in Applied Mechanics and Engineering, 184,2000.[3] P. R. Amestoy, I. S. Du�, J.-Y. L'Excellent, and J. Koster. MUltifrontal Massively ParallelSolver (MUMPS version 4.3), user's guide. Available online from http://www.enseeiht.fr/lima/apo/MUMPS/doc.html, July 2003.[4] Cleve Ashcraft and Roger Grimes. SPOOLES: An object-oriented sparse matrix library. InProceedings of the 9th SIAM Conference on Parallel Processing for Scienti�c Computing,San-Antonio, Texas, 1999. 10 pages on CD-ROM.[5] Cleve Ashcraft, Roger G. Grimes, and John G. Lewis. Accurate symmetric inde�nite linearequation solvers. SIAM Journal on Matrix Analysis and Applications, 20:513{561, 1998.[6] J. R. Bunch and L. Kaufman. Some stable methods for calculating inertia and solving sym-metric inde�nite linear systems. Math. Comput., 31:163{179.[7] James R. Bunch, Linda Kaufman, and Beresford N. Parlett. Decomposition of a symmetricmatrix. Numer. Math., 27:95{109, 1976.[8] I. Du� and J. Reid. The multifrontal solution of inde�nite sparse symmetric linear equations.ACM Transactions on Mathematical Software, 9:302{325, 1983.[9] John R. Gilbert and Sivan Toledo. High-performance out-of-core sparse LU factorization. InProceedings of the 9th SIAM Conference on Parallel Processing for Scienti�c Computing,San-Antonio, Texas, 1999. 10 pages on CDROM.[10] Nicholas J. Higham. Stability of the diagonal pivoting method with partial pivoting. TechnicalReport 1, Manchester, England, 1997.[11] Nicholas J. Higham. Accuracy and Stability of Numerical Algorithms. Society for Industrialand Applied Mathematics, Philadelphia, PA, USA, second edition, 2002.[12] George Karypis and Vipin Kumar. A fast and high quality multilevel scheme for partitioningirregular graphs. SIAM Journal on Scienti�c Computing, 20:359{392, 1998.[13] J. W. H. Liu. The role of elimination trees in sparse factorization. SIAM Journal on MatrixAnalysis and Applications, 11:134{172, 1990.[14] Joseph W. H. Liu. The multifrontal method for sparse matrix solution: Theory and practice.SIAM Review, 34(1):82{109, 1992.[15] Esmond G. Ng and Barry W. Peyton. Block sparse Cholesky algorithms on advanced unipro-cessor computers. SIAM Journal on Scienti�c Computing, 14(5):1034{1056, 1993.[16] Edward Rothberg and Anoop Gupta. EÆcient sparse matrix factorization on high-performance workstations|exploiting the memory hierarchy. ACM Transactions on Mathe-matical Software, 17(3):313{334, 1991.[17] Edward Rothberg and Robert Schreiber. EÆcient methods for out-of-core sparse choleskyfactorization. SIAM Journal on Scienti�c Computing, 21:129{144, 1999.[18] Vladimir Rotkin and Sivan Toledo. The design and implementation of a new out-of-core sparseCholesky factorization method. To appear in ACM Transactions on Mathematical Software,February 2003.[19] Robert Schreiber. A new implementation of sparse gaussian elimination. ACM Transactionson Mathematical Software, 8:256{276, 1982.



22 OMER MESHAR[20] Sivan Toledo. A survey of out-of-core algorithms in numerical linear algebra. In James M.Abello and Je�rey Scott Vitter, editors, External Memory Algorithms, DIMACS Series inDiscrete Mathematics and Theoretical Computer Science, pages 161{179. American Mathe-matical Society, 1999.School of Computer Science, Tel-Aviv University, Tel-Aviv 69978, Israel.stoledo@tau.ac.il, omerm@tau.ac.ilURL: http://www.tau.ac.il/~stoledo


