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Part I

Classical Electrodynamics
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Chapter 1

Electrostatics

1.1 Problem. Pr. 1.1

A bidimensional electrostatic field varies with x and y. Show that the average of the potential along
any circle is the same that the potential at the center of the circle, bucause there are not charges on
the region.

Solution

Consider a circle centred at the origin of coordinates, the radius is ry. For this set up,

(D), = LfrOdQCI)(rO,G) = ide(I)(ro,H). (1.1)
2mry 2

Since (®),, does not depend on ry, it follows that

d
P (D),, =0. (1.2)

The last equation holds even for ry — 0, then

(@), = (D)= = D(0). (1.3)

. . g
If one considers a circle centred at R — 7,

1 , 1 S

(@), = — f rod0®(R, 6) = — f dOD(R, 0). (1.4)
27rg 2

Since (®),, does not depend on ry, it follows that

d
(@), =0. (1.5)

13



The last equation holds even for ry — 0, then

(D),, = (D)9 = DR - 7).

1.2 Problem. Pr. 1.2

(1.6)

A piar of parallel infinite plates are separated by a distance s and they are kept at potentials 0 and
Vo. Use the Poisson equation to finding the potencial on the region between the plates, where the
charge density is p = pox/s. The distance x is measured from the grounded plate.What are the

surface charge density on the plates?

Solution
It’s well known that
vy=-£L_-_F£,
& €S
then,
V= —ﬂf +Vix+ V.
6€ys

Since the boundary conditions are V(x = 0) = 0 and V(x = s) = V), it follows that

1
Vi=0. V] :—(Vo+p—°s2).
)

66()
Finally,
1
V(x) = —p—0x3 +—Vo+ p—0s2 X.
6605 S 660

In order to get the charge densities, one can use the result, derived from Gaul3’ law,

ov
7= G,
Therefore,
Vi
6
and
ox=3s)= @s—go—vo.
3 S

(1.7)

(1.8)

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)



1.3 Problem. Pr. 1.3

The axial electric field E, on the axis of an accelerated tube in a kind of ionic accelerator is given
by E, = E,, + kz?, where z is measured from the centre of the tube along the axis. The component
Ey is zero. Show that E, = —kzr, assume that the charge density is zero.

Draw the force field.

Which is the maximun charge density that can be tolerated if the above radial field has an
accuracy of 5% at the tube extrama? L = 1 m, E,, = 7.5 x 10° V/m and k = 10° V/m?.

Solution

Since E, = E,, + kz* and E, = 0, by GauR’ law, it follows that

V-E=0, (1.14)
so that the set up is considered in the vacuum.
In general,
S |
V-E=—0,(gE"), (1.15)
N V8

then, in cylindric coordinates, it yields

> 2

1
V-E = —3r(rEe) + 6¢E¢ + GZEZ
r

1
= —0.rE,) +0.E.. (1.16)
’
It follows from (1.14) and (1.16) that
1
-0,.(rE,) + 0,E, = 0. (1.17)
,
Since
ro,E, = 2kzr, (1.18)
then
0rE,) =E, +r0.E, = —2kzr. (1.19)

Equation (1.19) looks like a Euler differential equation, then one can make and ansatz E, = cr,
with ¢ a constant. Substituting into (1.19), one gets

2cr = =2kzr = ¢ =-kz (1.20)

Finally,

21




In order to determine the induced chage density at the extrema, up to 5%, the radial electric
field, change to E, — E; = (1 + 1/20)E,. Therefore,

N k in
V.E = —a,(rE') +O.E, = Fo= = Fin. (1.22)
10 €0
At the extrema, .
LE()
= L 2 = _—, 123
pz=L/2) =F—5 (1.23)
and Ll
€
=—L/2)=4+——. 1.24
p(z=-L/2) = 20 (1.24)
One just should introduce the numerical values given in the problem,
,C
p(z=1L[2) = -4425+10""—, (1.25)
m3
p(z=-LJ2) = 4.425+% 10—7£ (1.26)
m3

1.4 Problem. Pr. 1.4

A potential V is applied between two coaxil cylinders of radii r; and r, respectively. Show that the
electric field has a minimum value when r; = r/e.

Solution

By Gauf3’ law, one know that

in g (r
E(ri<r<nr)= 2710”1 - ( 1). (1.27)

Since the cylinders are kept to a constant potential, Vit follows that,

'l d
v=-rl | L__y, ( ) (1.28)
€& Jn, T € r
therefore,
1%
Ay 1n(r2) (1.29)
r € r

Next, consider a change on the inner radius, r; — r; + Ary. Since V is still a constant, the
superficial charge density must change, o — o”. Then

—v:ﬂl( ) Mlln(ﬂ). (1.30)
r

€p €y I



In roder to see how o changes with a variation of r;, expand the logaritm

1n(ﬂ) - ln(r—1)+ An (1.31)

r r r

Inserting the last equation in (1.30), one obtains

! A
C ry+ Ar) [1(_) R L] ﬂln(ﬁ),
€

r r € r
- Z _O-rl ln(ﬂ)+£Ar1 [ln(ﬂ)+1 = 0,
€ r € r
A 1
S o=0+0 1+ . (1.32)
T In (’_1)
rn
From (1.32) one can obtain the derivative,
d ! — 1 1
Y oim T - s . (1.33)
dry Ar=0  Ar r In (r_l)
rn
In order for E been a minimun, (1.33) should be equal to zero, thus,
| = —1n(ﬂ) - 1n(9) = |n="2 (1.34)
1) I e

1.5 Problem. Pr. 1.5

A sheet conductor of arbitrary form carries a charge Q, the density on a region is o. Gauf3’ law
states that just out of the surface the electric field is 0-/¢. Show that if a small hole is made, the
electric field at the hole is o/2¢.

Solution
Gaul}’ law states
56d§ E=1n (1.35)
N €
In the inner space of a conductor, the electric field vanishes, so by (1.35), one gets
A
ExA=22 = p=2 (1.36)
€ €y

Nonetheless, if a small hole is made on the conductor, due to the linear property of the equa-
tions, the new set up can be realized like a conductor with charge density o plus a disk with charge



density —o. When the electric field E is measure at a distance d — 0 from the disk, it seems to be
an infinite plate therefore,

A
E«24=-22 o p=_-2 (1.37)
€y 260
Hence,
E =E+E =2 (1.38)
260

1.6 Problem. Pr. 1.6

Calculate the dipolar momentum of a spherical sheet with a charge density o = o cos 6, with 6 is
the polar angle.

Solution
It’s well known that the dipolar momentum is given by
P= f &X' Xp(x). (1.39)
V/

Since the considered configuration is

o(r—a)

o=0pcos, = p=o0pcosb = (1.40)
a
Then,
T 271
Px = acrof f sin 8dBdy sin 6 cos ¢ cos 6
0o Jo
-0 (1.41)
T 21
Dy = aa'of f sin 8dBdy sin 6 sin ¢ cos 6
0o Jo
=0 (1.42)
T
p. = 27ra0'0f sin 8d6 cos 6 cos 0
0
= =2naocy f d(cos ) cos? 6
0
= —§7ra0'0(—1 -1)
4
= —rmaoy. (1.43)

3



From eqs. (1.41),(1.42) and (1.43), one finally obtains,

4
p= gﬂ'aO'ok. (1.44)

1.7 Problem. Pr. 1.7

Find the required time for a pair of plate of a plane capacitor join, if the mass density is m, and
they are separated by an initial distance xy.

1. When the plates are charged with a density o~ and then isolated.

2. When the plates are kept to a constant potential V.

Solution

A pair of charged plane (and infinete) plates are considered. Assume the charge density is o, and
their mass by unit area is my.
Hence, on a characteristic area element,

dF = dqE, (1.45)

with E the electric field generated by the opposite plate.
From (1.35) and (1.37), (1.45) can be written like

2.2
dF =dgZ = T4 — s (1.46)
260 260
Now, by kinematics,
S I,
X = —Eaﬂ. (1.47)
Thus,
2
X
2
= — A\ Xompé€py. (148)
o

On the other hand, if one id interested on a couple of plates kept at constant potential, on must
consider the change of the capacitance.

C=g=— (1.49)



1.e.,

=127 1.50
o === (1.50)
By GauB}’ law,
g-2 Y (1.51)
260 X
Hence,
S a*V3e
dF = - =00 — od?i, (1.52)
2x?
then,
Ve x
moix = — Ozox—ﬁ (1.53)
thus,
d , Vie
— v — =0. 1.54
dr (mox . ( )
This yields,
dx Veeo (1
— = —+c). 1.55
dt myg (x c) (1.53)

Since x(t = 0) = 0 at x(r = 0) = xo,

d Ve (1 1 V2e -
B dEE e
dt my \x Xp mMoXo X
0 >
d Ve
Xvr A2 (1.57)
o VXo— Vx myXo
Changing Vx = —+/Xo sin#,

0 d /2
_dxvx :2x0f d@sin29:xo(7—r+ 1), (1.58)
X0 \/X_()_ \/; 0 2

Therefore,

Thus,

t:x0(7—T+ 1) moXo (1.59)

1.8 Problem. Pr. 1.8

A variable capacitor consists on a couple of coaxial cylinders of radii a and b with b — a << a, free
of moving along the coaxial direction. Use energy methods to calculate the magnitud and direction
of the force on the inner cylinder if it’s displaced respect the exterior cylinder.



Solution

The energy carried by a capacitor is
2

q
U=_—, 1.60
°C (1.60)

with ¢ the charge on the capacitor and C its capacitance.

For a cylinder capacitor,
2meol

~ In(/a)’

If one moves the inner cylinder a distance x, the effective cylinder capacitor has length L — x, thus

(1.61)

_ 2nep(L — x)

C(x) = (/) (1.62)
Moreover, the force on that cylinder is given by
F = —ﬁlg

- _ﬁr_@m(g) — (1.63)

1.9 Problem. Pr. 1.9

Verify that the charge on a grounded infinite conductive plane, induced by a point charge, g at a
distance a from the plane, is —g.

Solution

By the image method, the position of the image charge is (—a, 0,0) and its charge is —g,because
®(0,y,z) = 0. Moreover,

q 1 1
O(x,y,2) = - . (1.64)
47T€0[\/()c—a)2+yz+z2 Vix+a)?+y? + 22

From Gauf3’ law,

SEE-ds'* —966@-;%15
S S

oD
- —dS
9§ on
as

= , (1.65)
€



then,
0D

os = —€ —| . (1.66)
on S
Finally,
qa
=0)=— . 1.67
o(x=0) @ty 1 2 ( )
Hence,
o = [zt
_ qa 1
= f‘rdm’é?—(a2 T
rdr
= —qa (@ + 232
1 o0
= a| ————
4q (@ + r2)12 .
= —q. (1.68)

1.10 Problem. Pr. 1.10

Find ®(7) generated by a point charge, g, placed at a distance d from a conducting sphere of radius
R.

Solution

Since the set up has axial symmetry, the image charge must life on the axis that joins the center
of the sphere with the charge g. Consider the image charge,—¢’, placed at a distance d’ from the
center.

By definition of conductor, ®|g = 0. The most straightforware of getting this condition on the
sphere is applying for the points colineals with the axis. Then,

g 1 q 1
dnregd — R~ AdnegR—d’
1 ’ 1
- 4 - 4 (1.69)

dregd 1 — R/d 4neR1 - d' /R’

in order to hold the equality,
(1.70)

d =

R
7y
R2
— 1.71
p ( )



1.11 Problem. Pr. 1.11

Consider a fluid conduct of rectangular form, delimited by the plane points, (0, 0), (a,0), (0, b) and
(a,b). The edges of the rectangle are a constant temperature 7'; and 7, and the front edges have
equal temperature. Find the temperature, 7'(x, y), for all point inside the conduct.

Solution
Consider the Laplacian equation in rectangular coordinates,
VT = 0. (1.72)

One can consider homogeneous boundary conditions at x = 0 and x = a. After the separation
of variables,

X" +m*’X=0 = X=A,cosmx+ B, sinmx, (1.73)
Y —m’Y =0 = Y =C,coshmy+ D,,sinhmy, (1.74)

with m > 0. By the boundary condition,

X(x) = B, sin”aﬂ
Y(x) = Dnsinh@, (1.75)
or
Xx) = B, sin%C
Y(x) = D,sinh ? (1.76)

where n = %¢. (1.75) for homogeneous B.C. at y = b and (1.76) for homogeneous B.C. at y = 0.
One can consider homogeneous boundary conditions at y = 0 and y = b. After the separation
of variables,

Y'+m*Y =0 = Y =A,cosmy+ B, sinmy, (1.77)
X' -m’X=0 = X=C,coshmx+ D,,sinhmx, (1.78)

with m > 0. By the boundary condition,

Y(x) = B, sin?
X(x) = Dnsinh@, (1.79)



or

Y(x) = B, sin?
X(x) = D, sinh?, (1.80)

where n = Z#. (1.79) for homogeneous B.C. at x = a and (1.80) for homogeneous B.C. at x = 0.
By using the relations

f dx sin’ ? - g (1.81)

0

f dxsin% - —%((—1)” ~ 1, (1.82)
0

and the linelity of the Laplace equation, the coordinate temperature is

4T, 1 sin ==

T(x,y) = —— -— (sinhﬂ(y—b)+sinh@y)
V4 noddnsmh”aib a a
AT 1 sin ==
= -2 —— fm (sinhﬂ(x—a)+sinhgx). (1.83)
b4 Mddnsth b b

1.12 Problem. Pr. 1.12

The one of the Bridge...

Solution

1.13 Problem. Pr. 1.13

Verify that & satisfies the Laplace eq. by using the chain rule.

Solution
One begins with the Laplacian equation

V¢ = 0. (1.84)
If one would like to change (x,y) to (&, v) coordinates with u = u(x,y) and v = v(x, y) given by the

real and imaginary part of an analytic function, i.e., each of them satisfy the Laplace equation on
the (x, y) coordinates.



By the chain rule, it follows that,

— 2 2

= S R

¢xx ¢uuxx + ¢vvxx + ¢uuu + ¢vvvx + 2¢uv”xvx
2 2

¢yy = ¢uuyy + ¢vvyy + (buuuy + ¢vvvy + 2¢uvuyvy,

Then, adding both terms,

0=¢, V> u+ ¢VV(2x’y)v + ¢W(ui + uf) + ¢W(vi + vi).

(x.y)

Next, one uses the Cauchy equations

Uy

Uy

—Vx,

then, by changing v, and v, by u’s, (1.87) becomes

0= (Duu + ¢VV)(M)25 + ui)

Since u, and u, are not vanishing quantities, it follows that

0* 0?
(ﬁ + W) ¢(l/l, V) = 0

1.14 Problem. Pr. 1.14

How do g and Q;; transform under a traslation on the coordinate system?

Solution

By definition,

and

Pizf”ip(?)d3r,
1%

Qij = f L rp(A(Bxix; — 6,7).
\%4

Underr—>r =r+a,

where

pi o Pl

= pitagq,

\fm@ﬁ”:m,
\%

fﬁmmf':fbﬁmmwww
\% |4

f(”i + Cli)P(f”)CF”/ = q;-
1%

(1.85)
(1.86)

(1.87)

(1.88)
(1.89)

(1.90)

(1.91)

(1.92)

(1.93)

(1.94)

(1.95)



This happens because V is the volume where the charge density is placed.
Similarly,

4 o> ’ -2
Qij = Qi fd3r p(F)Bx;x; = o5r')
Vv

fd3rp(7) (3(x,- +a;)(xj+a;)—6;;(7+ &32)
%

fd3rp (7_'))(3(X,'Xj +X;a; +a;x; + aiaj) - 5,‘1'(17')2 +2F-d+ 6_1)2))
\%4

Qij + 3(aip; + a;p) + q(3aja; + @6;;). (1.96)



Chapter 2

Electrostatic 11

2.1 Problem Pr. 2.1

The energy of a dipole p in a field Eis W = —p- E. Use the method of images to find the energy
of a dipole p at a distance r from an infinite, grounded, conducting plane when the angle between
p and the normal to the plane is 6.

Find the force and torque on the dipole due to the induced charges on the plane.

Solution

The electric field prodeced by a dipole is

» e+l P47
EPp=— |l T 2.1)
dneo\|p+7 +1p IF+7f
By expanding the denominator,
B, Pyl
Ty R PIAE Gt RL, | (2.2)
|7+ 7|2
then,
, 1 F-7)-p P
E(7) = 3 F—7)— . 2.3
® 47160( Frrr ) T Eeep (23)

Putting # = 0, 7 = —2ri and j = —p(cos 6 + sin ), the electric field due to the image dipole at the
position of the dipole is
2 p
Eew =
"7 32ner3

(=2 cos 6i + sin67). (2.4)

27



Since W = —p - E,, and 7 = p(—cos b + sin §)), it follows that

2
p 2

W=- 1 0). 2.5

327T60r3( +cos™6) 2:5)

Since the net charge is zero, and the dipoles are punctuals, there isn’t net force.

F=0. (2.6)

2.2 Problem Pr. 2.2

Show that a harmonic function F is uniquely determined at all the points within a given region by
its value at the boundary.

Show also that F if identically equal to zero throughout the region if it vanishes at all points of
its boundary.

Solution
In order to show that the solution is unique, assume that there exist two different functions F; and
F s.t. both satisfy the B.C. Fi|s = F.

Since the Laplace equation is linear, the function F = F| — F, satisfies V2F = 0 with homoge-

neous B.C.
The Green’s identity states that

f uVv - dét = f V2 + Vu - Vv)dr. 2.7)
s 4
For the case u = v = F, since F|g = 0 and V>F = 0, Green’sidentity yields
f (VF)2dr = 0. (2.8)
v

This implies that VF =0 and then, F'; = F, + const. but the B.C. implies that const = 0, i.e.,

Moreover, since the solution of the Laplace equation with constant boundary conditions cannot
have maxima or minima inside the boundary,it follows that if F|g = 0, then

A =0]




2.3 Problem Pr. 2.3

A small hemispherical bump, of radius a, is raised on the inner surface of one plate of a parallel-
plate capacitor, separated by a distance d. Find the resulting potential between the plates.

Solution

In order to solve the problem, one sholud solve the Laplace equation inside the capacitor. Note that
the problem has azimutal symmetry, then

O(r,0) = Ag + Z (Alr’ + Br*Y) Py(cos ). 2.9)
=1

the coefficient By = 0 because the innersolution is regular and the logarithmic part of the solution
is dropped.
The boundary conditions are

Or=a) = O, (2.10)
DO =7/2) = B, @.11)
O(r=d/cosf) = 0, (2.12)
O(r >>a) = gocos 6. (2.13)

Then, by finiteness, A1 = 0, also equation (2.13) the coeflicients A; = % and B, are the only
ones allowed, ’ceuse P;(cos 6) = cos . Then

B
O(r, 0) = Ag + Zrcos  + — cos . (2.14)
€0 r
From (2.11),
g B]
OO=n/2)=Ay=Dy, = Dr,0)=Dy+ —rcosf+ — cos 6. (2.15)
€ r
From (2.10),
B
®(a, 0) = Dy + (E + —;)cose = D, (2.16)
€ a
thus, X X
B =-T5 = ®(r,0) = d)+ (Er - O-—az)cos 6. 2.17)
€ € €or

Finally, condition (2.12) yields

g 613
@(r:d/cose):¢)0+—(d—Ecos39):0, (2.18)
€



then, since a << d,
o= — ) (2.19)

Therefore,

cos 9) . (2.20)

2.4 Problem Pr. 2.4

A charge Q is uniformly distributed throughout the volume of an ellipsoid of revolution whose
semi-major axis is a and whose semi-minor axis is b. Find the electrostatic potential at any in the
space outside the ellipsoid.

Solution

The most useful coordinate system for solving the problem is cylindric coordinates. Then, the
potential due to a differential of volume is

e, rdrdfdz
do(h) = , (2.21)
drer \fr2 + (h - z)?
the potential of the ellipsoid is therefore,
27 a R
d
o) = L f d6 f dz f S L — (2.22)
4rey Jo o Jo AP+ (h-2z)?
with
2
R*=1? (1 - —2). (2.23)
a
Then, (2.22) yields,
cp(h):if dz( VR +(h=2? - h+2). (2.24)
2EO -a
Call I and 11 the first and second integral of the RHS of (2.24),then,
N f (=h + z) = —2ah. (2.25)

The argument of the square-root of / can be written as

2

b? h h2a?
w/1——— b+ h - ) 2.26
¢ a? 2 o a? - b? (2.26)




h2 2
a 2.27)

After defining
/ b? h
-2 _ 2 _ 32 12
3 = Jo=b"+h o
e
one can change the integral on z by an integral on u, with

[ b2
du =dz+|1 - —,
a

thus,
1 f duVu? + J2
b2
V a2
Viz+ 2 J? e
_ (” ”2+ + = InGu+ Vi ¥ J2)) (2.28)
1-4 0
On the above equations, the integration limits are
/ b? h
up = ayll-—- (2.29)
a b2
T2
b? h
u. = —aﬂl——z— (2.30)
a b2
7
After a lot of algebraic manipulation, one gets
(2.31)

1 N
[h(b -3 -

—a’+ bz))]

] =
- E
(b2 + h)(a* - b*) — h*ad? n (@ = b*? + a(@® — b?) + h(ha? - 2a® + 2ab*
2(a® - b?) (a* — b*)? + a(a? — b?) + h(ha? + 2a3 — 2ab? + a? — b?)
Finally, the potential on the z axis is
h2 2
o = L) oan+ [ Y (2.32)
2e = a? - b?
T2
(b + h*)(a* - b*) — h*d? | (@® = b*»)? + a(@® — b?) + h(ha* - 2a® + 2ab* — a*> + b*)
n )
(a® — b*)? + a(a?® — b?) + h(ha? + 2a® — 2ab? + a* — b?)

2(a? - b?)



2.5 Problem Pr. 2.5

Find the potential distribution inside a hollow conducting cylinder of radius a if the cylinder has a
length L and the two ends are closed by plates which are held at the potentials ® = @, and ® = 0,
respectively. Also find the charge distribution on the surface of the cylinder.

Solution

In order to find the potential, one must solve the Laplace equation with the given boundary condi-
tions,

Oz=0) = 0, (2.33)
Qz=L) = Dy, (2.34)
O(r=a) = . (2.35)
Using cylindric coordinates, it follows that
O(p,0,z) = f(p)g(Oh(z), (2.36)
with

fo) = Julkp), (2.37)
g0 = A, sin(mb) + B,, cos(mb), (2.38)
h(z) = sinh(kz), (2.39)

with m € Z.

For having a well-possed problem, i.e., determine completely all the arbitrary constants, ®; =
0, then

/l(m)
Jnka)=0,— k= Z , (2.40)

with n € N and /lﬁlm) is the n-th zero of the m-th Bessel function.
Moreover, due to the azimutal symmetry, m = 0, then

0 /1(0) /1(0)
D(p,0,2) = ) A, sinh(iz) Jm( " p). (2.41)
— a a
Now, by (2.34) and the identities
a a2
f dppjn(xnmx/a)Jn(xnm’x/a) = EJn+1(xnm)6mm" (242)
0

21
| sintx=n (243)
0



1.0

oA

L |

Figure 2.1: It shows the Bessel functions Jy (in blue) and J; (in red).

it follows that
A = 2 CDocosech(/lg))L/a)
n= 9 ()
a Ji ()

dppJo(Ap]a).
0
Since,
f dpp"J,-1(0) = p"J(p),
and J,»1(p = 0) = 0, the coefficients are

_ 20 cosech(/lflo)L/a)
LAY A

Finally,

(o)

D(p,0,2) = )

n=1

20, cosech(AVLja) . (AY A9
© © sinh| —z|J, Pl.
An Ji(47) a a

2.6 Problem Pr. 2.6

(2.44)

(2.45)

(2.46)

(2.47)

A spherical distribution of radius R and constant charge density p contains a hole of radius r inside.

Determine energy of this configuration.



Solution

2.7 Problem Pr. 2.7

Calculate the exterior potential of a infinite, conducting cylinder of radius R on a uniform electric
field Eyperpendicular to the axis of it.

Solution

Since the cylinder is infinite, the problem is nothing but 2-dimensional, so, the general solution is

O(r,0) = Ag + Bylnr + Z(Anr”Bnr_")(Cn sin(nd) + D, cos(n0)). (2.48)
The B.C. are
E(r— ) = Ek, (2.49)
= O > ) = —Eyrcosé + const. (2.50)
O(r=R) = O, (2.51)
At r — oo, the B.C.implies
B
O(r,0) = Ag+ Ajrcosd + L cosh = —Eyrcos 8 + const., (2.52)
r
then
A1 = —E().
Atr = R, the B.C. implies,
B
D(R, ) = Ag — Eqrcos  + — cos 0 = Dy, (2.53)
r
then,
A() = (I)o Bl = E()Rz.
Finally,

R
O(r, 0) = By — EoR (1 - —)cos 0. (2.54)
r

2.8 Problem Pr. 2.8

Find the corrents and equipotential of a cylinder, of radius @ immerced on a fluid. For that use a

conformal map given by
2

a
—r+—, 2.55
=4+ z (2.55)

with { = € + m 1s the complexification of the original variales (£,7) and z = x + 1y is the complexi-
fication of the maped coordinates.



Solution

Since = & + 1,

612

x+iy=&+m+ m(‘f —1m), (2.56)
then,
2
x = g(l + %) (2.57)
&+n
&
y = ;7(1 + m) (2.58)

The conformal map maps the B.C. at infinity to the same condition but in the z-plane, but the
circle is maped to a segment on the x axis. Thus, the velocity in the xy-plane is vV = vt or @ = vx.
From (2.57), it follows that

2
O = v.f(l + “—) (2.59)

&+

So that this is a conformal map, all the machinany of the complex variable applies, so, the Cauchy
conditions imply that

2
Y=vyy= vn(l + 5626:.—,72)’ (2.60)

are the perpendicular lines to ®@.
@ gives the currents, and ¥ gives the equipotentials.

2.9 Additional Problem

Find a relatioin between the multipoles expansion and the Legendre polynomial, of course for an
axial charge distribution.

Solution

The outside solution of electric potentials with azimutal symmetry can be written as

Il
NgE
B

D(r, 0)

1 O, pcosb 1 ;i
= —(7+ 2 +ﬁQ,’jXXJ+... (261)



For a symmetric configuration the quadrupolar tensor is given by

0 0 0
[01=(0 Q0 O |, (2.62)
0 0 -20
thus,
Qiix'x) = Qr*(1 = 3cos® §) = —2Qr* P (cos 0). (2.63)
Therefore, by comparison,
O, D 0
By = , Bl=——, By=——"7". 2.64
0 47'['60 ! 471'60 2 471'60 ( )




Chapter 3

Dielectrics

3.1 Problem Pr. 3.2

A holed dielectric sphere with inner and outer radii a and 2a rspectively, and dielectric coefficient
K. = 3, is placed in a previously uniform electric field E,.Show that in the hole

E=2"F, (3.1)

Solution

The problem has azymutal symmetry, so, as there aren’t free charges, the potential solves the
Laplace eq. V?¢ = 0. Therefore, the solution can be expand in Legendre polynomials.
Call

¢,(}'_')) Ifr<a
& (P) Ifa<r<2a
¢o(P) If r > 2a. (3.2)

Since the potential is continuous, the B.C. are

B.C.r=a
di(a) = ¢ula), (3.3)
o, o,
eoa—(i(a) = e%(a). (3.4)

37



B.C.r =2a

¢.2a) = ¢u(2a), (3.5)
0. 0.,
& ;i 2a) = 6%(2&). (3.6)

Due to finiteness of the potential for r — 0 or r — oo, it follows that,

i = ) Ar'P(cost) (3.7)
!
= B+ SL) Picos 6 3.8
¢m_z 1+ 5 | Pi(cos 6) (3.8)
[
1
¢, = —EOrcose+ZDlmPl(0059). (3.9)
l

Then, the B.C. are clearly not compatible, unless / = 1, therefore,
Continuity r = a

C
Aia=Bia+ =, (3.10)
a
GauBr=a
Ci
e = e(Bi-21), (3.11)
a
Continuity r = 2a
D, C
—2aEy + 4—(12 =2aB; + 4_(12’ (312)
GauB r = 2a
D, C
€ (—EQ - @) = E(B] - 25) . (313)
The system of equations (3.10)-(3.13) can be solved, and yield
27
A, = —-=—E,, 3.14
1 32 Eo0 (3.14)
21
B, = _3—4E0, (3.15)
3a®
C, = -—/—E,, 3.16
1 77 Eo (3.16)
49q°
Dl = 17 Eo. (317)
In the hole, one needs just the value of Ay, so
27 27
¢i(r,0) = ——Eorcos 0 = ——Ez, (3.18)

34 34



thus,

Ei = _V¢i = —E(). (319)

3.2 Problem Pr. 3.3

Use Biot-Savart law for calculating B in the center of a square loop carrying a current /.

Solution

Boit-Savart law states

I dix 7
B = 56 all} (3.20)

4rreyc? |A?

For a square loop, the total contribution in the center is four times the contributions of a single side,

SO
Ia

N dl
k ———
4enc? f_: Va2 + 123

By a trigonometric change, the integral can be solved then one multiply by 4, and the result is

dB = (3.21)

la -
> (3.22)

et

= V2

oo T

3.3 Problem Pr. 3.4

A plane conductor of width 2a carries a current /. Show that

I
B, = K% (3.23)
4rta
I
B, = M2 (3.24)
dra

in the first coordinate quarter. The conductor’s borders are placed at x = *a, the current flows in
direction z. r;, are the distances between x = +a and the point where the measure is made. The
angle 6 is the one between r; and r, measure in the direction 1 — 2.

Compute B at 26¢m from the center of the conductor for an angle of 72¢ if the conductor band
has 10cm of width and carries a current of 5.76A.

Find B at a distace D, from the origin, placed on the axis x and y. Compare both results for
D> a.



Solution

Theough the problem the angles between r; and r, w.r.t. the x axis are called @ and ¢. Also, the
angle of an arbitrary point placed on the conductor is called ¥}, and the modulus (from there to the

measure point) is d.

Begin by consider the magnetic field produced by an infinitesimal wire composing the conduct-

ing band, so,
d, = ricosa—x=dcosd,
dy, = risina=dsind,
& = di+d.
Similarly,
B, = -—-Bsind,
B, = Bcos,
where, by Ampere’s law,
/,lo] dx
B="——.
4ra d
Therefore, the total magnetic field components are
B olry sina f" dx
! 4ra —a (rf sin® @ + (ry cos @ — x)z)’
B ol f” (rycosa — x)dx
’ 4na J-q (r2sin® @ + (ry cos o - x)z)‘

1

Consider the integral on (3.31),

1

f” dx B 1 f dx
—a (r2 sin @ + (r cosa/—x)z) r2sin®a J-a (1 N (71 COSCV—X)Z),

r1 sin
by changing
ricosa — x
U= —
risina
the integral is solved
“ dx 1
f 3 = —— [arctan(u(a)) — arctan(u(—a))],
—a (rf sin“ a + () cos a — x)z) rpsma
with _
ricosa ¥ a
u(xa) = ———.

r1 sin

(3.25)
(3.26)
(3.27)

(3.28)
(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)



Thus

B, = 'U—OI [arctan(u(a)) — arctan(u(—a))] . (3.37)
dra

Since r; sina = r; sing and ¢ + 0 = a, it follows that

u(a) = tane, (3.38)
u(—a) = tanea, (3.39)
So,
1
B, =H (3.40)
dra

The integral (3.32) is made through the change u = r?sin® @ + (r; cos @ — x)*, and using the
substitutions u(a) = r; and u(—a) = r3. So

I
B,=E"mZ2 (3.41)
dra 1y

For the given data, the corresponding radii and angles are

a= 86.05
= 02517m
o= 64.96

= 02771m

6 = 21.09= 0.368 rad

Thus,

B, =-4.24+10°N/m
By = 1.11 «107°N/m
B = 438%10°°N/m

On the x axis,

B, = 0, (3.42)
IU()I 2a
B, = —In|l+ —]. 4
) o n( + D ) (3.43)
On the y axis,
B, = —H5 arctan ( a ) (3.44)
Y dnma D)’ '

B, = 0. (3.45)



By expanding to first order on a, i.e. D > a,

Inl+x) = x+--- (3.46)
arctanx = x+---, (3.47)
one obtains,
Hol
B,| = |By| = —. 3.48
1Bl = |By D (3.48)

This is ’cause for D > a, the band looks like a wike.

3.4 Problem Pr. 3.5

A pair of Helmholtz coils consist in a pair of identical coaxial circle loops,they maximize B’s
uniformity in the intediate region. Find the optimal separation between the loops.

Solution

For a single loop,
- _ ,Lt()l R2

B(z) = ——M8M—, 3.49
@ 2 (R? + Z2)3/2 ( )
thus, on the Helmholtz coils,
- /,t()l 0 1 1
B(z) = —/—R + . (3.50)
2 |+ )" (Rz +(e- %1)2)3/ ’
From the last equation, it follows that

OB (d
—|=]=0. 3.51
0z (2) 3-51)

It’s not a bad result, but still does not give a relation between the radii and separation of the coils.
By taking the second derivative one get

B (d) 6’ = 4(4) (3.52)

— | =] + +
022 \2 n7/2 N3/2 Nk
ee(d)) (e (o)
hence, in order to maximize the uniformity of B it must vanish, so the condition reached is

(353)




3.5 Problem Pr. 3.6

Find B inside a long straight wire of radius a carrying a current density J. Assume the electron
density through the wire is N and their velocity is i, find the direction and magnitud of the force
acting on the movil charges. Is the assuption of a uniform charge density realistic?

Solution

Assuming that the current density is uniform, allows using the eq

RN I,
ggB-dz = e (3.54)
€yC
SO,
- JI" A
B(¥) = 3.55
() e (3.55)
Now, since J = Nit, it follows that
_ Nur .
F=—elix Lp), (3.56)
260
or
fo N, (3.57)
= r. .
2€yc?

The direction is of course is pointing outside the wire, this implies that after a little time the elec-
trons will flow not by the bulk of the wire but through the surface. That fact spoils the model under
consideration.

3.6 Problem Pr. 3.7

Calculate the electric polarization P in an infinite dielectric cylinder of radiu a and dielectric con-
stant K, spinning with an angular velocity w around its axis, in presence of an axial magnetic field.
Calculate the polarized charge densities.

Solution
Assuming that the dielectric material is homogeneous and linear. Therefore,

P= eoXE) = g(K — I)E), (3.58)



further,
= A
T pol = P- nlsupa

and
ppol =-V- P.

Hence, the problem reduce to finding the electric field.
Now, from the Lorentz force

In cylindrical coordinates

— A
w = wz,
- A

r = rr,
= A
B = B()Z,

then,
(& x P) X B = BywP.

Morever, in cylindrical coordinates

V.-r=2,
then,
P = (K — )Byw?.
Thus,
Ppot = —26(K — 1)Byw,
and

O pot = €(K — 1)Bywa.

Note: The above densities are constant,as long as w is constant, and

Vppol == O pol»

which agrees with the fact that py,., = 0 initially.

3.7 Problem Pr. 3.8

(3.59)

(3.60)

(3.61)

(3.62)
(3.63)
(3.64)

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)

Show that B inside a torus formed by a coil wrapped N times carrying a current / is equal to the

one generated by a current N/ through a wire on the torus axis.



Solution

By taking a path through the circular axis of the torus, one gets from the Ampere’s law

NI
Br = —. (3.70)
€c?l

Similarly, taking the same path, but around the straight wire, one gets

NI
B, = —, 3.71
€0C21 ( )
where [ = 27R with R is the radius of the path.
. Br=B,. (3.72)

3.8 Problem Pr. 3.9

Show that the average of B, inside the volume a sphereof radius R, generated by a small loop
carrying a magnetic dipolar momentum 7 placed whereever insde the sphere, is given by

Solution

In order to simplify the computations, consider the magnetic dipole oriented in the axis z.
So that the magnetic field is
B =VxA4, (3.73)

fﬁ X Ad’r = — SEXX da, (3.74)
\4 S

(E) = ‘I/SEX(r)xda

3.7
J(r)d ] < dd

and

then

47TV [

Ho N3 dt_l)
= -2 A xSE
AnV s |f’— r

(3.75)




Since,

da 7 in @ 6do 4 .
56 aﬁ R f sin 6 cos _ —nzk, (3.76)
s |?—r’ 0o Vr2+z?—-2R7 cosf 3
and the definition
f &Er Iy x P =2, (3.77)
finally one obtains
- /J()n_’)l
B) = . i
(B)= 2= (3.78)

3.9 Problem Pr. 3.11

An infinite wire with a linear charge density A is placed, at a distance d, parallel to a dielectric
plane of a given dielectric constant. Determine the force per unit of length acting on the wire.

Solution

By placing a charged wire in front of a dielectric wall, a polarization cherge is induced on the wall,
and since the width of the wal is infinite, the other charges won’t be consider as part of the set up.
Gaul3’ law states that,

T o T o
iE, + = elp, - 2L (3.79)
26() 260
then
O-p()l _ EW K - 1
26 K+1
1 (K-1
= — ) 3.80
2rep (K + 1) (3.:80)

Hence, on the RHS., the total electric field is

A K-1
Er = 1 , 3.81
! 27reor( +K+1) (3:81)

which can be interpretedas an image wire placed at the same distance but with charge density

K-1
A== .
(K+1)

Therefore, the electric field of the image wire is

S A
E=——, 3.82
8meyd ( )



and finally

N A2 (K-1
F=- .
8regd \ K + 1

3.10 Problem: Aharanov-Bohm vector potential.

Find the vector potential for the Aharanov—Bohm experiment.

Solution

Consider the f.e.m.,

@:fﬁ-ﬁ:fﬁxﬁ-ﬁ:sgﬁ-dlf
S S Y

So, by analogy, with the equation

Sgﬁ-df:(b — 9§§-d7= Iencz,
¥ y drege

and using the magnetic field for an infinite solenoid,

=~ [ Bok ; r<R
B_{ 0 ;r>R ~

By symmetry, A~ @, therefore, for r < R,

thus,
- B()I"
A=—0.
2 ‘p
Forr > R,
SEA_) dl’ = A2nr = BynR~,
Y
thus,
5 ByR?
A= D.
2r ¢

NOTE: A is continuous at 7 = R.

(3.83)

(3.84)

(3.85)

(3.86)

(3.87)

(3.88)

(3.89)

(3.90)






Chapter I

Electrodynamics I

4.1 Problem Pr. 4.1

A superconductor has the property that inside it both, E and B vanish.

1. For the electric field the boundary condition is that at the surface it must be just normal. What
is the analogous boundary condition for 5?

2. A small loop with magnetic moment u oriented with an angle 6 respect to the normal, is
located in front of an infinite, superconductor wall. How can the magnetic field be found?

3. Find the torque on the magnetic dipole as a funtion of the angle. Deduce the equilibrium
points, stables or not.

4. Find the force as a function of the angle.

}\//’

.

Figure 4.1: Magnetic dipole in front a superconductor.
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Solution

At the boundary, there is not free charge, so, since V.-B= 0, it follows that

B, =0 At the boundary.

So the magnetic field must be parallel to the surface of the superconductor.

4.1)

In order to solve the problem of a magnetic dipole placed in front of a (plain) superconductor,
one must use the image methods. For satisfying the B.C. of the magnetic field, the image is placed

just like a mirror image and the moduli of the magnetic momenta are equal. |ﬁi| =

QL?//

d

W

&

d

_'??_6(%\
=%

The torque can be found by

-

T=mX B,,,

and the force is
F_) = (l’l_’)l * V) B)ext-

Now, the magnetic field of a point magnetic dipole is

B() = 22 (37 - p — it
473

since m; = m(sin 6, —cos 6,0) and 7 = (0, 1, 0), yields

B(r) = —%(Sin 6,2 cos6,0).

Therefore, the torque is

pom®

 64nd?

7= sin 26k.

From here,

4.2)

4.3)

4.4)

4.5)

(4.6)



’ 0 \equilibrium‘

0 unstable
/2 stable

b unstable
3n/2 stable

On the other hand, the force among this two point magnetic dipoles vanish,

F=0. 4.7

4.2 Problem Pr. 4.2

the figure shows an uniform magnetic field B confined to a cylinder of radius r. The magnetic
field decreace in magnitud to a constant rate of 100 gauss/s. What is the instantaneous acceleration
experimented by an electron placed on Py, P, and P3?. Assume a = Scm.

Solution

Obviously one solves the problem with the help of

. . OB
VXE=——, 4.8
X ot (4.8)
or what’s the same,
= - dB
E-dl=A—. 4.9
56 7 4.9)

The set up has a symmetry and the symmetry left a fixed point (in this case is not just a point
but a line... the axis of the cylinder), so one takes as path circumference centered at the origin, thus,



the enclosed area is

A(p1) = A(p3) = nd®
A(p2) = 0.

Axial symmetry assures that 'E ‘ is constant along the chosen path, so

A dB
=
Hence, E,, = 0 and
g _7dB_rdB
Peps = gr dt 2 dt’

in the —@ direction.
Thus,

er dBé
2m, dt

-
a =

Now, since 100 GauBare 10727, m, = 9.1 * 1073'Kg, e = 1.6 % 1071°C, then

d=~5%10"m/s>.

4.3 Problem Pr. 4.3

(4.10)
(4.11)

4.12)

(4.13)

(4.14)

(4.15)

A stiff wire in form of semi-circle of radius r is rotated with a frequency w on an uniform magnetic

field. What?are the frequencies and amplitudes of

e the induced voltage,

e the induced current,

if the internal resistor of the galvanometer is R and any other resistor in the circuit is zero?.

® & @ 8 8 @
B 0 & oW @ 8 f

®®®®®®®®;

@ % 2 2 @ @

[\
N\



Solution

Since
O(1) = BA(t) = BAgcos(wt). (4.16)
It follows that
oD .
e= o = wBA( sin(wt). “4.17)

This implies that

(4.18)

| Amp(V) = wBA,,

and

@19)

By Ohm’s law, V = IR, one get

7= B Gnwn, (4.20)
Q)BAO

. Amp(l)=—0—, 4.21)
freq(D)= w.

4.4 Problem Pr. 4.4

A small loop of radius a carries a constant current /. Other loop of radiua a, is placed on the axis
of the first one at a distance R, with R > a. the planes of the loops are parallel. The second loop
is rotated with an angular velocity w through one of its diameters. If the second loop isopened so
that no current can flows through it, What’s the genereted e.m.f.?

s
@\ ) v @\
N

|




Solution

The second loop is spinning into the magnetic field generated by the first one, so the induced e.m.f.

is
dd dA
-—— =-B—, 4.22
dt dt (422)
where A is understands like a given area whose boundary is the loop.
Nonetheless, as the second loop has been cutted, the induced current cannot be generated and
the end-points behave like a capacitor, which produce a potential in the inverse direction of &, so,

the total e.m.f. vanish,

e=0. (4.23)

Other way of seeing the above result is that once one has cutted the loop there isn’t a close path,
so the definition of e.m.f. loose its sense.

4.5 Problem Pr. 4.5

A metal wire of mass m slides without friction on two rails separated a distance d. There is an
uniform magnetic field B.

1. A current I flows from a generator G throuth a rail, croos the wire and return through the
other rail. Find the velocity as a funtion of time. Assume the wire is at rest at t = 0.

2. Thegenerator is replaced by a battery with an e.m.f. £. The volocity of the wire now approx-
imates to a final value. What is the final speed? How does it approximate to its final value,

as a funtion of time?

3. What’s the current of the second part when the wire reach its final velocity?




Solution

In the first case,since the current is constant, one can write the Lorentz force as

F=md=I1IxB, (4.24)
or what’s equal, so that I Lﬁ,
lIB
a=— = const., 4.25)
m
S0,
lIB
v=—1 (4.26)
m
In the second case, the generator is changed by a battery whose e.m.f. is &, by Ohm’s law,
I = (E_Rﬂ Faraday’s yields
oD
g = — — — = —Blv, 4.27
Eind B 4 ( )
therefore,
dv _ lIB
dt  m
IB
= —(e-1IBy). (4.28)
mR

One can solve this equation by separation of variables, then

A 252
W) = % - Ee—%f. (4.29)
Finally, the initial condition v(¢ = 0) = 0, yields
2 p2
W(f) = 1% (1 - e-%f). (4.30)

The asymptotic limit of the velocity is v = %, and again by Ohm’s law,

1=0. 4.31)

4.6 Problem Pr. 4.6

A toroidal solenoid of N turns has a square transversal section. Each side of the square has length
a and the inner radius is b.



1. Show that the self-inductance is

L=

NZa

2reyc?

a
1 (1 —).
n +b

2. Express in similar terms the mutual inductance of a system formed by the solenoid and a

straight wire placed on the axis of symmetry of the solenoid.

3. Find the rate of the self- and mutual inductances.

Solution

Since ,

and for the torus magnetic field,

In cylindric coordinates,
1
2o

Therefore,

B’ d’r

1

W =—=LI>=

2

2/10

N

! f B*d’r,
2#0

1 1

C 2mepc? b+ x

drrf d@f

4rreyc?

N212

4meyc? f

N*I’a a
ln(l + —).

+b dr

r

b

N2 12

472

7'2

(4.32)

(4.33)

(4.34)

(4.35)



Similarly,

1 = =
ML, = —fBl - Bod’r,
Ho

and so that B, # 0 just inside 72,it follows that

_ HoNT o Hols 4

B 0 d B,=——60
! 2nr an 2T nr
then,
Na a
M = I (1 + —).
2meyc? n b
Finally,

4.7 Problem Pr. 4.7

A pair of plane loops, each one of area A and carring a current /, are separated a distance r.

(4.36)

(4.37)

(4.38)

(4.39)

The normals of the loops form angles «; and a; respect to the line which joints the loops and

these angles live on the same plane.

1. Find the mutual inductance. Assume that radii are much more smaller than the separation.

2. Using the expression for M, find the magnitud and direction of the force among the loops.

3. How would be the force if one reverse the current in one or both loops?




Solution

Themagnetic field of a magnetic dipole is

_Ho_
473

If one choose the origin of coordinates at the place of the first dipole, s.t. the y axis coincide with
the jointing line of the dipoles, then

B = [3G7 - )P — ] . (4.40)

m = m(0, cos ay, sin a;), (4.41)
and
7=1(0,1,0). 4.42)
Therefore,
- m
BR) = 2 2 cos @y — sinai2]. (4.43)
4nR3

Additionally, the vector corresponding to the area of the second dipole is
Ay = A0, cos s, sin @), (4.44)

thus, the flux of the magnetic field generated by (1) through the surface of (2), is

S, S A
O, =B|(R)-A, = Ho (2cosa; cosay — sina; sinasy) . (4.45)
47R3
Then,
A2
M = Ho (2cosaj cosa, — sina; sinay) . (4.46)
4nR3

Furthermore, the force between the to loopsis given by
F=1rvVMm, (4.47)

by using the gradient in spherical coordinates, it follows that,

,U()IzAz

Fe_
47R4

[3(2 COS @1 COS @p — Sin @y Sin )7 + (2 cos a; sin @, + sin a, Cos cxz)@] . (4.48)

Obviously, if one reverse one (or both) current(s), is just like changing the corresponding angle
0; — 6; + m in the equation (4.48).

4.8 Problem Pr. 4.8

A metal rod is magnetized along the azimutal direction. What dependence on the radius can M
have so that the net magnetic charge in the system vanish?



Solution

So, one have thet M = f(r)@.
If the material is “uniformly" magnetized, it must satisfy that

- -

V-M=V-M=0. (4.49)

In cylindrical coordinates the only components that contributes are

V-M = %ag(r £(r)) = 0, (4.50)
V-M = %ag(r £(r)) = 0. 4.51)

Equation (4.50) doesn’t make a constraint on f, but (4.51) impose that
f(r) = % (4.52)

4.9 Problem Pr. 4.9

A long wire of radius a carries a current / and it’s surrounded coaxially by a long holed iron
cylinderwith relative permeability K,,. The inner radius of the cylinder is b and the external is c.
Calculate the total flux of B inside a section of lenght [ of the cylinder.

Find the current density on the inner and outer surface of the cylinder, also the directions of the
currents relative to the current of the wire.

Find the equivalent current density inside the cylinder.

Find B at r > ¢ from the wire. How’s it affected if the cylinder is taken away?

Solution

The boundary conditions for the Magnetic field are (without free currents)

HY = HY, (4.53)
1 _ (2)
B) = B} (4.54)

B="-0=B,="20, 4.55
2 r = 2nr ( )
then,
ull (dr oll (c)
o, = — —=K,— In(-]. 4.56
2 J, 1 2n 1 b ( )




Also, since ﬁ =M x nls, gives the current density on the surface of the conductor. From(4.56)
it follows that,

N 1 A
M=—(K, - 1), 4.57)
2nr
thus, on the inner surface,
> 1
J=—(K,, - 1)z, 4.58
27rb( )Z (4.58)
and in the outer surface,
> 1
J=—(K, - 1) (4.59)
2nc
The internal current is
> - - 1
J=VXM=-0,(rMy) =0. (4.60)
r

Finally, since the currents at r = b and r = ¢ are the same, the magnetic field outside the
cylinder is just the sameas without the cylinder,

, I,
Bir>c)= %9. (4.61)
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Chapter 5

One-dimensional Problems

5.1 Problem 1...

A particle of mass m is confined to a 1-dimensional region 0 < x < a by the potential

0 if0<x<a
Vix) = { 00 otherwise

At t = 0, the wave function is

Y(x,t=0)= \/g(l + cos (%)) sin (7%)

Calculate
a. Y(x, ty) for o > 0.
b. The energy of this wave at r = 0 and ¢ = 1.

c. What’s the probability of finding such a particle in the right half of the well?

Solution
The Schrodinger equation for a particle in an 1-dimensional box is

AW (x) + wy(x) = 0,

2 _ N2mE
=7

where w
Y(x) = Asin(wx),

63

5.1

(5.2)

(5.3)

By imposing the boundary conditions /(0) = ¢¥(a) = 0, we get the solution,

(5.4)



with
n2mh?

wa=ntr = FE,=——withneN". (5.5)
2ma?

Therefore, (5.2) is nothing but a lineal combination of the solutions withn =1 and n = 2

8 . (nmx 2 . (2nx
U(x,0) = \/;sm(;)+ \/;SIH(T)' (5.6)

Next, by applying the evolution operator, U(¢) = e~ i/, we obtain

8 _u? 2 o 2
Y(x, 1) = ﬂge_mﬂ’sin (%) + ﬂge_zma{tsin (?) (5.7)

Then, the VEV of the energy is the expectation value of the Hamiltonian,

a . hZ
f dxy(x, 1) (——aﬁ) w(x, 1)
0 2m
4 2h2 a 4 2h2 a 2
- X fdxsinz(g)+ " fdxsin2 il
Sma’® J, a Sma® ), a

fa . (mx\ . [2nx
+ ~ dx sin (—) sin| —
0 a a

(H),

A i?
= —, 5.8
Sma? (5.8)
so that,
f dxsin*nx = 7—T. (5.9)
0 2
Indeed, since (5.8) is time independent, it follows that
Am’h?
(E)o=(E) =<5 7 (5.10)
ma
Finally,
P(x, Ndx = [y(x, 1)l dx, (5.11)
then,

P(x>al2,t) = fa dxyr (x, O(x, 1)

al2

= i dx sin® (E) + 3 f dx sin® (ZF—X)
561 aj2 a 561 a/2 a

8 . (7x\ . (27rx) (37T2h2t)
dxsm(—)sm — | cos

5a Jupn a a 2ma?

116 3n2it
—_ cos(” ) (5.12)

2 15«7 2ma?



because

f dx sin® (@)
al2 a

f < . (mx\ . [27x 2a

dxsm(—)sm —_— -

a2 a a 3r

Note that (5.12) is granther than O for whatever value of ¢.

A~

5.2 Problem 2...

A particle of mass m moves on a 1-dimensional potential

L .
V(x):{/w(x_i) 1f0£x§L
00 otherwise

(5.13)

(5.14)

(5.15)

a. Find the transcendental equation for the eigenvalues of the energy (In terms of m, L and A).

b. Find the pair of lowest energies levels and corresponding eigenstates for Lm /i = 4 and A/h = 2.

Solution

Let’s define, like before,

»  2mE
v T

The solution to the homogeneous (i.e., without the Dirac’s delta distribution), is

Y(x) = Asin(wx) + Bcos(wX).

(5.16)

(5.17)

We should consider different solutions in both regions, left- and right-side of the delta. So, by

imposing the boundary conditions,

Y(0) =y(L) =0,
we get,
Yi(x) = Asin(wx)
Y(x) = B{sin(wx) — tan(wx)} .

Then, by continuity ¢;(L/2) = y;(L/2), it follows that
Asin(wL/2) = B{sin(wL/2) — tan(wL/2)},

that can be rewritten as
B = —Acos(wL),

(5.18)

(5.19)
(5.20)

(5.21)

(5.22)



by using the relation
1+
tan(x/2) = T (5.23)
sin(x)
Finally, we must use the discontinuity condition on the derivative of the wave function due to
the delta distribution,

, , 2mA .
Wi, (L/2) =y, (L/2) = ?A sin(wL/2), (5.24)
which gives us the relation,
L L L 2mA L
cos(wlL) [cos (%) + tan(wL) sin (%)] + cos (%) = —% sin (%) (5.25)

This last equation can be reduce, by using the half angle formulae for trigonometric functions, to

tan (%L) = —(:1—7;2, (5.26)
or
tan [Z—Z \/%] = \/%% (5.27)
Considering the values Lm/h = 4 and A/h = 2, we get
tan(x) = —x/4, (5.28)
with

x= 21/2—E. (5.29)
m

The lowest eigenvalues for this equation are (x=0 is not allowed because of the uncertainty
relations) x = 2.6 and x = 5.3, or in term of energy, E, = .85m and E; = 3.5m.

5.3 Problem 3...

A simple model for the states of an electron in a 1-dimensional system is

N N
H:ZEoln><n|+ZW{|n><n+1|+|n+1><n|}, (5.30)

n=1 n=1

where {|n >},_; » 1s an orthonormal basis and periodic conditions |N + j >=|j > are assumed. E
and W are given parameters.
Calculate the eigenstates and eigenenergies.



Solution

Let’s assume there exist a set of eigenvectors |4; >= ZnN: ] c,(f) |n > s.t.

HIA >= 414, > .
Then,
H > = Y cPEon>+W ) c,lin—1> +n+1>)
= Zn] {CS)EO + chil :— chll} |n >
= /l:lz c,(f)ln >,
thus, from

<nH| >= PEg + We? |+ Wl = 4D,

n+1
we get the recurrence relation,
) @)
¢’ +c
A =Ey+ wrsl et
0
CVl

Additionally, the coeflitients must satisfy
2,1
n
n
Z cﬁf)cflj) = 0.

n

|
—_

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)
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Chapter 6

Probability

6.1 Problem. Reif 1.1

Solution

In order to get less than 6 point with a set of 3 dice, one should get

Throw

# of permutations

1,1,1
1,1,2
1,1,3
1,1,4
1,2,3
1,2,2
2,22

Then,

N, 20
P=-t=

1

— W N W W W

— =926x1072.

N 6

6.2 Problem. Reif 1.2

Solution

1.

6! (1\/5)
P=—|=|1Z] =0.402
5!1!(6)(6) 040

56
P=1-(2] =0.667
5

71

6.1)

(6.2)

(6.3)



6! (1\*(5\*
P=—— =02
5] (B) =0

6.3 Problem. Reif 1.3

(6.4)

Solution

Each digit, has 5 possible choices for been < 5 and 5 of been > 5, then, p = g = %

Thus,
10! (1)
P= 3151 (2) = (0.246. (6.5)
6.4 Problem. Reif 1.4
Solution

1.

N
P(N/2) = ! (1) .

(6.6)
M2
2. If N is odd, either n; or n, is odd and the other is even, so
P(m =0)=0. (6.7)

6.5 Problem. Reif 1.5
Solution

1. .

5
P=|-| . 6.8
Z) ©89)

2

(6.9)

# pull =
Pshoot

(6.10)



6.6 Problem. Reif 1.6

Solution

It is known that m¢ = (2n — N)4, then

m o= 2n-N (6.11)
m2 = 4n?—4Nn+ N? (6.12)
md = 8n3— 12Nn2 + 6N*i— N° (6.13)
m* = 16n* — 32Nn® + 24N*n? — 8N°71 + N*. (6.14)
Next,
_ 8\ .
nt = (p@) P+q°, (6.15)
then',
a N N-1
(P@) (p+q)” = Nplp+q) (6.16)
a 2
(p%) (p+a" = Nplp+a)"™" +(N-Dpp+q)"7] (6.17)
(9 ’ N N-1 N-2
p%) (p+q" = Np|(p+g"" +30N-p(p+q)

+(N = DN = 2)p*(p + )"~ (6.18)

g 4
(pg) (p+a)" = Np|(p+@"" +TN - Dp(p+q)"~

+6(N — 1)(N = 2)p*(p + )"~
+(N = DN = 2)(N = 3)p*(p + "™ (6.19)

Using that p + g = 1, and substituting (6.16)-(6.19) into (6.11)-(6.14), one gets

m o= 0 (6.20)
m2 = N (6.21)
mw o= 0 (6.22)
m* = 2N*+2N>-3N?*+4N (6.23)

"You must check it by yourself because it does not coinside neither with the Reif results nor the resultofa friend of
mine.



6.7 Problem. Reif 1.7

Solution

2
W' (n)

2
i1=1 iN=
2 2
= E wil e E wl.N
i1=1

in=1

wil ... a)iN
1

= (w1 +wy) (w1 +wy)
= (w +w)". (6.24)

From the binomial theorem, it follows that the restriction of w; to occurs z times is

N! n, N-n



Chapter 7

Thermodynamics

7.1 Problem. Huang 1-1

Solution

For an adiabatic process, AQ = 0, so, the first law becomes
dU =dW = —PdV.

From the kinetictheory of ideal gases, the internal energy is

3
U = =NkT,
2
then,
3
dU = EdeT'
Hence,

§deT =—-PdV = —N—deV,
2 Vv

where the ideal gas equation of states has been used. Integrating (7.4), the result

3 (hdr deV
2Jr, T v V
Vo (T\"
veln)

Since,

(7.1)

(7.2)

(7.3)

(7.4)

(7.5)

(7.6)



it is possible to change V by T, therefore,

P (T)"
L. (F) | (1.7)
0 0
and also, in the same way,
P Vo\?
7= () 9
0



Chapter 8

Statistical Mechanics

8.1 Problem G.-C. 2.2

Solution
Since
Q=0,0, (8.1)
it follows that
df(Q) d@,
=& 8.2
dQ T dQ, 8.2)
df(Q) dQ,
=2 8.3
A T dQ, 8.3)
The chain rule gives,
d dQ df
0’ = dmadq 84)

thus, (8.2) times Q, gives,

df(€) df(€) df(Q) df(d)
Q = Q = .
Q 40, T dmQ T ding,’ 8.5)
and similarly,
df(Q) df(d)
dinQ  dInQ,’ (8.6)
Furthermore, the €, derivative of (8.5) and € derivative of (8.6) vanish, so

d df(Q)

— =0 8.7

dQ, dInQ ®.7)
d df(Q)

dQ, dinQ 0 8:8)

77



then,
f(Q) =kInQ + Qy, (8.9)

with k a constant.
By the initial condition,

F&Q) + () = f(Q),

if the integration constant €} is not zero, it adds. So, the integration constant must be zero.

8.2 Problem G.-C. 2.5

The energy levels allow for a bi-dimensional harmonic oscillator are ¢, = (n + 1)hv and their
degenerancy is w; = (n + 1). Show that the partition function for those oscillators is the square of
the partition function for the one dimensional oscillator.

Solution

The available datais € = (n + 1)hv and w; = n + 1. From the definition,

2,

Z(n n 1)6—(n+1)hvﬂ
n=0

a (o]
- _ —(n+DhvB
a(hvp) Z? ¢

a e—hv,B
CA(hvB) 1 — e B
0 1
d(hvB) e — 1

ehvﬁ

= @1 (8.10)

Since the partition function for the one-dimensional harmonic oscillator is

e % hv

Zi=—,
G

(8.11)

one conclude that

Z, = (Z))%. (8.12)

8.3 Problem G.-C. 2.6

Obtain the eq. (2.29) of the book.



Solution

From 1
U=2Nhv+3N—r—,
e —1
it follows that,
oUu
C, = |—
(77,
0 1
= 3Nhy—
V(?T e_j%: —
h2y? elr
(e -y
e —
2

Il
o)
2
=~
—_
| >
<
~————
—~
Q
Sy

Finally,

8.4 Problem G.-C. 2.8

Repit the calculus of (i) when J =
textbook.

. Compare the results with the eqs

=

Solution

One have that
12

Z% _ Z ESHOHmB
m=—1/2
and
12 P 172
() = Z T . In Z oSHoHmpB
m=—1/2 OHp m=—1/2
Now,

1/2

H
Z eSHOHmB — 5 oy W’
m=—1/2

(8.13)

(8.14)

(8.15)

. (2.37)—(2.39) in the

(8.16)

(8.17)

(8.18)



then,

9 gHoHB ) 1 ( g,uoHﬁ)
OHp In2 cosh ( > = 58Ho tanh 5 )
thus,
1 gHoHp
) = 5 t h( )
</~1 > 2g/.l() an >
On the other hand,
(kz) = guoJ Bi(m),
with n= g/JOHﬁ and
1 1 1
B;(n) = 7 [(] + 1/2) coth (J + E)n -3 COthg] )

For J = 1/2, it follows that

1
Bip(m) =2 [coth n-— 3 coth g] .

By using the identity,
2tanh x

tanh2x = >,
1 + tanh” x

the last equation can be written as,

1 +tanh’n/2 1

Bijp(m) =2 2 tanh 72 ~3 coth g] = tanh7/2,
and finally,
1 H
W) = Eg/vtotamh(gﬂo2 ﬁ).

8.5 Problem G.-C. 2.10

Show that a solid obeying Einstein model has

d T
S = 3Nk [Tln(l —e )]

(8.19)

(8.20)

(8.21)

(8.22)

(8.23)

(8.24)

(8.25)

(8.26)

(8.27)

Discuss physically the limits of low and high frequencies. What role plays the zero point energy?



Solution

Since,
& —1mg
_ —m+1/ 2B _ €2
Zy = Z(; e = T (8.28)
it follows that 3
F = -NkT InZy = SNhv + 3NKT In(1-e™"). (8.29)
Finally from the Maxwell relation,one get
oF 0 iy
S = _(H_T)V = -3Nk- [T (1-e77)]. (8.30)
806 PrOblem G.-C' 301
Deduce the eq. (3.5) of the text.
Solution
Since
v = NERST
ijo e~ip
N 0 -«
= —— e 6P
Lo P OB i=0
6 (o)
= -N—In| > |,
)
(8.31)
Now, by calling
Zo = Z e P, (8.32)
i=0
and since the chain rule gives
T
9 _0ro0 0 _ 1m0 (8.33)
B oBoT oB oT
finally one get,
0
(Ey = Nsza—T In Z,. (8.34)




8.7 Problem G.-C. 3.2

Obtain the eq. (3.8) of the text, from the definition of entropy.

Solution

By the definition of the entropy,

oF
S=-|—] . 8.35
7). 89
Since
3 2mmk\*?
F:—NkT{an+§lnT+ln( o ) } (8.36)
then,
3 2mmk\?| 3
S:Nk[{an+EInT+ln( o ) }+§}. (8.37)
By substituting R = N,k and s = S/n,
3 3 2mmk
%:an+§lnT+(§+ln( ’ZZ‘) ) (8.38)
8.8 Problem G.-C. 3.3
Use the eqs. (3.17)-(3.20) of the textbook, to obtain the eqs. (3.21) and (3.22) therein.
Solution
Beginning from the corrected distribution
Wyin, = ! 8.39
ni,ny — l—j[ m5 ( . )
1, i ]

the numberof states is given by

- 1
Q= Z ﬂm (8.40)

n @ i



with the constrints

anl) =Ny, (8.41)
Z @ _ (8.42)
Z () (1)+Z @ (2) (8.43)

Calling
4 1
M @)y _ -
n'Y.n L] L J
and using
51,0 = 3 gt o D ot o0 (8.45)
> i ang]) i - an§2) Jj’ )
and additionally,
> on = 6N, =0, (8.46)
Z on® = 6N, (8.47)
Z onVe + Z 6n(2) 2 = 6E = 0. (8.48)

Thus,

5t(n'V, n(z)) +a; + ﬁlel.(l)] 6nl(.l)

[ )
Z[ Tt th e<2>] sn'?, (8.49)
J

with @’s and ’s Lagrange multipliers.

Now,
Intn®,n®) = - Z In(n{"1) - Z In(n?1)
i J
= Z 7" (") + Ny - Z n? In(n?) + Na, (8.50)
i J
since,
Int(n, n®) = ~Inn' - 1, (8.51)

on'®



then, as each term of the sum on (8.49) must vanish independently, it follows that

@)
Inn' = @@ + Bwe? = n'Y* = et@fos, (8.52)

a

Finally, from the restrictions,

Z nga)* _ Z ea(meﬁm)e;r) = N, (8.53)
one gets
o N
o (8.54)
Za eﬁ(a)fa
by definition,
2= 3 855
thus,
N
nz('l)* _ _16,815}”, (8.56)
Z,
and
N.
i = Z—Zeﬁﬁﬁ”. (8.57)
2

8.9 Problem G.-C. 3.4

Use the result of the previous problem to deduce the eqs. (3.23a) and (3.23b) in the text.

Solution
S = klnt(mV, n®)pax
= —k > ") + kN =k ) Inn?) + kN
i J
= —k Y n" ") + kN =k Y 1 () + kN
i J
= —kBE — kN,(InN, — 1 —=InZ;) — kNo(InN> — 1 — InZ»)
ZM ACT
= kln—)— +kln—= + ——. (8.58)
N, ! N T
Thus,

YAV
F = —kTIn| —/——=-1. (8.59)
(]




8.10 Problem G.-C. 3.5

The energy of the one-dimensional harmonic oscillator is

P2 1 2.2
e(x, p) = om + Emw x°. (8.60)

Calculate the clasical partition function and the termal propertiesof a system of 3N lineal oscil-
lators. Compare these results with the one of the second chapter of the textbook.

Solution

Two different approaches for solving this problem will be given, the first is by using the definition
of the classical partition function and the second by the micro-canonical partition function.

Classical Partition Function

By definition, the classical partition function for a single harmonic oscillator is

1 — ﬁ 5 MW~ X
7= —fdxfdpe (&+dmorstlp 8.61)
h R R

f dx e = \/g (8.62)
R

since,

it follows that (8.61) yields,

kT
7Z=—. (8.63)
hw
Therefore,
kT
F=—-kTInZ =—-kT In —, (8.64)
hw
so, using Maxwell’srelations, one get
F
P = _(%F) o, (8.65)
av),
oF kT
= —|==| =k|l+In|—|], 8.66
(8T)V [ " n(hw)] (8:60)
U = F+TS =kT, (8.67)

thus,

S(E,V) = k[l ; ln(%)] (8.68)




Repiting the above precess for 3N harmonic oscillators,

N
=)
hw
where the N! coming from the Gibbs factor is not consider. Hence,
F = -3NkT ln(k—T),
hw
P = 0,
S = 3Nk|1 +ln(k—T)},
hw
U = 3NkT,

thus,

S(E,V,N):3Nk[1+ln(

i)

Micro-canonical Partition Function

8.11 Problem G.-C. 3.15

Solution

(8.69)

(8.70)
(8.71)
(8.72)
(8.73)

(8.74)

A relativistic ideal gas is composed by relativistic free particles, so its Hamiltonian is given by

N ﬁ 271/2
H = 2+ = -1y,

Sl G| -}
then, for a single particle its partition function is
1 —Bmc*{ |1 7 : 1/2—1
n fd361fd3pe p {[ ()] }

V . —Bmc |1 A 22

— ﬁeﬁmcszpe B {[ +(mr)] }

Y [T}
0

Z(T,V,1)

In order to perform the integral one can substitute = = sinh x, therefore,

4nv P e _ ‘
Z(T, V. 1) = %(mcfeﬂm‘z f dx cosh x sinh? xe P coshx
0

(8.75)

(8.76)

(8.77)



calling u = Bmc?,
4nv o0 ‘
Z(T, V. 1) = —23 (mc)’e" f dx cosh x sinh? xe ™" <>~
0

Using the identity sinh x cosh x = % sinh 2x,

mc 3 1 u * . . —ucosh x
Z(T.V.1) = 4nv(7) Se' | dxsinh2xsinh xe .
0

The above integral is solved by
f dx sinh x sinh yxe " h¥ = 1/Kz(u).
0 u

The nonrelativistic limit is u = fmc? — o, i.e., mc* >> kT. Using that

T
K(2) = ,/—e‘z,
2(2) 2z
as long as 7 — oo, so

AT, V,1) - 4 v(mc)3 LYY [x y (ZmkT "
s Vs — an 5 = = s
h ) \Bmc? 2 h?

which agrees with the ideal gas.
The high temperature limit is k7 >> mc?, for which K, (u) = %, and so

7\3
Z(T,V,1) — 87rV(—k ) ,
he

this last is the partition function of an ultra-relativistic ideal gas.
Finally, the partition function of the ideal gas of N particles is

Z, = %(Zl)N - % [4nv(%)3 eﬁmvz%”f)r.
From this,
F = —kTInZy
— _NKT — Nmc* - NkT'In [4nv(ﬂ)3 eﬁ'"czw] :
h pmc?
and

(8F) NkKT
P=- = s
\%4

me )3 S K>(Bmc?)
Bmc?

] — kT — mc?,

(8.78)

(8.79)

(8.80)

(8.81)

(8.82)

(8.83)

(8.84)

(8.85)

(8.86)



8.12 Problem G.-C. 4.3

Solution

Consider the Maxwell-Boltzmann distribution,

3/2 m
SOy = (5] e

© T
2
eYdx= |-,
0 a

the total contribution to v, is the integral over y and z,

Since,

1/2 m
fvodv = (L) e iy,

2nkT

Then, the probability of finding a particle with celerity on x between 0 and v, , is

m A2 Yo
PHO< v, <vy) = ( ) f ey,
0

2nkT

by defining v,, = /%L and x = %, one get

m

n = NPr(O<v,<vy)

1/2 VX
2rnkT 0

lfxo 2
= N— dxe™
vV Jo

N
= Eerf(xo)-

Thus,

N
n= Eerf(xo).

8.13 Problem G.-C. 4.4

Solution

Consider the Maxwell-Boltzmann distribution,

3 — L)3/2 _2mﬁ
fody (27rkT

wr Py,

e %V Py,

(8.87)

(8.88)

(8.89)

(8.90)

(8.91)

(8.92)

(8.93)



This time the interest turns to the total celerity, so one can write the Maxwell-Boltzmann dis-
tribution in spherical coordinates, where d*v = dvv>dQ, and so

Pr(0 = 4an " "’ d 2e7 3 8
<y< 4 “urY 94
r( _V_V()) (2 kT) f(; vv-e ( )

by defining v,, = /=~ 2T and x = X, one get

P}"(O <v< V())

4 o 2
— dxx’e

\/; 0 a=1

4 0

Sha

2 o Vaw)|

2 2
erf(xo) — ﬁxoe_)%. (8.95)

a=1

Thus,

n=N|erf(xy) - %xoe_x%] . (8.96)

8.14 Problem G.-C. 4.5

The traslacional energy of a molecul is € = %mvz. Write the Maxwell distribution function in terms

of €

Solution

Consider the Maxwell-Boltzmann distribution,

m 3/2 m_2
FRd = (m) e Py, (8.97)
JT

In terms of celerity,

v =dn()" 24 8.98
= 2kT
f(w)dv ﬂ(2ﬂ'kT) e %2y, (8.98)
By changing
2 2 d
€= m , v= —E, vdy = —E, (8.99)
2 m m
then,

f(e)de = 2xN(nkT)3/? \ee T de. (8.100)




8.15 Problem G.-C. 4.8

For a gas in equilibrium, calculate (V), <v§> <v)3c> and <(vx + bvy)2>, where b is a constant.

Solution

Since the set up is confined to a volume V/, it’s invariant under parity symmetry, so the mean value
of the velocity vanish,

() = 0. (8.101)

On the other hand, the average energy by d.o.f. is %kT. Hence, E = %mvz, it follows that,

kT. (8.102)

(v) =0, (8.103)
as well as the higher odd momenta.
Also,
(v, + bvy)2 = vi +2b(vevy) + b* (v?
y
= (1)L (8.104)
m

Physically, the higher distribution momenta are irrelevant, because there are not fundamental
quantities related with those.

8.16 Problem G.-C. 5.1

Solution

The canonical partition function for an ideal gas is

2amkT \*'*
7, = v( "Z’z ) , (8.105)
and |
Z, = —7V. (8.106)

N!



Since

then

8.17 Problem G.-C. 5.2

Solution

The degeneration parameter is

so for an isometric process,

Moreover, taking

one gets,

=<

V W
< — .
N 2nmk

lend®

1mol

1.38 + 10 "%rg. K™
6.626 * 1()_27erg.s,

Element | Molecular Mass \ T.(K) ‘

H, 2 108.6
D, 4 54.33
He 4 54.33
Ar 40 5.44
Cl 70 3.07

(8.107)

(8.108)

(8.109)

(8.110)

(8.111)

(8.112)
(8.113)
(8.114)
(8.115)



8.18 Problem G.-C. 5.3

Solution

For Helium, 7, = 54.33K, so T = 300K > T, which implies & > 1. In what follows the quantites

T = 300K,V = lcm® and N = 1mol will be used.

I(e) = 1471(

h? 6 \ n2

8mea’ 32 3 7V (8me 32
8 3 B '

The number of levels

3/2
(I (e)) = % (8’") ().

n
Now,
N (o]
<e3/2> = ff(; ple)e*ePede
1 32 e
= 27N de €e7*
4 27rkT) ﬁ €€e
KT\
= 4N |—
" 27r) '
then ) 32
8V (2nmkT
I'e)=N|—|—— .
T(e) g37r( h2 ) ]
) . m
Finally since N 4gr/mol,
r
D _ 6634 107,
And
P
N:—V:2.4*103,
kT

Helium molecules.

8.19 Problem G.-C. 54

Solution

(8.116)

(8.117)

(8.118)

(8.119)

(8.120)

(8.121)

Since g; indicates the number of cells, and n; the number of particles, if g; >> n;,paticles can be dis-
tribute without a ‘strong’ interaction among them. So they do not note the quantum characteristics

of symmetric or anti-symmetric wave function.



8.20 Problem G.-C. 5.6

Solution

As in section 8.18,

(8.122)

V (2nmkT \*"*
N\ n2 ‘

Since p = 10’gr/mol, T = 10’K and % = 4gr/mol, a direct computation gives

(8.123)
8.21 Problem G.-C. 9.1

Solution
Since the partition function is
Z= Z gie P, (8.124)
in order to past to the classical the differences between energies must satisfy the condition
A
2€ Lo (8.125)
€
In doing this, the energies change to
7
& — €7, p) = 5— + ¢(P), (8.126)
2m
and similarly the sum turns into an integral,
1
Zg,. — o5 | . (8.127)
So, the classical partition function is
1
Z= dTe PP, (8.128)

—]

and finally, the fraction of molecules having momentum between [ 7, p + dp] and position [ X, ¥ + d¥]
is given by

Ne B0 gr

n(?, B)dT = (8.129)

72

[y

It’s nothing but the Maxwell-Boltzmann distribution.



8.22 Problem G.-C. 9.2

Solution

For a grand canonical ensemble,

S0,

EY = D, ) EPN)

then

Also,

then

Finally, one can use o
TS =U+ Nu+ PV,

and _
PV =kT'InE = —Ey; +uN — kT In P;(N).

Substituting both result above, yields

TS =| > > (En;—uN)P{N)| = Ex; +uN = KT In P,(N).
N=0

(8.130)

(8.131)

(8.132)

(8.133)

(8.134)

(8.135)

(8.136)

(8.137)



After average the last expresion, and dividing by 7',

S =—k i D Pi(N)InPy(N).

N=0 |
8.23 Problem G.-C. 9.13
Solution
Since

F=—-kTlhhZz,
and by Maxwell relations,

g - _[%F

-~ \or v

it follows that

S =kInZkT ilnE
or Vi

For an open system,

N=0
SO,
1 N —BE N a —_
(E) = :ZZE, PEf+eN — — — InZE
L35 op
0. _
<E == —% In=
8.24 Problem G.-C. 9.14
Solution
Since
F=—-kTZ,

and by Maxwell relations,

b OF
V)

(8.138)

(8.139)

(8.140)

(8.141)

(8.142)

(8.143)

(8.144)

(8.145)

(8.146)



it follows that

P=kT ian .
ov N

8.25 Problem H.6.1

Show that the three definitions of entropy given by

S

kInT(E)
kInX(E)
kIn w(E),

are equivalent. In the above definitions,

S(E) = f &’ paq,
H<E

[(E) = f dNpd®Ng = X(E + A) — X(E),
E>H<E+A

)
W(E) = Z-X(E).

Solution
One can start from the definition
X(E) = f &N pdq,
H<E

which can be written as .
X(E) = f O(E — H)d* pd®"gq.
0

(8.147)

(8.148)
(8.149)
(8.150)

(8.151)
(8.152)

(8.153)

(8.154)

(8.155)

Now, for Hamiltonians with only second order dependency on p and g, after certain change of vari-
able, the remain integral is nothing but the integral of the posible states bounded by a “hyper"-half
of a 3N-dimensional sphere of radius VE*, which is the considered energy, E, scaledby factorscom-

ing from the change of variables.
For example, for a single free particle,

oo Bmv?”
hZ

Since the volume of a 3N-dimensional sphere is

E.

X(E) = f " pd™q,
H<E

(8.156)

(8.157)



nonetheless, the interesting part for the problem is

1 1
23_NZ(E) = 23_Nf d3di3Nq’
H<E

because of the boundaries of the set up. Then, formally
1 E3N/2

Y(E) ~ 237@

Now,
oL 3NA
E)=22A ~ 22 25p),
W(E) = gpA ~ g HE)
thus,
AN . Delt
Inw(E) ~ InX(E) +In = + In ed
but | A
N 5
lim o2 20 2 << E=n2 =00,
N—oo E E
SO,

Inw(E) ~ InX(E).
Also, by (8.162) it follows that

InT(E) =Inw(E) + InA ~ Inw(E) ~ InZ(E).

Finally,

]mnm~mmm~mxmﬂ

8.26 Problem H.6.2

(8.158)

(8.159)

(8.160)

(8.161)

(8.162)

(8.163)

(8.164)

(8.165)

Let the “uniform" ensemble of energy E be defined as the ensemble of all systems of the given type
with energy less than E. The equivalence between the definitions of entropy on the above problem
means that we should obtain the same thermodynamic functions from the “uniform" ensemble of
energy E as fro the microcanonical ensemble of energy E. In particular, the internal energy is E in

both ensembles. Explain why this seeminly paradoxical result is true.

Solution

After proving the equivalency of the three diferent definitions of the entropy, it follows that in fact
the “uniform" ensamble is equivalent to the micro-canonical ensamble. The reason underlying this



situation is that the rate at which the number of states grows with energy is so abrupt that the main
contribution is given by the “immediate neighborhood" of E, as was said before,

Y(E) ~ E*N2, (8.166)

with large N, i.e., the neighborhood of £ makes the overwhelminly dominant contribution to this
number.

Since one is finally concerned only in the logarithm of this number, even the “width" of the
neighborhood is inconsequential.

8.27 Problem H. 6.4

Using the correct entropy formula (6.62), work out the entropy of mixing for the case of different
gases and for the case of identical gases, thus showing expliciply that there is no Gibbs paradox.

Solution

The correct expresion for theentropy is

Vi 3 5 2nm;kT
S, = N,klnﬁl + EN,k{g + 11’1( 2 )} , (8167)
So,
Vv 3 5 2rmkT
= NkIn— + =Nk{2 +1 1
S; =Nk nN+ 2Nk{3 + n( 7 )}, (8.168)

where N = Ny + N,, V = V| + V, and since they are composed of the same gas, m; = m, = m.
Thus,

AS = §:-§8:-5

1% 1% V.
= Nkln— — NikIn — — NokIn —=
N N, N,
V,+ V. 1% V.
= (N, + Nykln ——=2 — Nykln — — NokIn —, (8.169)
N+ N, N, N,

moreover, as the initial conditions are the same, the densities of the three systems are the same,

itV W _ Y% (8.170)
N+ N, N, Nz, '

so, finally,

AS = 0. (8.171)




8.28 Problem H. 7.1

e Obtain the preasure of a classical ideal gas as a function of N, T and V, by calculating the
partituon function.

e Obtain the same by calculating the grand partition function.

Solution

8.28.1 Canonical Ensamble

Since 1
Zy(V,T) = MZ{V, (8.172)
it follows that
1 B >
— _T,,Zi i
Zy(\V,T) = Wfdre 2m 2 P
& _B ¥ N
1 [V N
= ﬁ[ﬁ(Zﬂka)m] . (8.173)
Then,
N{ KB \”?
F = NkT 1n{v(2ﬂka) -1, (8.174)
thus,
oF N{ n "
=(=| =kTlhh{= , 8.175
K (GN)MT n{v(znka) ®.175)
p:_(a_F) _ NkT (8.176)
v, V
3/2
s=_(%E) —nklmlY(ZFmT) L, S (8.177)
oT |y N\ n2 2
and

U=F+ST = %NkT. (8.178)




8.28.2 Grand Canonical Ensable

For the grand canonical ensamble, the partition function is

QzV,T) = ) 7y T),
N=0

where Zy is the canonical partition function. Moreover,

) — NklInz + kq,
z,V

Zy = ¥l (211",
therefore,
Q= Z ] [2Z]Y = e = &V = ¢t
N=0
Now,
0
P=kT— InQ = zkT f,
3V nQ = zkT f.
also,
0
N =z—q=2zVf.
0z
Thus, combining (8.182) and (8.183) one get
NkT
P=—
V
By using the equations
0
U = ——q,
a8
Q
F = —kTln Z—N,
U-F dq
= — =kT|—
S T (8T
one finally gets
3
U = =NkT,
2

F = —NkT + NkT In E
V \2mnkT

b

2 )3/2

and

S :Nk{§+ln

Vv

N

|

hZ

=)

(8.179)

(8.180)

(8.181)

(8.182)

(8.183)

(8.184)

(8.185)
(8.186)

(8.187)

(8.188)

(8.189)

(8.190)



8.29 Problem H. 7.2
Solution

8.30 Problem H. 7.5

Solution
Since
5 NeitH
N —BuH cos 0
= —ﬁ, (8.191)
4= sinh (k—T)
and so
1 L3
) = N fp.d
_ Hcoshe.— sinhe. (8.192)
16 sinh 6
From it,
kT
M=N{u,) = ——[0cothf—1]
H
1
= Nu [coth 05] , (8.193)
S0,
1
M = Nu [coth 6’5] . (8.194)
The asymptotic behavior are
NkT
0>1 M~—(@@-1)
NHkT 1
<1 M~ ——|=6°
H |3
By definition,
1
= —, 8.195
X=x ( )



and

then

1 u (,uH) uo 1
X — 3\7+ g
3H\kT 3kT
thus,
xo T,

with a porportional constant ng

8.31 Problem H. 8.2

Derivethe equations of state (8.64) and (8.71) of the book.

Solution

Since

Q(z,T,V) NZy(V, T)

0
7’
Z ZNe—ﬁ Zp Epnp
0 {”p}

M IMe

M

=
I
=]

7

- TI|B e

For Bose-Einstein statistics, n, = 0, 1,2, ..., so,

—Be, \''» 1
Z(Zeﬁp) :m.

{np}

2 l_[ (Ze—ﬁep)np
{np}

(8.196)

(8.197)

(8.198)

(8.199)

(8.200)

(8.201)



For Fermi-Dirac statistics, n, = 0, 1, so,

ze )" = 1 + ze P, (8.202)
{np}
In general, )
Q=[](15z")", (8.203)
7

with the upper index rules BE. statistics and the lower index FD’s one.
The eqs. of state are

IZ;/ nQ=7 Z In (1% ze#%). (8.204)
Now,
- z— InQ = Z 1 iezie_;fp (8.205)
also, i
(ny) = —éa%l nQ= % (8.206)

If one quantize on a box and after that takes the limit of V — oo, the corresponding sums

converts on integrals, via
%
S f &p. (8.207)
s

Hence, (8.204) can be written like

PV _ _ V 3 ﬁep
T h3 dpln(1+ze )
v )
= ¢Efd3p1n(1¢ze—z‘fnl’2)
4V [
_ ¢% dp pzln(1$ze_2€"”2). (8.208)
0

Remember that

< | =
<l=z

(8.209)

8.31.1 Ideal Fermi-Dirac Gas
From (8.208),

P  4r [ B 2
— dp ?1 (1 + 7o WP ), 8.210




and from (8.205)

= — dp p
o Jo 1 + ze 3l
or in terms of v,
1 4n [ , ze wP
—=—=| dpp >
v Ry 1 +ze mP

8.31.2 Ideal Bose-Einstein Gas

(8.211)

(8.212)

The difference of this gases is that the contribution of p — oo could be as important as the rest of

the momenta, so it must be treated separately.
From (8.208),

P 4

and from (8.205)

N=— d ,
R Jo P lemr — 1
or in terms of v,
1 4n (™ 1 1
-=a3 dp p* — —
v 0 lem” -1 Vi-z

8.32 Problem H. 8.3

Prove (7.14) in quantum statistical mechanics.

Solution

In quantum mechanics, its known that

Tr(OePH)
O) = ———F—
Tr(e BH)
So, for the Hamiltonian, one have
Tr(HePH)
(H) =

(8.213)

(8.214)

(8.215)

(8.216)

(8.217)



which can be written as p
(H) = P In Tr(e™PH). (8.218)

By deriving (8.218), one gets

0 _Tr(—Hze‘ﬁH) Tr(HePH) pH
%(H>— Tr(e ) - Tr(e P Tr(—He™"), (8.219)

which, by the definiton (8.216) is nothing but

9
~5 (H) = (H*) - (H)*. (8.220)

8.33 Problem H. 8.4

Verify (8.49) for Fermi and Bose statistics, i.e., the fluctuations of cell occupations are small.

Solution
Since,
( )——lian (8.221)
ng) = ﬁ 6€k , .
Differentiating this with respect to ¢ leads to
10
2 2 _
(n}) = (my* = ~53q - (8.222)
from which one can deduce
(nf) = (e = () £ (), (8.223)

with the plus sign for Bose-Einstein statistics and the minus sign for Fermi-Dirac statistics. The
fluctuations are not necessarily small. Note, however, that (8.223) refers to the fluctuations of the
occupation of individual states, and not the cell occupations.

Note,

10
(miny) = () () = 356 (n,). (p#h (8.224)
The RHS. vanish ’cause it depends only on €,. Thus one gets
(mny) = (o) (np). (p# k) (8.225)

In the infinite volume limit the spectrum of states becomes a continuum. The physically inter-
esting question concerns the fluctuations in the occupations of a group of states, or a cell.



Let _
n® = Z n?, (8.226)
k

,(f) is the k-th state in the (i)-th cell. One is interested in

<(n<">)2> —(n®)" = <(Z n§j>)2> - <Z n,f)>2 . (8.227)

k

where n

By using (8.225), it is easy shown that the RHS. is equal to >}, (<n£> — (nk)z). Hence, using

(8.223) one obtains
n®) ) = (n®) = (n?)x » (). (8.228)
(1)) = ) = () = Y (n0)’
k

In the infinite volume limit, the k£ sum is replaced by an integral over a region in k space. No
matter how small this region is, the integral is proportional to the volume V of the system.

Thus ended the proof,
<(n(i))2> —(n®) << ()", (8.229)




Chapter

Special Topics on Statistical Mechanics

9.1 Problem H. 3.1

Solution

In ST units, 7 ~ 1073*J.s, m ~ 1072Kg, N ~ 105, V ~ 1072m?, T ~ 300K and k ~ 1072 J/K.
So, at normal conditions, the parameter

R (N\P 107

YmkT (_) T 1072

1%
Therefore, for light gases, whoso mass is m ~ 1072°Kg in their molecular form, the approximation
is valid. Moreover, for heavy gases, the approximation becomes even better, because the depen-
dence is inverse to the square root of the mass.

i (ﬁ)m < 1. 9.2)

108 ~ 107! <« 1. 9.1)

9.2 Problem H. 3.2

Solution

At atomic level (not nuclear), the only two elementary interactions are either electromagnetic or
gravitational. So, for atomic distances, m ~ 1072Kg, e ~ 1071°C, ﬁ ~ 10°, Gy ~ 107" and
r ~ 107 %, then

10711072
¢~ —Tom N = 10°N, 9.3)
10°10~
Fon~—gmN = 107N, (9.4)

107



Figure 9.1: Classical Scattering

Then, the only real contribution comes from the electromagnetic interaction.

05

9.3 Problem H. 3.3

Solution
Classically
One must relate the impact parameter p with the angle of scattering £. For a hard sphere,
p:asimpo:asinﬂ_fzacosé (9.6)
2 2
Since,
dp .
do =2np(€) d_f dé, dQ = 2nrsinédé, (9.7)
it follows that the differential cross section is given by,
d d,
do _ pl |dp| 9.8)
dQ  siné |dé
therefore,
do a°
— = —. 9.9
dQ 4 ©-9)
and
oy = na’. (9.10)

Note that it coincides with the 2-dimensional area of the sphere, it means, the size of the sphere the
other particle can see.



Quantum

A hard sphere is a scattering potential described by

oco;r < R
V(r):{ O;r>R

Thus,
A((N)|,.r = 0 = ji(kR) cos 6; = n;(kR) sin 9y,

or
_ JitkR)
~ m(kR)

Consider just [ = 0, which represents an S -wave scattering, so

tan o,

in(kR)/kR
sin(kR)/k — _tankR.

tan 6y = — R
00 = T Os(kR) kR

or
0o = —kR.

The radial wave function (with the ¢’ omitted),

ink k
sin rcos P cos(kr) .

Apo(r) o<
r

Low energy limit

For kR < 1, the asymptotic expansions of the spherical functions are

. (kr)!
kr) =~ ———
Jkn) = N
@l-1nN
I’ll(kr) —W
Then,
R)2H1
tand; ~ — (kR) ,
Q2L+ D[2L- 12
and finally,
do sin” &y o
- e oF
and
oy = 4R,

1
sindg = o sin(kr + dg).
r

(9.11)

9.12)

(9.13)

(9.14)

(9.15)

(9.16)

9.17)

(9.18)

(9.19)

(9.20)

(9.21)



Ultra-relativistic limit

In this limit, /,,,, =~ kR. Then,
I=kR

4
o k—’; ;(21 + 1)sin26,, (9.22)
but )
tan® § (kR |
s = W0 IR g - T (9.23)
1+tan?6;  j7(kR) + n7(kR) 2
because,
1 Ir
Ry ~ Lin(kp— &
Ji(kR) kRm (k 2)
and
1 I
ny(kR) ~ IR cos (k - 5)
Finally,

(9.24)

4n 51 )
Oyr = ﬁ(kR) E =2nR".

9.4 Problem H. 4.1

Describe an experimental method for the verification of the Maxwell-Boltzmann distribution.

Solution

A plausible experiment is the mean distribution of velocities of a gas expelled from a volume
through a small hole.
The number of atoms per unit volume moving in the normal direction to the wall is

dn = nf(v)v*dv sin 6déd, (9.25)

where 7 is the number density and f is the speed distribution.
So, for The total atomic flow rate, R, through the hole is given by

00 /2 00
R = 27nA f Ffndv f sin 6 cos 6d = nAn f foon'dv, (9.26)
0 0 0

or A
R= T” Y. 9.27)

This is highly dependent on f(v), so one can check the Maxwell-Boltzmann distribution.



Figure 9.2: Gas enclosed on a box is escaping very slowly, so the process is almost in equilibrium.

NOTE: This is indeed the way neutrons (or other neutral particles) are accelerated, because there
is not possibility of applying electric fields.

9.5 Problem H. 4.5

Estimate the probability that a 7 cents airmail stamp (mass=0.1 g) resting on a desk top at room
temperature (300 K) will spontaneously fly up to a height of 10-8cm above the desktop.

Solution

So, one can use the canonical ensemble, i.e.,
e Pe
pehs
The energy involved is just the gravitational potential energy, mgh. In CGS units,k = 1.38 =
10~'%erg/K, the gravitational acceleration is g¢ = 10°cm/s?, so an estimation is
107'10°10°8
Porxe® ~e 10710102 = o10°, (9.29)

P, = (9.28)

In this thick approximation, the exponent is so huge that changing the base from e to 10 is allowed,
thus

P, ~ 10717, (9.30)

This is barely non zero.



9.6 Problem H. 4.6

A room of volume 3 X 3 X 3 cubic meters is under standard conditions

1. Estimate the probability that at any instant of time a 1cc volume anywhere within this room
becomes totally devoid of air because of spontaneously statistical fluctuations.

2. Estimate the same for 143 volume.

Solution
Once more, one can use the canonical ensemble, but since p and T are given, one can use the ideal
gas equation of states and rewrite the probability in terms of V,

P, ~e NV, (9.31)

In the room the number of particles is of order N =~ 10%°, the volumes are v, = lem?, vy, =
1A3 = (10 8cm)® = 107%*em? and V = 27 # 10%cm?, then

1026

P, ~e w6 =10 (9.32)

whilst

Py~e w6 =107 (9.33)

From (9.32) one conclude that the probability is barely different than zero, but (9.33) is rela-
tively 1.

9.7 Problem H. 4.7

Suppose the situation referred to in Problem 9.6 first part has occurred. Describe qualitatively the
behavior of the distribution function thereafter. Estimate the time it takes for the situation to occur
again, under the assumption that molecular collisions are such that time sequence of the state of
the system is a random sequence of states.

Solution

After the state in which a cubic centimeter has been devoid, the gas will suffer a free expansion and
the vacuum will be occupied.

Since the average time of collisions is of order At ~ 10~'"s, then the time in which the situation
will be repeated is given by

At
t=— ~ 10y x el ~ 10195, (9.34)

a




NOTE: The larger estimated age of the universe is 20 billion year (1, ~ 10%s, but # > t,. This
means that if the situation is reached, the probability of seeing it again could be considered zero.

9.8 Problem H. 4.9

Let
H = f i@, 0)n f(7,1),

where f(¥, 1) is arbitrary except for the conditions

1
f Avf@,H=n and f d3v§mv2f(17’, ) =e

Show that H is minimum when f is the Maxwell-Boltzmann distribution.

Solution

(9.35)

(9.36)

In order to extremize the functional H constrained to (9.36), one can use Lagrange multipliers.

Then,
,Bmv2
2

f +cont.|,

HT:fd3v[flnf+af+

whose variation yields

(5f)1nf+f51nf+a5f+%m5(v2)f+mTvzaf: 0.
Since 5f_3f .
= o o7,
then of of of L. pm?of|
[%lnf+6—‘7+a§+/3mvf+ > %]-51/:0.

But the variation of ¥ is arbitrary, and the equation can be written like

I’I’lV2

ﬁvf(1 ra+? +lnf) = —Bmif.

(9.37)

(9.38)

(9.39)

(9.40)

(9.41)

In principle the solution of this equation is known if the term inside the bracket is one. More-

over, the restriction of the bracket is also solution of the complete equation. Thus,

miZ
f@ 1) =e %P7,

This is nothing but the Maxwell-Boltzmann distribution.

(9.42)



9.9 Problem H. 5.1

Make order-of-magnitude estimates for the mean free path and the collision time for

a.- H, molecules in standard conditions (diameter H, = 2.94)

2

b.- A proton in a plasma at T = 3 % 10°K, n = 10" particles/cc, o = nr?, where r = ke_T'

c.- A proton as before but T = 107 K, where thermonuclear reaction occur.
d.- A proton in the sun’s corona, T = 10°K and n = 10° protons/cc.

e.- slow neutrons with E = 0.5MeV in U?8 (o = nr?, r =~ 1073 cm)

Solution
The mean-free path is given by
1 =1
A=—-4/=—, 9.43
4 N 2no ( )
and the collision time is
1 = 1
=—,/=-—. 9.44
T 4 N 2nov ( )
Then, the task is finding the values of os, ns and vs.
In CGS units, ) ,
e 1.5% 10"
— = ——cm, 9.45
KT T " ©-45)
Then,

r, ~ 1078cm,

r, ~ 10"%cm,

re ~ 107%cm,

rg ~ 10"%cm,

r. ~ 10%cm. (9.46)

So, s are given by (77?)

o, ~ 1 0 Bem?,
o, ~ 107%cem?,
o, ~ 107%cem?,
oy ~ 102 em?,
o, ~ 10%cem’. (9.47)



2kT Y2
Since 7 = | —— =4.19 % 107 (ﬂ) T'2¢m /s, it follows that,
m

i

b, ~ 10°cm/s,
v, ~ 10%cm/s,
V. ~ 10%cm/s,

Vg o~ 108cm/s,

v, ~ 10%cm/s. (9.48)
Thus,
A, ~ 107 %cm,
Ay ~ 10%¢cm,
Ao~ 102cm,
Ay~ 10%cm,
A, ~ 107 8cm, (9.49)
and

T, ~ 10723,
7, ~ 10%,
7. ~ 10%s,
7, ~ 105,
7, ~ 10775, (9.50)

9.10 Problem H. 5.4

Show that the velocity of sound in a real substance is to a good approximation given by ¢, =
1/ ok, where p is the mass density and «;is the adiabatic compressibility, by the following steps:

(a) Show that in a sound wave the density oscillates adiabatically if K < c,4pCy, where

cs = velocity of sound
A= wave length
o= mass density
Cy= specific heat

K = Coefficient of thermal conductivity.

(b) Show by numerical examples, that the criterion stated in (a) is well satisfied in most practical
situations.



S

.
e derdE

Figure 9.3: Propagation of a sound wave through a tube

Solution

Sound waves cover the following three characteristics
1. Gas moves and varies its density.
2. variation of density correspond to variations of pressure.
3. Differences of pressure generate the movement.

Consider a column of gas in a tube. Let py and p, be the pressure and density of the gas in its
equilibrium. If the pressure varies the elemental volume, Adx, moves. It is displaced a distance &,
but due to the change of volume the new volume is A(dx + d¢&).

Mass conservation requires that,

PA(dx + dE) = poAdx  or p= L0 9.51)

= %
1+a

0
In general a—f is small, so one can use the expansion of Also, p = f(p), then up to first
X

%
1+
order,

P = pPo=—Po (g_f) (9.52)
X



and
_ _ dp\ _ ..__ _ [9%)\(dp
p=po+(p po)(dp)0+ = po po(ax)(dp)o. (9.53)

2
Further, the equation of motion requires the acceleration a—j,so a little algebra yields

P (dp\ ¢
25 _[Z2) 5 54
or? (dp)oc?xz’ ©-54)
then
dp)

2

A (9.55)

‘ (dpo

Now, the coefficient of thermal conductivity is defined as the flux energy through unit area
divided by the gravient of temperature, so

1dE dz 1dE dz
= =T S e e, (9.56)

then for an adiabatic process, one must requires
K < CyApcy, (9.57)

because the transference of heat should be zero. In this case,

pV? = cte, (9.58)
and, for an ideal gas,
1 {0V 11 1 1
Ks = ——(—) === = —. (9.59)
V\dp /s V|op vp
oV'/s

Moreover, the adiabatic relation of p and p is p = ctep?, thus

A== (9.60)

f 1
Cs = 4|—. (9.61)
PKs

Since Cy ~ 1.4, ¢; ~ 3 % 10*cm/s, A € [1.5,1500] and p > 1, then in all cases showed in the
table, K <« CycpA is satisfied.

finally,




Gas Temperature (°C)

—100\ -50 \ 0 \ 20 \ 100

Air (dry) | 3.9 | 49 |576| 6.1 | 74
0, 39 | 49 | 58 | 62 | 7.6
He 24.6 | 29.6 | 34.3 | 36.1 | 40.8
H, 21.8 | 35.0 | 41.9 | 445 | 542
CO, 34

Table 9.1: Thermal conductivity (cal/cm? — 5)/(C/cm))

9.11 Problem H. 9.2

(a) Find hte equations of state for an ideal Bose gas and an ideal Fermi gas in the limit of high
temperatures. Include the first correction due to quantum effects.

(b) Estimate, for each of the following ideal gases, the temperature below which quantum effects
would become important: H,, He, N,.

Solution

For the weak degenerated case, for a Bose gas u(< 0) is noot near to zero and for the Fermi gas
i < 0. One can calculate

pV =kTInE, N= kTagLE = ]—[ (1% eﬁ("_e))ﬂ . (9.62)

Here on the upper sign is for Bose gas and the lower one is for Fermi gas.
By expanding in terms of ¢##~9:

(o] An
V=FkT > In(1FL49)=kT ) (=1)"'=C,, 9.63
pv == Z n (1% 49) ;H e (9.63)
N = Z(il)"‘lﬂncm (9.64)
n=1
with 32
2m © €l gV

_ -npe _ = _

C, = Ze = ZﬂgV( hz) fo de g = o (9.65)

where g is the weight for the internal degrees of freedom and Ay = h/ V2amkT. From (9.64) and
(9.65),0ne obtains

/1}’1
N=2_ Z(ﬂ)”—lm. (9.66)



Assuming the power series in x = NA3./gV for A = ajx + a;x* + azx’ + - - -, one can determine
the coefficients successively from (9.66),

1 1 (1\"?
a) = 1, a, = $W’ asz = Z - (g) s s (967)

Substituting this values of A into (9.63), one get

2

pv 1 /13T 1 2 /13
e

9.12 Problem H. 9.3

Pair correlation function: The pair correlation function D(7, %) of a system of particles is
defined as the probability of simultaneously finding a particle in the volume d7, about 7 and a
particle in the volume d7 about 7.

Calculate D(7, ) for an ideal Bose gas and an ideal Fermi gas in the limit of High tempera-
tures. Include quantum corrections only to the lowest approximation.

Solution

Classically one has,

NWN = 1) [dpdrs - d*rye PP

D(7, , 2\ —
(71, 7) [ & paNre P

(9.69)

In order to include the lowest quantum corrections, one can replace the free Hamiltonian by

H(p.r) = Z L4 W (9.70)

i<j

Assume that the density the gas is almost zero. The limit N — oo, V — oo should be so taken
that N/V — 0. Then,

N(N - 1)VN‘2[1 £ fite—~2 N(N D [ & f(r )]

N(N

1+ f & f(r)

1 20,
‘7[1iCXp(—?|l"1 —I”2| )] 9.71)

This result continues to hold for finite v with A*/v < 1, although the derivation did not justify
such a conclusion.

X



9.13 Problem H. 9.5
Consider the grand partition function

0@z V) = (1+2)"(1 +z"), (9.72)
where « is a positive constant.

(a) Write down the equation of state in the parametric for, eliminate z graphically, and show that
there is a first-order phase transition. Find the specific volumes of the two phases.

(b) Find the roots of Q(z, V) = 0 in the complex z plane, at fixed V. Show that as V' — oothe root
converge toward the real axis at z = 1.

(c) Find the equation of state in the “gas” phase. Show that a continuation of this equation beyond
the phase transition density fails to show any sign of the transition. This will demonstrate

that the order of the operations z ((;—’Z) and V — oo can be interchanged only within a single
phase region.

Solution

The parametric equation of state are

1
In(1 +z) + v In(1 + z*"), (9.73)

z Z(YV

+ o .
1+z 1+ z¢v

i

kT
1
- (9.74)
1%

The roots of Q are z = —1 which does not belong to the physical system, and z*¥ = —1. This
last, so that z is unimodular, can be written as

z=€%= 10aV = +n, (9.75)

or

10 =+

(9.76)

av’

It is clear that in the limit V — oo, in order to preserve the relation, § — 0, thus

z— 1. (9.77)




9.14 Problem H. 11.1

Give the numerical estimates for the Fermi energy of

(a) e in a typical metal,

(b) nucleons in a heavy nucleus,

(c) Heé® atoms in liquid He? (atomic volume = 46.2A3 /atom).

Treat all of the mentioned particles as free particles.

Solution

Since

h? 3n 213
L R L 78
= om (47r(20'+ 1)) ©-78)

then, for electrons in a metal, whose n = 5.86 * 10%elect/m?, it follows that (o~ = 1/2)

e =9%107"°J = 5.6¢V. (9.79)

For a nucleon (with energyE = .5MeV) on a heavy nucleus, n =~ 10*nucleon/cm?, m, ~
1073%, then

e ~ 103erg ~ 1071°7 ~ 1GeV. (9.80)

For He?, n ~ 10?>atoms/cm?, thus

er ~ 107 0erg ~ 107177 ~ 100eV. (9.81)

9.15 Problem H. 11.2

Show that for the ideal gas of N particles the Helmholtz energy at low temperatures is given by

A 3 522 (kT \*
o222 4] 82
N seFl 12 (ep) " ] ©82)



Solution

It was shown that at low temperatures the energy is given by

3 522 (kT 3
U=Z= 1+ = R R .
e |1+ 55 (EF) + l sl (9.83)
Moreover,
2 3 52 (kT
F=Nu-pV=Nu—=U=2Ner |1 -2 (=) +---], (9.84)
3 5 12 €Er
thus,
A 3 522 (kT \
=gl | = e .
~ SeFl 12(6F) + } (9.85)

9.16 Problem H. 12.4

Show that the equation of state of the ideal Bose gas in the gas phase can be written in the form of
the Virial expansion

pv 1 /l; 1 2 /l; ?
k_—l_m(7)+(§_ﬁ)(7) . (9.86)
Solution

See (9.68)

9.17 Problem H. 14.4

Consider a square lattice of Ising spins in any dimension, with energy given by
N
E,‘{Si} = —EZ S,'Sj - HZ Si. (987)
<ij> i=1

Show that in the absence of an external field (H = 0), the free energy at a given temperature is the
same for the ferromagnetic case (e > 0) and the anti-ferromagnetic case (€ < 0).



Solution

Consider any lattice site designate it as a site of sub-lattice A. Designate it nearest neighbors as
sites belonging to sub-lattice B. The sub-lattices are completely defined by the rule that the nearest
neighbors of any site in sub-lattice B are sites of sub-lattice A, and vice versa. In a square lattice,
the nearest neighbors are situated on lattice spacing away, along mutually orthogonal directions.
Therefore both A and B are square lattices. Denote the spin variables in sub-lattice A by s4,,
and those in sub-lattice B by sg,. Only spins in different sub-lattices interact. Thus, the partition
function can be written in form

Q= Z eJZ<ij> SAiSBj’ (9.88)

{sa} {sg}

where J = fBe. Since {s4} is being summed over, the above is invariant under s, — —s,4,. Therefore
it is invariant under € — —e.

NOTE: the proof fails for a triangular lattice.

9.18 Problem H. 14.5

Duality of 2-dimensional Ising model.

(a) Let Q(V, B) denote the partition function for a 2-dimensional Ising model of N sites on a square

lattice at temperature kT = é with no external field. Show that in the limit N — oo

InQ(N,B)  InQ(N,B")
N B N

— sinh (28%), (9.89)

where 8" = —% In tanh g3, or
sinh 283 sinh 23" = 1. (9.90)

Note that 8* is a decreasing function of 8. Thus, the high temperature properties of the system
are explicitly related to its low temperature properties.

(b) One know through Peierls argument that the system exhibits spontaneous magnetization. As-
suming that the critical temperature 7' is unique, one conclude 5. = ;.. Show

Be = %ln(l +12). (9.91)

This is how the transition temperature of the 2-dimensional Ising model was obtained before
Onsager’s explicit solution.



Solution

QS
I
]
a

=

[J Z sisj]
<ij>

= Z [ ] exp(]s,-sj)

= Z [ | (cosh(]) + 5,8 Sinh(J))

(9.92)

I
[
|
-
=

where J = B¢, ¢y = cosh J and ¢; = sinh J. Where the identity
exp (ax) = cosh x + asinh x (9.93)

with @®> = 1, has been used.
Each < ij > corresponds to a link b between the two sites. The last expression associates with
each link an integer kK = 0, 1. Denote the set of k’s by {k} = {ki, ky, - - - }, where k,, refers to the b-th

link. Note that 1
H Z Cr (sisj)k = Z (CkCry ) rl(s sj) i (9.94)

<ij> k=0 <ij>
where k;; = k;, with b referring to the link that joints < ij >. To derive this, consider []_;;.(co +

c15;8j), which is a product of F' factors (F' = number of links). Expand the product in to a sum of
terms, each made up of F factors, obtained by choosing either the ¢y or ¢; term.

[ e =11 []_[ (sl->k"f] = [, (9.95)
<ij> i j i

n; = Y,-i ko, and the prime on the product on j means product over sites j that are nearest neighbors
of i. The sum }},-; denotes a sum over all links b that meet at the site i. To derive the first equality,
note that both sides represent different ways of writing the same product.

Z D (i) ]—[(S )"

{s} {k}

Z (cky ) Z [(51)" (52)"...]
P[5

i s=-1

Z (cten-) | [ 11+, (9.96)
{k} i

0



Note [1 + (=1)"] = 0 for n; odd, 2 for n; even. Since {n;} depends on {k;}, only that subset of {k}
corresponding to all n; even will contribute:

0=2">" (ct,Cir) (9.97)
{k}

where the prime on the sum denotes the constraint ), k, = 0 (mod 2), for all i.

That is, associated with each link b and integer k, = 0, 1, such that k; + ... + k4 = 0 (mod 2)
whenever the links 1, 2, 3, 4 all meet at one site.

One solve the constraint through a geometrical construction. Define the “dual lattice” as the
lattice whose sites are located at centers of each square of the original lattice. In the accompanying
sketch, the dual lattice sites are marked with an x, and the links of the dual lattice are shown dotted.
each original site i is contained in a square of the dual lattice, which is called a “plaquette”. Attach
to each site of the dual lattice a dual spin variable, o;, which can assume only the values +1. If 1,
2, 3, 4 are dual sites at successive corners of a plaquette (say in clock-wise order), then

0102+ 0,03+ 0304 +0401 =0 (mod 4) (9.98)

to see this, note that the left side can be written in the form (o + 03)(0> + 04) = 0, £4. Noe each
link b of the original lattice cuts a unique link b* of the dual lattice. The constraint is solved by
taking

1
kb = E (1 - 0'10'2) (999)

where 1, 2 mark the dual sites at the ends of b*. This is so because, first, k, = 0, 1 as required, and
second whenever 4 links meet at the same site, they cut the sides of the plaquette containing the
site. One know in passing that an equally acceptable definition of &, can be obtained by changing
the — — +. This shows that in this case the ferromagnetic model and the anti-ferromagnetic model
have the same free energy, in agreement with the general theorem stated in the last problem.

Since there is a one-to-one correspondence between links on the original and on the dual lattice,
ona can associated with a dual link b* the integer k- = k;,. For large N, the number of dual sites is
also N. One can associate each dual site with 2 dual links (say, the once pointing north and east).
There are 2N integers k-, of which N are independent (because they satisfy N constraints). Thus,
the partition function is obtained by replacing the constraint sum 3}, by the un-constraint sum
3 Zio)’

0=2""%" (cx i) (9.100)
{o}

where the ¢’s are to be re expressed in terms of the o ’s.
¢y = ksinhJ + (1 -k)coshJ
1 1

= 3 (1 —0y0,)sinh J + > (1 + 0y0»)coshJ

= %el (1 + 0_10_28—21)

1
= Ee’(l + o0 tanh J¥) (9.101)



| |

| | f l
T ' Dual | Link &,
Ilmkb*y/ i
1\ 2,
I |
| |

2 b 3 I -4
I |
| |
4] 3l

— r ____..*_—..__, =

I I
| I

—— : + i —
| |

Figure 9.4: Dual lattice

where J* tanh J* = 7% is defined, with a view to re expressing the above expression as an expo-

nential:
el

Cpy = m (COShJ>k + 010 Sll’lh.]*)

= [2sinh(2))] " exp (J*'o10) . (9.102)

Thus, finally
1
Q = 3 (sinh 27N Z exp [J* Z oo j] . (9.103)
(o} <ij>

9.19 Problem G.-C. 6.1

Show that the number of particles in a Fermi gas with celerity between [v,, v,+dv,] (or its equivalent

in momentum) is
2emQ20 + 1)V 2
n(p)dp, = (ﬂm(lg+))ln [,B (,u - 5—’;) —~ 1] : (9.104)

Find the limit of this expression when 7" — 0.



Solution

For a Fermi gas,
Qo+ 1)V 1

B -

n(p) = , (9.105)

then in cylindric coordinates,

Qo+ 1)V pdp,p.do
n(pdp = = PP (9.106)
A%
e +1

Next, one should integrate the angular and radial components of the momentum. By using the
integral identity

1
f L Inga+ be™), (9.107)
a+ be™ am
one gets
2
4720 + DymV 7 _
n(p.)dp. = %ln leﬁ (54 +1|dp.. (9.108)

2
ﬁ(%n—ﬂ

: T ) P2
Finally, for T — 0 = €'/ — oo, . In|e + 1| — 5= — u. Thus,

n(p)dp, — (9.109)

drnQo + 1)mV p_%_ J
h3 2m l‘t pZ'

9.20 Problem G.-C. 6.5

Show that e*/(1 + ) is a symmetric function on x, and that it goes to zero as long as x — +oo.

Solution

Under parity transformation,

e e e e’
- _ . 11
Itre?  (I+e? e+ 12 (1+e) ©-110)

Then,

f(x) = f(=x).] ©.111)

Now,

Flo0) = e*® B { 0/1 ;x> —o0

_¢ -] 112
(1+e=2 | ¢ ©-112)

& - 0x > 400
Therefore, this equation goes to zero as x — +oo.

@2



9.21 Problem G.-C. 6.16

The state density of electrons in some sample is given by

D=cte if €>0

f(e):{ 0 if e<0

Calculate the Fermi potential €, the condition for strong degeneration and prove that in this case
CV o T.

Solution

At OK the energy levels are occupied by electrons up to € = 19. Hence one has Dy = N, thus,

N
o= . (9.113)

The chemical potential is determined by the condition

®  de

The condition that guarantees no degeneracy is e* > 1. When this is satisfied, one has
N co —pu
— = f dedh = <, 9.115)
D Jy B

thus the condition of no-degeneracy becomes

— < 1. (9.116)

This means that the total number of electrons is very small compared to the number of electrons
that can be accommodated in the energy range of width k7. DKT is the number of states in the
interval k7.

For Su > 1, one has

« de

N = D f de — f dE{ eﬁ(f—ll) n 1} + jl: —eﬁ(f—ﬂ) 1
de

=D _,u B fo e—ﬁ(e—u) +1 fﬂ ebetale) 4 |

A T
| 0 eﬂy+1 0 eﬁy+1

~ Dy, (9.117)




and similarly,

E - “  €Dde
o Jy e+l

1R

D[Eﬂ +2(kT)f xdx]

1 1
—Du? + =*D(kT)>.
S P+ o (kT')

ede

[f ede jo‘ e ﬁ(fmu) + 1 L‘ eﬁ(fm”) + 1

(9.118)

The first term in (9.118) does not depend on the temperature as can be seen from (9.117). Hence

one gets, at low temperatures,

oE 1

2DKT.
or 3"

V=

9.22 Problem G.-C. 6.17

(9.119)

Show that if the distribution of velocities of a Fermi gas is written, it becomes the Maxwell-
Boltzmann distribution when kT > €p. Estimate the temperature required for this to occur if

n = 10?* electrons/cc.

Solution

The distribution of velocities of a Fermi gas is given by

CQ@o+hv 1
n(v) = P e

Then, in the limit kT > €p,

Qo+ 1)V p*dp

— 4

Q2o+ 1)V €r \r 3/2
= T“-ﬂe T(kaT) ,
or

oo ()

2rmkT | Qo+ 1)V’
Therefore,
Qo+ 1)V
3
N m.2
S
QrmkT)2¢

2

n(v)d*v e ﬁ'm &y

Plami=er) 4 |

(9.120)

(9.121)

(9.122)

(9.123)



Equation (9.123) is the same as the Maxwell-Boltzmann distribution.

9.23 Problem G.-C. 7.15

For massive particles, pV = %U . In the case of photons as massless particles whose momentum is

p =", show that p = 1u. Explain the difference between them.

Solution

The Helmholtz free energy F(= Nu — pV) of the photon gas is equal to —pV because u = 0.
On the other hand, the grand partition function is

pV =kTInZ = —kT Z In(1-e?™). (9.124)

The energy spectrum of the photon gas is given by E(k) = hck, k is the modulo of the wave vector.
Then, the summation over i is to be interpreted as that over the wave vector K, and this can be
replaced by an integral. Taking into account the weight 2 which comes from the two different
polarizations of the photon, one obtains

0 2 %47V
- _ _ ,—Phc 2
pV = kTﬁ ln(l e q) ) q°dq
(kT)4V * -x\ ,.2
= _Wf(; hl(l —e )X dx
KTV f“’ s
= In(1 —e™)x7dx, 9.125

after integration by parts.
The integral in (9.125) turns to have the value 7*/15.

Hence,one has, finally
_Vr(kT)* 4oV,

V=_F= = , 9.126
u 45y | 3¢ ©.126)
with o the Stefan-Boltzmann constant. The entropy is given by
160V
§=222"73 9.127)
3c
then 16V
U(=F +TS) = ——T* 9.128)
c
Thus,
p= g (9.129)




9.24 Problem G.-C. 7.16

Suppose that sun emits electromagnetic waves from its surface (7 ~ 10°K) calculate the pressure
exerts by that radiation. How is it compared with the one of a mol of ideal gas enclose on a volume
of 1em??

Solution

In ST units, o = 5.67 « 10°3Jm2K*s™', R = 8.315J/K * mol and ¢ = 3 = 10%m/s.
From (9.129), it follows that

u 4o

pi=3= §T4 =2.52%10%T/m>. (9.130)
Similarly, from the ideal gas equation of states, it follows that
8.315J/s * 300K
Py = 10/_;;3 = 2.5%10°J/m’. (9.131)

Then,

©0.132)

9.25 Problem G.-C. 7.20

Show that an ideal boson gas on 2-D does not condensate.

Solution

The energy levels of free particles in a 2-D region on L, X L, are given by

o,
e(ky, ky) = %(kx + ky)9 (9.133)
with k; = 2% and n; € Z.
One can use the formula which is established generally in the Bose-Einstein statistics, i.e.,
1
N = Z T (9.134)

where N is the total number of particles, i is the chemical potential and summation is over all pos-
sible energy levels. Assuming L; sufficiently large, one can replace this summations by integration
in the (k,, k,)-space,

L.L, o kdk m de
N = (ZH)ZZJTL T = ZNLXLyﬁL m, (9135)
Bl—a—n
1

2m




or

2mmkT < 1
N = LxLy% > 7e%. 9.136)
=1

From (9.136), one knows that always is possible to get a value of ywhich is not of order 1/N.Hence
one can conclude that there are no levels which are occupied by a number of molecules of order N,
so that Bose-Einstein condensation does not occur.

9.26 Problem G.-C. 7.21

Photons obey Bose-Einstein statistics, so, one would assure that a photon gas condense. Is it
correct? If this is correct, calculate 7.

Solution

Electromagnetic waves confined in a container can be regarded as superpositions of normal mode
of oscillations.

Let v; be the frequency of the i-th normal mode and n; be the quantum of that mode which can
be treated as a quantized harmonic oscillator. Then,

E(no,m, ) = ) mihv, (9.137)

1

is the energy of the electromagnetic wave which is in the quantum state specified by (ng, ny, - - ).

The zero point of energy is omitted by the adjustment of energy. By (9.137), one can consider
n; as the number of photons with energy /v;. Hence the canonical ensemble partition function for
this photon gas is given by

Z(T,V) = i i oo @ PEOm) = ]_[ (1- e_ﬁh"")_l , (9.138)

no=0n;=0 i
and the average value of n; is given by

— 1
nj= e B —1°

(9.139)

One can interpret (9.138) as the grand partition function and (9.139) as the distribution function
for an ideal gas with u = 0 respectively.

Thus the condition y ~ kT is fulfilled just for 7 — 0 which is the critical temperature of the
photon gas.

9.27 Problem G.-C. 10.1

. . — 2 _ Py mwp o
Obtain the equations mij, = —mw;n, and H = ), 5=+ =7 ).

r



Solution

For a solid, the equations of motion are given by a set of coupled harmonic oscillators,

mwzéj = - Z D;;&;.

(9.140)

Nonetheless, one one can introduce a set of orthonormal basis vectors, a;, s.t. &; = 3, ai.r) n, are the

(r

(r)
; i

principal vectors of the potential @, e.i., };; ®;;a )
Then, (9.140) yields,

— 2
= ma)réija

Z ai.r) (mijr + mwfnr) =0 Vag.r),

r

thus,

.o 2
mij, = —Mmw;1,.

Similarly, the Hamiltonian

3N pg 1 3N
H:;%"‘Ezq)ijfifj,

i,j=1
becomes',
2 2
ﬁ = m_ Z a(r)a(”,)f] n ,
— 2m 2m L Lt T
l l rr
1 L
= _Zarr’mnrmnr’
2m &
rr
1 2
= %Zpr’
r
and

% Z ©i6i&j = % Z D @yda .
ij ij rr
= % Z Z mw*s; jafr)ayl)nrnr,
ij rr
- % 2. D mwiaa nmy

= 3 D mai

'Since p; = mé&; =m Y., a\"7,.

(9.141)

(9.142)

(9.143)

(9.144)

(9.145)



From (9.144) and (9.145) it follows that

1
H=Y (ﬁ + —mwfnf) . (9.146)

9.28 Problem G.-C. 10.2

a.- The energy levels of a 3D isotropic harmonic oscillator are given by €, = (n + 3/2)hv. Show
that the n-th level has degeneration %(n + D(n +2).

b.- Calculate the partition function for N oscillators and relate the result with the Einstein model
of solids.

Solution

In a 3D harmonic oscillator, €, = (n + 3/2)hiw, where n = n, + n, + n,, so the degeneration is given
by the number of ways one can array n object in three different boxes.

The number of ways of distributing M white balls among N labeled boxes is equivalent to the
permutation of N —1 black balls in a row together with the white balls. Therefore, the combinatorial
factor is

M+ N-1)!

&M = N =D (9.147)

In the problem, M = nand N = 3, so

gn = %(ﬂ + D(n +2). (9.148)




The partition function is given by

1 —pn v
Z = Z(n + 1)(n + 2)e A3/

— eﬁzhv Z(n + D1+ 2)e —B(n+2)hy

2
1 0
— eﬁzhv +1 —B(n+2)hv
2 a(Bhv) Zn:(” e
_ leﬁzhv 0 Bhy Z(n i 1)e—ﬁ(n+l)hv
2 O(Bhv) p
1 0 0
— eﬁ —Bhv | _ —B(n+1)hv
2 ol | € 3(Bhv) Z ¢
2 O(Bhv) OBhv) ) e — 1
_ 1 1 sin 0 1
2 (’)(ﬂhv) (B —1)?
eﬁ;hv
= @1 (9.149)
or
eﬁ%hv
This yield the same results as the Einstein’s theory of crystals.
9.29 Problem G.-C. 10.3
a.- Use directly the definition of Debye’s function to showing
_3x 4 X 3 — O
D(x) = { =5 +3 5+ O ix =7y (9.151)
ﬁ - 3e (1 +0(1/x)); x>1
b.- Use the above result to showing that
Cy 3[1—ix2+ ] x < 1
9.152
Nk { 15—27T4 L [1—i5x3e‘x+---];x>>l ( )



Solution

Since,
3 (M Xdx
D(x) = — ,
*) x3f(; e —1
it follows that for x <« l,ex—lzx+§+§+---,then

Q
e 2
U
=
><I\)
—_——
[E—
|
—_—
N
+
2|
+
B,

X X2
d'x 2 3
Il+x+5+5+-
0 21 T3

Q
< =
U
=
=
\S]
|
| =
< =
RQJ
+
—
sl
o
=
IS
=
=
S~
+

X ¥ X
= ———+4+—+
3 8 60
Therefore,
3 2
D)~ 1 - éﬂ%, for x < 1.
Similarly,for x > 1 one get
X 3 00 3 00 3
fdxx :fdxx—fdxx
0 er—1 0 er—1 . er—1

P 0 e

= — - d
15 f e
. *

= - fx dxx3e_"(l +e +e 4+ )

4
~ 71T—5 —xXe "+
Thus,
P 1
D(x)=—=-3¢"+0|-].
) 52 ¢ (x)
Moreover,

U = UL +3NKTD(x),

then, for x < 1 yields,

Cy = 3NKT 3Nk(9D)2+ i1 X 4 cdor
V= 20 \T - 20 T4

(9.153)

(9.154)

(9.155)

(9.156)

(9.157)

(9.158)

(9.159)



And for x > 1,

5 6p
thus,
Cy 12 ,(1 15 5 .
NE= 5T (E)[l_@” ¥

9.30 Problem G.-C. 12.1

(9.160)

(9.161)

The measurement of polarization of an ideal gas is taken a 300K using an electric field of 2000V/m.

Is it allowed to use L(x) = %x? Why? Assume u, = 2.64 Debyes.

Solution

Langevin’s function is definedby
1 _f2+2 5 x<1
L(x):cothx——:{ 3TE o 7
¥ )

with x = u, E/kT.
In order to approximate Langevin’s function just like x/3, x < 1.
In the given set up, the condition x = 1 requires

£~ 1.38 % 1071 % 300

P 37 10-1 = 1.38 % 10%ues ~ 4 « 10°V/m,
*

since E < E,, then is valid taking the linear approximation.

9.31 Problem G.-C. 12.2

How would be modified the equation

k=1 1

don @+ 3kT’

(9.162)

(9.163)

if the first non-linear term of Langevin’s function is include? Under what conditions are usefull

this corrections?



Solution

Since
(pe) = peL(X), (9.164)
then,
2 2
pE X
e) = I+ —=]. 9.165
ey 3kT(+15) ©.165)
It follows that ) )
nu,E X
P=— I+—|. 9.166
3 kT ( - 15) ( )
If one includes the polarization of the molecules, hence,
2 2
M X
= 1+—]]. 9.167
X ”“+3kT(+15)] ©.167)

Finally the electric displacement definition, yields

c— 1 e (2E?
- e (14 K= ), 1
P 3kT( T 15T )2 ©.168)

This effect is not worthing unless one is interested in low temperatures and/or huge electric
fields (order of MV/m).

9.32 Problem G.-C. 12.11

Use the equation

—B, (b—)} , (9.169)
4

and the definition of the Brillouin to showing that Cy, = 0 when 7" — 0.

Solution

By definition of the Brillouin function,

B, (BM/T) = (o + 1/2)coth|(c + 1/2)?] — %coth (%) (9.170)
Since,
0 1 — coth?(1/1)



when T — oo, coth®(1/f) — 1 exponentially, whilst the denominator explode potentially. Then,

(9.172)

asT — 0.

9.33 Problem G.-C. 15.1

Show that the minimum work required to producing a fluctuation in entropy AS is precisely the
numerator of the argument of

AE —TAS | + pAV — uAN

Q=Cexp- T

(9.173)

Solution

Using the thermodynamical relations for the total entropy S = S; + S ;,the fluctuation is given by

TAS = AE —TAS |+ pAV — uAN, (9.174)
then, one can write
AS
Q= Cexp—T. (9.175)

Equation (9.175) is valid for the compose system [ + I1. Let the total system be transferred
from the states A* into the state A* + A’, when the subsystem [/ is transferred from the state a* to
the state a* + a’, external work is being done.

Then, since whenever work is done the quasi-static (or reversible) way, it becomes minimum,
one obtains

A +A’
Wmin(a*a Q’,) = f (dU - TdS) s (9176)
A*

where U and S denote the energy and entropy of the composite system I + /1, and T is the temper-
ature at each intermediate stage of the process.
Since « is the change in a sufficiently small subsystem / one regards A” as a very small deviation
of the total system 7 + /1, and therefore approximate 7" by the value 7™ at the state A™.
The composite system is supposes to be isolated, so the internal energy must be equal at both
states. In this case,
Wil a’) = T*AS. (9.177)

Finally

(9.178)




9.34 Problem G.-C. 15.8

Calculate the fluctuations of the square energy for Rayleigh-Jeans, Wien and Planck.

Solution

The fluctuation of the energy square is given by

ou(v, T
(E0,T)) = hTVody uv. 1)) (9.179)
or J,,
Also, Rayleigh-Jeans energy density is
o1y = Ty = 8 (9.180)
uv,T) = — — = .
’ A oT A
For Wien’s energy density,
ou  apvt
TY = avie BT - _ “BvIT 181
u(v,T) = av’e , = 3T 72 e (9.181)
Finally for Planck’s energy density
8mvh 1 ou(v,T)  8mvh>  eff
wry =2 L D) 8wk e (9.182)
A3 el oT kT? (et — 1)2
If one uses the identity,
hy
T 1 1
hve - = hy + hy s (9. 1 83)
(ext —1)2 e —1 (et —1)2
it follows directly that,
(v, Tz Vody RJ.
(E*(v. 1)) = BlvVou(v, T)dv W. (9.184)
|Avu(v. T) + 5512(v, T)| Vodv  Planck
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oo 10

Relativity

10.1 Problem 1

Write down the line elements for
e A sphere of radius a, using the angles (6, ¢) as spherical coordinates.

e A cylinder whose transverse section is a circle of radius a, using (phi, z) as the coordinates
for the cylinder. Is this cylinder plane or curved?

e A hyperbolic paraboloid, whose parametric equation is
F=(u+v)e,+ u—ve,+2uve, (10.1)

using the (u, v) parametrisation.

Answer

In order to find the line element for each case, we just substitute the differentials of the line element
in terms of the new coordinates.

Spherical coordinates

The change of basis is given by

X = asinfcosg,
= asinfsing,
Z = acosé. (10.2)

143



then,

dx = a(cosfdfcos ¢ — sinfsinpde)
dy = a(cosfdfsin¢ + sin6cos ¢de)
dz = -asinédo, (10.3)
and
d* = & (0082 6 cos® pdé” + sin® fsin® pdg® — 2 sin 6 cos 6 cos ¢ sin ¢d9d¢)
d’ = & (0082 6 sin® pd6* + sin” 0 cos® pd¢> + 2 sin 6 cos @ cos ¢ sin ¢d9d¢))
dz> = a’sin’ 6d6°. (10.4)
Thus,
ds® = a* (d6” + sin’ 6d¢?) (10.5)

Cylindric coordinates

For cylindric coordinates, the change of basis is given by

X = acosa,
y = asing,
z = z (10.6)
Then
dx = -asingdg
dy = acos¢de
dz = dz (10.7)
and
dx’> = *sin® ¢pd¢?
dy’> = a*cos’ pde?
d? = d7°. (10.8)
Thus
ds’ = a’d¢ + dZ%. (10.9)

We note that a cylinder is a direct product R x S! this embedded is plane in R>.



Hyperbolic paraboloid

For hyperbolic paraboloid coordinates, the change of basis is given by

X = u+tv,
= u-v,
z = 2uv. (10.10)
Then
dx = du+dv
dy = du-dv
dz = 2vdu + 2udv, (10.11)
and
d* = di? +dv? + 2dudv
dy’ = di? +dv? - 2dudv
dz? = 4H*di® + 4Pdv? + Suvdudy. (10.12)
Thus
ds? = 2+ 4Hdu? + 2 + 4uPH)dv? + 8uvdudy. (10.13)

10.2 Problem 2

Show that 6,,” has the expected tensorial character. Prove that 6,,” is a constant tensor which has the
same components in every coordinate frame. Evaluate 6,/ and 6,,"0,".

Answer

Let us consider the change of coordinates x* — y*, therefore, the matrix transformation is z)—x“, for

. .. 5y .
covariant indices, and % for contravariant ones.
Hence,

ox' 9P |

- 5#

0ya ox’

oxt 0y

ay* Ox+

= 67, (10.14)

v
o,

1.e., it has the same componets in whatever frame we consider.
Furthermore, since ¢,,” represent the unit matrix, then 6,/ = 6,760,/ = D, where D is the dimen-
sion of the spacetime, it’s due to the fact that 6, is nothing but the trace of the unit matrix.



10.3 Problem 3

Show that whatever covariant (or contravariant) tensor of second rank can be written the sum of a
symmetric and an antisymmetric tensor.

Answer

A symmetric tensor satisfy that 7, = T}, and an antisymmetric one satisfy T, = —T},.
For an arbitrary tensor, we can define its symmetrisation as

1
Tiapy = E(Tab + Tpa), (10.15)

which satisfy the symmetric condition. Similarly, we can define its antisymmetric part of this tensor
as

1
T = E(Tab = Tpa). (10.16)

Adding the last two equations, we get
1 1
Tyap) + Tian) = E(T“b —Thpa) + E(Tah + Tpa) = Tap- (10.17)

1.e., every tensor of second rank can be written as a sum of a symmetric tensor and an antisymmetric
tensor.

10.4 Problem 4

Show that the Levi-Civita €% is a tensor under Lorentz transformations and a tensorial density of
weight -1 under general coordinate transformations. Also show that its components are the same
for every reference frame.

Answer

Under a general transformation, the epsilon transforms by

Gabcd — AZAzA;AZGman (10.18)

Now, we use the definition of the determinant of a matrix in term of the epsilon tensor, and the
symmetries of (10.18), so we write

AL APAE AL = det(N)eP. (10.19)

m 3t ptiy

If we consider just Lorentz transformation, then A € S O(3, 1) and so det(A) = 1, thus

Gabcd — Eabcd’ (1020)



1.e., epsilon is an invariant tensor under Lorentz transformations.
In case of general coordinates transformations, det(A) = |J|™!, and so

e ] e, (10.21)
this transformation law defines a density of weight -1. Then, we conclude that in fact epsilon is an

invariant tensor under Lorentz transformations but a density under general coordinates transforma-
tions.

10.5 Problem 5

Consider a plane parameterized with both, a cartesian coordinate frame (x, y) and a polar coordinate
frame (r, 8). Calculate:

e The matrices which define the transformation laws co- and contra-variant.

e The natural basis (¢/, ¢5) and its dual defined through the relation ¢” - ¢ = 53.

Answer
We know the transformation

rcos6 (10.22)
rsiné, (10.23)

=
Il

then, the transformation matrices are

y _ ([cos@ —rsinf
e = (sin@ rcos@) (10.24)

A = (f‘ﬂj Sﬂf’) (10.25)
Finally,
e, = cosbi+sindj (10.26)
eg = -—rsinfi+rcosfj (10.27)
W' = cosl+sinf] (10.28)
in 0 0
of = MY, 08U, (10.29)

r r



10.6 Problem 6

Among the set of general coordinate transformations consider the subset defined by the linear
orthogonal transformations, x”* = A;xf with Ai. constants. Show that for this subset the relation

Ox" _ Ox/
oxi — dx'’

(10.30)

is satisfied.
What does this imply?

Answer
Indeed, the relation (10.30) defines the group of orthogonal transformations.

In term of contra- and co-variant components it implies that they transform as inverse of the
other.

10.7 Problem 7

Show that any infinitesimal orthogonal transformation can be written in the form x"" = x' + €,x/
with €/ = €,

Answer

Since orthogonal transformations form a Lie group, they can be written in the form

0 =",
with §'T; = €. Thus, at first order it yields,
O0=(0+)1+e) =1, (10.31)
therefore,
€ =—e. (10.32)

10.8 Problem 8

IT WAS ALREADY SOLVE IN THE PREVIOUS HOMEWORK.



10.9 Problem 9

On a space, apparently 3-dimensional, the distance between two points is given by
1
ds* = dx* +dy* + d7? — @(wx +4dy + 12dz)*.
Show that this space is locally R?. Find a couple of new coordinates s.t. the line element is
ds* = dé* + dn?.
Answer

In order to prove that this is in fact a 2-dimensional...

10.10 Problem 10

Consider the metric space (M, d), where M = {(n;,n,) € Z X Z} and d is the distance given by the
number of sides of the shortest path between a couple of points.

e Draw a circumference of radius 4.

e Compute the value of r in this geometry. Is it irrational?

Answer

From figure 10.1, we can see that the ‘perimeter’ of this circumference is 32. Since the value of &

is perimeter by diameter,

perimeter 32
- S 10.33
diameter 8 ( )

Thus the value of 7 in this geometry is not irrational but natural.

10.11 Problem 11

R? in polar coordinates has as length ds? = d7? + r*d6>. Compute in this coordinates the Christoffel
symbols.

Answer
Since ds? = g,,dx* ® dx”, we have the metric tensor, and we can construct the Lagrangian,

L = gax"i’. (10.34)



Figure 10.1: A drawn of a circle of radius 4 in a lattice. The black dot represent the centre and the
blue ones are the circumference.

So, for our particular case, we have

L=7#+ré¢, (10.35)
therfore, the Euler-Lagrange equations are,
d_ ,.
—2r’0 = 0
ar
. 2.
= 0+-0if = 0. (10.36)
r

6%(2#)—2;»92 =0
= F-rf® = 0. (10.37)

Now, from the geodesic equation, it follows that,

1
I, =-r ‘Y, =19 = ~ (10.38)

10.12 Problem 12

How do the Christoffel’s symbols transform under a general change of coordinates?

Answer

Let’s remind that the coefficients of the connection are defined by

Veer =T15e., (10.39)



then, if we consider a different basis f,, = ;C—mea, where x’s denote the old coordinates and y’s the
new ones, the new connection coeflicients are

Vi fo =10, fo. (10.40)

Furthermore,

Ox?

0% x° ox* Ox”
ynay " Gyn oy
= (—32xc + %a—x}jfc )e
— \aymayr  gymoyn )

e.€b

(10.41)

Finally,
, _ Ox° Ax" ayP . O*x* Oyr

o= o . 10.42
= G Ayt axe b Gymay gxe (10.42)

10.13 Problem 13

Compute the curvature as the change on a parallel transported vector through a parallelogram in a
manifold M.

Answer

Consider a parallelogram pgrs whose coordinates are x“, x* + €/, x* + €* and x* + 6%, and let V“(p)
be a vector at the point p € M.
If we start at p, the parallel transport vector at ¢ is

Viq) = V4(p) — VX(p)I%, (p)e. (10.43)
Then,

Va(r)

Vq) - V(@ (@)5°

= V(p) = V(T4 (p)e* = (V2(P) = V"(PITh,(p)€") oy ()6

Ve(p) = VP (TP = (V2 (p) = V"(p)Th,(p)E")

# (T4(p) + BTGy (p)e) o°

= VAp) = V(DTGP + €)

~V(p) (0:T%,(P) — Ty (PIT5s(p)) €6 (10.44)

IR



Similarly, if we reach r through the point s, we get,
VAr) = VAp) = V(TG (p)(©E° + €)
=V (p) (0T%(P) — Ty (PITis(p)) €6,
So, both vectors differ by (substract (10.44) from (10.45))
Vi) = Vi) = VP (0cTi(p) — dile,(p)
+T3,(PT(P) = T (P)T4(p)) €6*
= VPRq€e 5.

10.14 Problem 14

Show that the covariant derivative D,u” transforms like a (}) tensor.

Answer

Under coordinate transformations,

D’ — D = 0,8+ F’fwuy

= AL, (ASu") + ASATTE uf + AL(D NN

a” b ac

Note that in the last line, the matrices coming from the vy index vanishes.
Now, from the identity
AN =6,
it follows that
QaAPDA, = —A(3al),
then,
Dl = ALONU") + ALATTD U + AL(D.NNEAT U
= AN+ NEALD U + NEAITD
~ AL DN

= AN + ANT ue

= ALN(S20, +To)uc

= AASD.

10.15 Problem 15

(10.45)

(10.46)
(10.47)

(10.48)

(10.49)

(10.50)

(10.51)

Show that the Torsion and the Riemann curvature transform like tensors under general changes of

coordinates.



Answer

Let’s start from the definitions of both, Torsion and Curvature,

T(X,Y) = VxY-VyX-[X,Y] (10.52)
R(X, Y)Z = VvaZ - VyVXZ - V[X,Y]Z- (1053)

Let’s change X — fX,Y — gY in (10.52), so

T(fX.gY) = [fVx(gY)—gVy(fX)-[fX gY]
FX[glY + feVxY — gY[f1X = (fX[g]Y + fgXY — gY[f]1X — g fYX

= feT(X,Y), (10.54)
therefore, we can take X = ¢,, Y = ¢, and f = %, g= %, SO
ox* oxb
T(fns fo) = 77T (€q, €p). (10.55)
ay™ oy"

Similarly, for the curvature (10.53),
R(fX,gY)hZ SVx(@Vy(h)Z — gVy(fVx(hZ)) = VsxenihZ

SX(gIVy(hZ) + fgVxVy(hZ) — gY[f]IVx(hZ)
—f8VyVx(hZ) — Visxgv)(hZ). (10.56)

Since

Virxer1(hZ) Vixey(hZ) — Vgyx(hZ)

FX(8IVy(hZ) - gY[fIVx(hZ) + fgVxn\(hZ), (10.57)

then,
R(fX,gY)hZ

FXIgIVy(hZ) + fgVxVy(hZ) — gY[f1Vx(hZ)
—-f8VyVx(hZ) — fX[glVy(hZ)
+8Y[f1Vx(hZ) — fgVixy(hZ)
= f8VxVy(hZ) — fgVyVx(hZ) — fgVixy|(hZ)
= [8X[hVyZ + fgY[hIVxZ + fgXY[h]Z
+f8hVxVy(Z) — fgY[hVxZ — fgX[h]VyZ
—f8XYI[hlZ - fghVyVx(Z) — fg[X, Y1[h]Z
—f8hVixx(2)
= fghVxVy(Z) — fghVyVx(Z) — fghVixx(Z)
= fghR(X,Y)Z. (10.58)

Thus,

Ax* Oxb Ox°
- R(eq, e 10.5
aym ayn (‘)yp (6 eh)e ( 9)

R(fons fi)fp =



10.16 Problem 16

Prove the first and second Bianchi identities for a general connection. Reduce’em to the Lei-Civita
case.

Answer

I’'M WORKING ON IT...

10.17 Problem 17

Show that the covariant divergence is
1

AGE
’ V8

8, (NZVH). (10.60)

Answer
By definition,
AR AGES WAS
= 9,V' + %aﬂ( Vo v?
%aﬂ( VEVH). (10.61)

We’ve used the identity Fﬁﬂ = 9, In(+/8)
to give a diagonal metric. Then

\/Lg@# v/g. A rough way of showing this identity is

1
Egﬂ'ugﬂ/l,ﬂ

T,
1 S
2 g

1
= 58,1 ll'lg

= 9,In vg. (10.62)

10.18 Problem 18

. . 2 '2 . . . . .
Given the metric ds®> = dxy;zd), Compute the connection coefficients and the timelike geodesic

curves.



Answer
With the given metric, we can construct a Lagrangian,
L = lt—Z(XZ _ t2)
2 b

then, from the Euler-Lagrange equations, we get
d (0L d _,.
| — = —(t
ds (8)6) ds( %)
= 20+ 1% =0.

t2
= —r’%+r32=0.

ds\ai| ot

Therefore,
217 = 0,

=
|

and
-+ =0.

The last equations yield
1

1
r;t = F;Cx = ; and r;t = rf\cx =-7

t

d(aL) oL _ i(—i)+2t—3(x2—iz)
ds

(10.63)

(10.64)

(10.65)

(10.66)

(10.67)

(10.68)

In order to write down the geodesic equations, we should take in account the Lorentian signa-

ture of the metric, then, by recall * = u“, so

-1
gapuu’ = —— =k,
with
-1 ;  for timelike geodesics
K= 0 ; for null geodesics
1 ; for spacelike geodesics
A PART IS STILL MISSING.
10.19 Problem 19
Consider the Poincaré metric
, A +dy?
ds” = —
y

defined for y > 0.

Determine the geodesics. Compute the Ricci scalar and compare with a 2-sphere.

(10.69)

(10.70)



Answer

With the metric we can construct a Lagrangian,

i+

L
2y?

From the Euler Lagrange equations, we have

d (oL
ds (ax) A-Ly Xy
d (OL\ 0L o
as\ay) "oy T 07 -y =0.
ds (6y) Ay Vy+y (X" =y7)
Therefore,
! 1
Iy, =r,=--, and -I=0=-
Y y
Thus,

ayr;y = 61—‘;)( :y_2
ayrfcx = _y_2

-2
oIy, = y.

(10.71)

(10.72)

(10.73)

(10.74)

(10.75)

(10.76)
(10.77)

We must remind that in 1-dimension, the Riemann tensor has only one independent component,

the componentxyxy. Then,

Ry = 1%, - +T0I, —~T0r,
1
o=

Now,
. 1
nyxy = gxnyxy = )7
Since in 2-dimensions R
Rabcd = E(gacgbd - gadgbc),

it follows that for the Poincaré metric
R=2,

which is the same Ricci scalar than for a 2-sphere of radius one.

10.20 Problem 20

Prove that if a geodesic is time-like some of this points is so everywhere.

(10.78)

(10.79)

(10.80)

(10.81)



Answer
Note in equation (10.69) that the LHS in fact depend on the point, but in not the case for the RHD.

Thus if in a point the geodesic is time-like, it’ll be so in any other point. Same for light-like or
time-like.

10.21 Problem 21

A Killing vector satisfy &, + &, = 0. Show that is possible to construct conserved quantities by
considering objects u“¢,, with u“ the 4-velocity of the particle.

Answer
A quantity is said to be conserved if its derivative vanish, so, we must expect that
Vy(u'é,) = 0. (10.82)

Then,
Vio@'&,) = (Vpu)é, + u(Vipé,). (10.83)

By the Killing vector equation, it follows that the bracket in the last term is antisymmetric under
change a < b, so if we contract the whole expression with u”, we get

WY€) = WV UE, + uPu’ (Vpé) = 0, (10.84)

the latter term vanish because of the symmetries, and the former because of the geodesic equation
of the particle.

10.22 Problem 22

What is the Riemann for a 1-dimensional manifold? Express the Riemann and Ricci tensors in
term of the metric for the 2- and 3-dimensional case.

Answer

Because of the symmetries of the Riemann tensor, it’s identically zero for a 1-dimensional mani-
fold. In fact, any 1-dimensional manifold is diffeomorphic to R! or §! depending if it’s compact or
not.

A PART IS STILL MISSING.



10.23 Problem 6.10

Show that VchXZ - VchXZ = RaechZ + Rebchj.

Answer

Let’s compute the first term.

VoVXE = Vo(0,X¢+T¢ X0 —T7 X
= 004X — T80, X0 + T 9,X —T7 3,X
+0.(Tg, X;") = T0,0, Xy + T4, 10, X, = 0,15, X

dm“*n

—9.(I7 X%y + T I X% — T [ X" 4 T, [ X (10.85)

dn“*n*

Since the second term is interchanging ¢ < d, thus

[Ve. ValXy = =Toy(0nXy =T, X, +T7,X3)
+X} DT, — L%, + T4, T4 T )

dn™ cm

=X, (0., — 0Ly, + T, — T3, 10,)

= ~T"V, X% + R eaX) + R"peaXC.. (10.86)
10.24 Problem 6.11
Show that
Vx(VyZY) = Vy(VxZ*) = Vix11Z* = R}, ,ZP XY, (10.87)
Answer
Since R(X, Y, Z) = Vx(VyZ) — Vy(VxZ) — Vix y1Z is a tensor, it satisfy that
R(X,Y,Z) = X°Y’Z°R(e,, ep)e,. (10.88)
Moreover,
<dxd, R(e,, eb)ec> = (dxd, [V, Veb]ec>
= 9,0% o4 +1¢ T —TY¢ T
= R, (10.89)
Thus,
Vx(VyZ?) = Vy(VxZ%) = Vix 1 Z% = R% , Z°X“Y". (10.90)



10.25 Problem 6.14

The line elements or R? in cartesian, cylindrical and spherical coordinates are given respectively
by

2
° ds(l)

° ds(zz) = dr?* + r’d#* + d7%.

2
° ds(3)

Find g., g°° and g.

= dx? + dy* + dz*.

= dr? + r2d®* + r* sin’® 0d¢?>.

Answer

Since ds* = g,,dx*dx’, it follows that,

1 00
8Mab = 010 (1091)
00 1
1 00
8ab = 0 1"2 0 (1092)
0 0 1
1 0 0
g(3)ab = O 1’2 O (1093)
0 0 r%sin’6
1 00O
gy =10 10 (10.94)
0 01
1 0 0
gy =10 r2 0 (10.95)
0 0 1
1 0 0
g% = [0 2 0 (10.96)
0 0 rZsin?0
81 = 1 (1097)
go = 1 (10.98)
ga = risin’e. (10.99)

10.26 Problem 6.17

Find the geodesic equation for R? in cylindrical coordinates.



Answer

From (10.92) we get,
F—r* = 0 (10.100)
b4 20 = 0 (10.101)
' 7 =0 (10.102)

10.27 Problem 6.18

Consider a space with coordinates x* = (x,y, z) and line element
ds* = dx* + dy* — dZ*. (10.103)
Prove that the null geodesics are given by
x=l+l, y=mu+m', z=nu+n, (10.104)

where u is a parameter and , I, m, m’, n,n’ are arbitrary constants satisfying > + m?> — n* = 0.

Answer
Since

ds* = dx* + dy* — d7%, (10.105)
we can write a Lagrangian for this line element,

1
L= 5(58 +y° = 2). (10.106)
Thus, the geodesic equations are,
¥=0, y=0, Z=0. (10.107)

Then, the solution of the geodesic equations are,

x = lu+!l (10.108)
= mu+m (10.109)
zZ = nu+n'. (10.110)

Moreover, for null geodesics from (10.69), we know that,
g x’xP =0, (10.111)

SO,
P+m*—n*=0. (10.112)



10.28 Problem 6.19

Prove that V.g,, = 0. Deduce that V, X, = g,.V,X".

Answer
Since

1
FZC = Egam(gmc,b + 8mbe — gbc,m)a (10113)

it follows that,

1 1
Ve8ab = 0c8ab — E(gch,a + 8abc — 8ach) — E(gha,c + 8cap — 8bea)
= 0. (10.114)

I. e., the metric tensor is co-variantly constant, so,

Vth = Vb(gchC) = gachXC- (10115)

10.29 Problem 6.20

Suppose we have an arbitrary symmetric connection I';  satisfying Vg = 0. Deduce that I" must be
the metric connection.

Answer
Since,

Vugbc = 8agbc - 1—‘Zlbgmc - r;ncgbm
ngac = abgac - leggmc - rgcgam
_chab = _acgab + rzzgma + r:;,gam- (10.116)

By adding all egs. (10.116), we get,

0 = (6agbc + ahgac - acgah) - 2gcmr‘ZlC (101 17)
L.
= r?b = Egmc(aagbc + abgac - acgab)- (10118)

10.30 Problem 6.25

Show that G,, = 0 iff Ry, = 0.



Answer

Obviously, if R,, = 0 then G, = 0. Therefore, let’s show the other way.
Since

1
Gab =Ry — EgabR’

we have that for a # b, G, = 0 = R, = 0. Moreover, if a = b, the trace of G yields
n
R=-R
2 9
but for n # 2, (10.120) doesn’t hold, therefore,

Gab =0 iff Rab =0.

(10.119)

(10.120)

(10.121)



Part V

Quantum Field Theory

163






oo 1 1

QFT 16

11.1 Problem 1

Consider the massless K.G. action,

1
S = 3 f d* xn 8,¢0,9, (11.1)
and the dilatation transformation,
X = XM= EYXH, (11.2)
p(x) > ¢ (X)=e“P(x). (11.3)

1. Show that this transformation is a global symmetry for an appropiate choice of the parametre
d,. Find the conserved current associated to this symmery, and verify it’s conserved when ¢
is a classical solution.

2. Show that if there is a mass term then dilatations are no mero a symmetry. Show also that in
contrast, a term V(¢) = A¢* doesn’t spoil the symmetry. What should be the dimension of
the coupling constant A?

Answer

Let us find the apropiate value of the constant dy. In order for dilatations being a symmetry, s = s’
Then

2

1 - [e3
> f d*xn”e®2, 60,6

1
S—->8 = = f d4xe4an”ve(2_2d¢)“6ﬂ¢(9v¢

2
S ifdy=1. (11.4)
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Thus,
$(x) = ¢'(X') = e "P(x).

(11.5)

Now, if we restrict ourselves to infinitesimal transformations, we can find the Nother conserved

current by using the formulae derived in class,

0L
b= dvav i_%,a _%ﬂg
o = 3G B ]
0L
= %V®pv - %a-
a(aﬂ¢l) |
Then, for our particular sut up, we have,
5)(:“ = a/xu = Ed%ﬂ7
6¢ = —CY¢ = ea%,u’
0L
= o'¢.
(0u)

In the above equations, i = ¢,a = 1, € = @, * = x* and F;, = —¢.
On the other hand, for the massless KG theory,

N
— 0,07 = PO+ P90, — 70,0 $d
= 0'¢0¢ + 3$0,0' — "0 G
= o'ous
= 0.

In the last line we have used the eqs. of motion.
From (11.10), we calculate the trace,

@ = 3,009 — 20,09"¢ = —0,40"¢.

Thus,

5,
RS
Il

® + 4,3,0" —aﬂ(

—0"¢0,¢ + 0,(¢d' §)
= ¢0¢
= 0.

0L ff)
(0,u)

(11.6)

(11.7)
(11.8)

(11.9)

(11.10)

(11.11)

(11.12)

(11.13)



We saw that the massless KG equation is indeed dilatation invariant. If we add a mass term or a
Ag* potential, those do not affect the invariance of the kinetic term, so we can verify its invariance
(or not) individually. Then,

1
Sy — S,,/E f d*xe**m*¢*e™ £ S. (11.14)

S, — Sﬂ':/lfd4xe4“¢4e_4“:5,l. (11.15)

Thus, the mass term spoils the dilatation symmetry whilst the quartic potential on phi doesn’t.
Additionally, the A must be adimensional, so that the ¢* match the dimensions of the volume form.

11.2 Problem 2

Consider th elagrangian of QED, for massless fermions, and the dilatation transformation,

oo et (11.16)
A, — e ™p, (11.17)
b - ey (11.18)

1. Find the values of d4 and d,, in order for dilatations being a symmetry.

2. Calculate the conserved current for this symmetry and express it in terms os the energy-
momentum tensor of the theory. Verify that that its conservation is a consecuence of the fact
that the energy-momentum is traceless in the massless theory.

3. Include the mass term for fermions in the lagrangian. Compute the new No6ther corrent and

verify it’s not conserved, relate its divergence with the trace of the energy-momentum tensor.

Answer

As we’ve discussed in the above problem, we can check the dilatation invariace term by term. Since
the lagrangian of QED is

_ 1 _
Lorp = W@ — myy — ZFZ — QU A, (11.19)

let’s check first the EM lagrangian.



Each term of this lagrangian contents a couple of derivatis and a couple of A’s, therefore,

1
Sem > Sgy = - fd4x 64“ZF2e_2_2dA
= S ifdy =1.
Sp—> S, = f d*xe* _y"(')“i,[/e_”_z"
3
= S ifd, = —.
1 W 2

SI—)S;

Then, the right values of the parameters are,

3
dA =1 and d¢ = 5
Let’s calculate the energy-momentum tensor using,
0L
O = - L.
a@a T

Then,
O = uﬁc’)"va - F“AGVAA - nyngED-

And, for infinitesimal transformation, we have,

oxt = axt,
0A* = —aA¥,
oy = —§a¢.
2

Following the usual method, the conserved current must be,

0.7
o= F"0,¢; — Fi| - 'L
J 3@, ¢,-)[ ) ]
0.7
: A b F) - A" L
gy 70O = Tl = it
0.7
- T+ O
6(8#(]51)

11.3 Problem 3

Consider the Dirac lagrangians

L =yad —my

— f e4"q<f>y"Aﬂ¢e_4“ =S,

(11.20)

(11.21)

(11.22)

(11.23)

(11.24)

(11.25)

(11.26)
(11.27)

(11.28)

(11.29)

(11.30)

(11.31)

(11.32)



and
(1 —
z’:w(iw ay—m)w. (11.33)

Verify that they are classically equivalents. Compute the energy-momentum tensor to show
they’re different, but their conserved charges are the same.

Answer

Consider the prime action,

S =

\S]

d*xy (—y"?ﬂ - m) 1
0V O = S0 = miy)

S

= f &'x (8, = 20,09 9) = miy
J
S

= (11.34)
We have made use of the fact that ¢ — 0 as long as |x| — oo
Hence, classically both lagrangians are equivalent.
Now, let’s calculate their energy-momentum tensors. Since,
0L
0" = i ¢_)6V¢,~ -, (11.35)
u¥i
then,
O = Wy~ G~ my),
= W'y (11.36)
v L - \4 VT VT l <
O = L@VTY- 0Ty -5 (57T - m)y
r - -
= 35 W'Y - YY) (11.37)
We have used the equations of motion for both lagrangians,
(d — myy = 0; 10,y + my =0, (11.38)

That’s nothing but evaluate ¢ — ¢,,.



The conserved currents are,

Py

lfd3x Uy oMy,

P, f d3X% (97° 0y - 09y"w)

lfd3x vy "y + (B.T.)

Thus, the conserved charges are the same, as we expected.

(11.39)

(11.40)



o 12

QFT 17

12.1 Problem 1
e Show that the conserved U(1)-charge in the quantum theory of a free complex scalar,
Quqy = lfd3x : ¢T<5)o¢ 5 (12.1)

is given by
dr il il
Ouay = f o (aja, = bib,). (12.2)
e Has the state a;bg |0) a defined charge?

e Calculate the commutator [Qy 1), H], where H is the Hamiltonian of the theory.

Answer

We already know that the modes expansion of the complex scalar field is

¢(.X) _ d*p 1 {Cl e 4 b?ezp-x} (12 3)
= —a, .
@n) \J2E, T e,
and
dp 1 .
¢T(x) = f 3 {bpe—lp-x + a[',e’p'x} ‘ (12.4)
Qny \2E, .
Then,

d3p EP —Ip-X T px
God(x) = 1 | =5 ,/T{a,,e Pr_plert|l (12.5)
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and

d3p Ep —1p-x T opex
o0 ==t | 55 \/T{bpe PY— gl o) 0 (12.6)
P’=E)
Thus
Quay = 1 f d’x : {7009 — (G099} :
d’p d’q 1 |E .
- . 3 I —1p-x i ipx -9 x _ T g%
- 'fdxf(2ﬂ)3(27r)32 E, [{bl’e et }{aqe "o byt }
- {bqe_”” - ajie’q'x} {ape_”"x + b;e””}] :
d&p d’q 1
= —(2 363 —
(2ﬂ)3(2ﬂ}32( )6 (p—q)
(Ep—Eyt Eq . + t + t .
e E_p : {—bpbq +a,a, - bqbp + aqap} :
Ep T
= f@(apap - bpbp)' (12.7)
Let us now calculate the charge of the state a;bg |0). Then,
b0y = K (e, — biboal! 10
Qumayb, 0) = (271_)3(akak_ Wba,b, 10)
= ajb} |0y - )b} |0)
= 0a)b |0), (12.8)

therefore, this state has no charge, as it was expected so that each creator operator contribute with
opposite charge.

On the other hand,

d3p d3p/ .
[QU(I)’ H] = (27r)3 zﬂ)3 EP' [a;al’ - b;bl)’ a;'ap’ + bp/bp’]

B B
(2771)?3 27:1)73 Er {[a;ap, a;,a,,/] - [b;bp’ b;'bp’]}
dp &Pp' . L
- [ oo oo
_@thW—@@wﬂ@}
- (12.9)




12.2 Problem 2

In the quantum theory for a free Dirac field, consider the modes expansion

3
w = [ L2 D (apauspre™™ + b} wi(pye?)| . (12.10)

3 A , p.
(2 ) 2EP s=1,2 PO=E,

Suppose that the spinors u# and v are normalized like

ﬁv(p)uv'(p) = Nuéss” ‘_}s(p)vs’(P) = _Nvéss” (1211)

with N, and N, are positive factors (possibly depending on p)

o Find the expression for the creation and annihilation operators in term of the field operators

Y and .
e Compute the whole set of anti-commutator of the creator and annihilator operators.

e How must the normalization constant of spinors be chosen in order to satisfy the relations

{apsna, Y = by b, ) = Qm)*6(p — p')os? (12.12)
Answer
Hence,
W(x) = (2 )3 (apstus(p)e™™ + b) wy(p)e™)| (12.13)
=1,2 P0=Ep
it follows that
i} d*p Z )
Y(x) = psVs(P)e P +al iig(p)e’ (12.14)
(27T)3 V2EP s=1,2 " PO=E,
Now, we can take the Fourier transform of ¢ and i,
5 1 N
f dxe*yY(x) = Z (aksus(k)e_’E"’ +b vs(—k)e‘Ek’) (12.15)
f P xe®G(x) = ! Z (bk v(ke ™ +a’ @ (—k)e’Ek’). (12.16)



By using the normalization conditions, we get,

s = Vzglfd%e**xm¢u) (12.17)
@, = ‘/? & x e u (ky(x) (12.18)
bry, = -¥€%bed%e*w¢m&u) (12.19)
ay. —% f dx e T (kw(x). (12.20)

As we can to calculate their anti-commutator relations, we should remind that

and whatever other anti-commutator vanish.
So,
larsavy) = 0 (12.22)
fal .al, .} = 0 (12.23)
{bes. by} = 0 (12.24)
{brobyh =0 (12.25)
{acs. by} = 0 (12.26)
(besmay, ) = 0. (12.27)
Additionally, we know that
us(p)vy(p) = vi(puy(p) = 0. (12.28)
Then,
lags: byl = 0 (12.29)
a; by} = 0. (12.30)
Finally,
ZVEE
(acsa, ) = & xd®yit, (Ryuy (K e ™ {y (e, )2, y))
2\/EE’_ ) e
- ¥ iy (k)uy (k') f d*xe'**)
2VEE'
= (2n) ity (kg (k)6 (k - k)

Nu
2E
= (27r)3ﬁc555,6(3)(k -k, (12.31)

u



and

2VEE'
} = N2

_ Pk (k) f &’ xe! k)

- 2 NEZE B, (kpvy (K0P k — k')

4

2FE
= —(271)3F6”/6(3)(k - k). (12.32)

{brs. b

! o
ks

dxdyv(kyvy (K)e C 5 Ly(e, x)p(t, y))

12.3 Problem 3

Show that the quantity E,6®(p—q) is Lorentz invariant, therefore the 1-particle states (2E,)'/*a}, |0)
have an Lorentz invariant normalization.

Answer

First, we note that the rotacional part of the Lorentz group keeps the quantity, we are interested
on, invariant, so that the energy remains the same and the determinante of a rotation matrix (for a
proper rotation) is 1. Therefore, we can consentrate just on the boost transformation.

Actually, we know how a delta function transform

1
f" ()l

o(f(x) = f(x0)) = Z o(x = x;), (12.33)

with x; are the zeroes of the funtion f.
Without loss of generality, we can onsider a boost in the x direction, s.t. p’ = p’, = y(p + BE)
and £’ = y(E + Bp). Then,

’

dp
dp

dE
= ESO0p -q)y (1 +/3—)
dp

ESV(p - q) ESP(p -q)

= ESV(p ~¢) L (E +Bp)
E/
— E6(3) r_ N
P -q) I
= E®Qp -4q). (12.34)

Thus, the quantity E6)(p — ¢) in Lorentz invariant.



Furthermore, for a one-particle state,(2E p)l/ 2a; |0), we have
(0|E,)a,2E,)"*a}| 0) = 2E, (216 (p - g),

which we have proved to be Lorentz invariant.

12.4 Problem 4

For the electromagnetic field quantized in the radiation gauge, show that

ki
Al(t, %), E’ ~ e Pl
[A'(t, %), E/(t, )] = —1 f ¢ ( |k|2)

d’k
2n) Z wkak 1%k,

A=1,2
and
B (zﬂ)3 }lez kak 219k,
.
U:lf(‘;’; ; e (e - € (ke | af .
Answer

The modes expansion of the vector potential is

. &k 1 ;
Al(x) = S e\(kag e + € (ka) e
= ) Gy o i O
> =W
Then,
i Wi tk-x l X
E'(x) =1 (2 )3 NV AZZ e(ka e — € (k)au ¢ }ko
=Wy

(12.35)

(12.36)

(12.37)



From these equations, it follows that,
. . Pk g1 [w
Al(t, 2), E/(t, S ik}
[A'(#, %), E'(1, )] ' G a2 ‘/wk

2 {_fﬁ(k)fﬁf(q)[ak,a, O
v

+ey' (key (9la; ;. a,, A,]e’<wk—wq>te—z</?-f—q"~§>}
d’k 1

= r )322 e (ke (k) + € (- k)e/l( k)} R(2=)

— Kk
= —1 f —3 €lk.(x_5;) (61] - _)_)
2m) e
= —16)(¥~7)
Now, we shall compute the quantum Hamiltonian of the system,

1
Hzifd3x:E2+B2:.

Since

S d3k
E(x)=1 (2 7 \/72 eﬂ(k)akﬂe thex _ & k)a, Ae’kx}

&k 1 S, P N
Q2nY V2w Z {k x &(k)ag e -k x e/l(k)az’le k } ,
1

and
E(x) =1

it follows that
1 &k &k T
2. . kex ok i tk-x
= _f G @y Vo 2w - & et)

v

{E}/p(k,)ak/ A,e—lk’- _ E/l (k’)ak P etk x} .

&k Ak
= 73] @iy Vw Z &) - & (K ya aay pe

l(k k)x ((k—=k")-x

—& (k) - &, (K)aj, ,aae - & k) - & (K)al ,ap ve
+& (k) & (K )ay jaf, , @*)

S0,

d3

3. 2. _ =21

fdx.E = s o )3 ;ﬁ (k) - €y (—k)aga_g e
—ek) - &, (k)dk vk — € (k) - GA’(k)ak’ %%

+€,(k) - €, (— k)a“a “ezu‘”}

(12.38)

(12.39)

(12.40)

(12.41)

(12.42)

(12.43)



And

‘B = Pk IK Z kx & (kyag e -k x &k)a’ e””}
. .= (27‘[)3 (271_)3 \/— A k,A 1 kA
{k’xa/(kvawe KB x g (al, et
1 Pk BK

(k x € (k)) - (k’ X €y (K ))ag ap ve —i(k+k")-x

(2n)* 2n)? \/_ Z
—~(kx &k)) - (K e/l’(k/))ak/,/l’ak,/le_l(k_k rx
~(kx & (k) - (K x & (K)ay ap ve ™

+(k x &) - (K x &,(K)a; a, &, (12.44)
so that
f Fri B o= -1 f = S x &) - (kX & (—hagaagee
@m)71k] 47

—(kx & (k) - (K x &,(k)a; ,ara
~(k x &) - (k x & (k)af ,ar.x
+(k % &) - (~k x &,(~k)a] ,a, e} (12.45)

Now, we shall use the vectorial identity

—(k-3)k- &), (12.46)

and the polarization conditions

S
my
Il
==
my
Il
=

(12.47)



we get finally,

Ho= -] 5 )3|k| ; k) - & (~k)aga_ e
—& k) - &, (kyal ,awa — & (k) - &v(k)ay arv
+g;(k) . 6_’;,(_]{)(12/1(11']“1 eZzwt}

_l

(2 )

ERY (a0 - 2u—bara e
v

—& k) - & (k)al , ara

~& (k) - & (Bay ar

—-& (k) - €, (— k)a“a “em’}

&Ik . . . A
= Qny Ik ;; 5 (k) - €, (k) + €, (k) - €(k)) az,ﬂk,m
&k
) f (2n)? k “k ATk (12.48)
We have use |
5 @0 - & W® +& k) - &k) = - (12.49)

Also, in the same way,

B - fd%:lfxﬁ:

Pk &K1 ;
_ 3 —tkx = P tkx
) fd Y an? 2ay 2 vﬁ Z U™ = EMa )
x (K x & (K )ay ve™ ™ = K x &,(K)a, , ")

&Pk &Pk 1 1 . ,
= - d3 - & (k) x k' x &k , o WkHk)x
f x(27r)3 (232 VEE ; {EA( ) er(Kaap ye

—e(k) X k_; X éj (k’)a;wak,/le—z(k—k/).x

M ot k+k')-
+€,(k) X k' X €, (k’)akﬁla,'{,’l,e’( * )x}

d’k
= f(z )3 Z {k(@}(k) E/l’( k))ak,wl (e 2wt
v

+k(&y(k) - & (k) . + k(@ (k) - v (k)ay arr
l?(em) L& (-k)a’ e}

(2ﬂ)3 Z ka! ., (12.50)

— ’
- &k x k' x & (K)a ay e ™"




where we’ve used (12.49) and
&k) - &) (k) = 0.

Finally, from (12.36) and (12.37), we get
. d3k d3k, 1 W
SV = — | &# I o
f e enr2 Vw ;
{(fﬂ(k)éj/(k') ~ él(k)el, (k’)) g ap e X
_ (E,ll(k)f;j(k’) — E,J{(k)E;f(k,)) a};,ﬂ/ak’/le—l(k—k’)-x
+(&'e, k) - €0y (k) a] yap v ™

- (f;i(k)fj,j (k) - €(k)e (k’)) al al, . et(k+k’)-x}

d3k 1 ‘ 1 i %]

_ f 2072 Z 2 {ej(k)el (k) - eﬂ(k)eﬂf(k)} al i
A,

&k

(2r)?

> e - ke w0} af ar

4

(12.51)

(12.52)



e 13

Miscellaneous

13.1 Notation

Through this article we shall use the following notation.
e Minkowski metric: 17,, = diag(+1,-1,-1,-1).

e Pauli matrices:

ol = ((1) (1)) (13.1)
o = ((;) Bl) (13.2)
@ =6 5 (133)

The Pauli matrices satisfy the Clifford algebra {o”, o/} = 216". Additionally, o* = (1,0"),
and a = (1, o).
13.2 Gamma matrices in the chiral representation

Consider the Gamma matrices in the chiral representation

I :( 0 o ) (13.4)

at 0
Let’s prove that they satisfy the Clifford algebra.
0 oy (0 o ota” + oot 0
{(&ﬂ ) (&V )} B ( 0 Fto” + 6'Vo"‘) ' (13.5)
Now, let’s consider the casesy =v=0,u=0,v=iandu =1i,v = j.
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I. fu=v=0,

o5 + o%7° = 21, (13.6)
and
70’ + 7% = 21. (13.7)
2. If u = 0.v =i, since 6 = -,
A+ 07 = - +o
= 0, (13.8)
and
Ao+’ = o -0
= 0. (13.9)
3. Ifu=i,v=j
ocdl +old = —{o, 0}
= =21, (13.10)
and
gol+alct = {0, 07}
= =21. (13.11)

Finally, from (13.6), (13.7), (13.10) and (13.11), we can write

& +odt = 21 (13.12)
G+t = 21, (13.13)

and
.y =271 (13.14)

13.3 Scalars from Weyl spinors

Consider the products wsz and lﬁ;lﬂL- We want to prove that they transform like scalars.
Since, under Lorentz transformations

Y-y = A =exp ((—15— 77)%) Yr, (13.15)

Yr = Yr = Agyr =exp ((—15"' 773%) YR, (13.16)



Then

Wior 0, W

Similarly,

Wi > wiw,

= (Ayr) Aryr
= WL exp ((15— 17)%) exp ((—15+ 77)%) Ur
= WZIPR-

= (Ar¥r) ALyr
- sionfi o1
= W;lﬁL-

13.4 Determinant of a deformation of the identity

Consider a deformation of the identity matrix, let’s say 1 + X, we want to compute

det(1 + X) =7.

Actually, we can do more than one trick for calculating this quantity.

First, we’ll use the formulae

From (13.20), we have

det(1 + X)

det(exp(M)) = exp(tr(M))
o g
exp(M) = Z:; .
- .
_ 1yl 2
In(l + M) = ;( =,

exp(tr(In(1 + X)))

X x
exp(tr(X— 5 + 3 —))

1 2 1 2
1+tr(X) - Etr(X )+ E(tr(X))

+i (4tr(X3) = 3tr(XHtr(X) + 2(tr(X))3) 4

12

Nonetheless, if the components of X < 1, we get

det(1 + X) = 1 + tr(X).

(13.17)

(13.18)

(13.19)

(13.20)

(13.21)

(13.22)

(13.23)

(13.24)



Another way of get the solution is by writing
det(L + X) = € (1, + X11,) * ++ Oy Xi,)» (13.25)

from this equation we can see that the expansion of above is never infinite, and we obtain a sum of
“generalised" cofactors matrices. So,

detl+X)=1+tr(X)+--- + det(X). (13.26)

13.5 Lorentz currents for a real scalar field

In the class we’ve check that for a Lorentz transformation, a real scalar field has a Nother conserved
current

Jow = D0, x5 — 6,%,)0, — (05X — 5.%,) L, (13.27)
now, we want to write that in term of the energy momentum tensor,
=09l - L. (13.28)

Then

T = GO =)D — (PO =)L
= FYSN = 67N~ (T — 1)L
= PYTNT = 8T~ (T~ 61x)L
= (O = STNP T S— 1" L)
= (&7 - 67x)0"
= X7 - XeM". (13.29)

13.6 Conservation of the KG inner product

Let’s define the Klein-Gordon inner product as

! , e
(P1ld2) = 3 fd X ¢ 0 ¢ (13.30)

Then

f x (o100 + 610562 — 06162 — Dobrd92)
f & x (2476 — 124785 + 61V = V261 61)
fd3x W M+5(¢131¢2—3¢1¢2))

0o (P1l¢2)

|~ N~

S |~

(13.31)



Here, we have applied the definition of the right-left derivative and then act with dy. After that,
using the KG eqgs. of motion (remember that both scalars have the same mass) and integrating by
parts, we get down to the last line, where we argue that ¢ — 0, if |x| — oo.

We conclude that the Klein-Gordon inner product is constant in time.

13.7 Nother charge for translation

We already know that the N6ther current for tranlation is the energy momentum tensor, so in order
to compute its associate charge, we fix the first index to 0, 1.e.,

Pt = f d’x 0% = f d’x (%0 — 2. (13.32)

If u = i, we have

l

pPo= -3 f d’x (9op1'¢ + Dor'9)

—é f d’x (9o10'¢ — Bo10'0)
= (phd'e). (13.33)

in the intermiddle step, we’ve dropped the divergence, so that (as usual) we demand phi — 0, |x| —
0o,

For u = 0,
P =‘f&x@%w¢-§w%f—@%f‘m%a)
1 .
= 3 fd3x (3o¢)2 + ¢(0;0" + m2)¢)
= % f d’x (¢za°ao¢—ao¢u9°¢)
_ <¢|zc90|¢>. (13.34)
Thus,

P! = (i |9) . (13.35)

13.8 Spinorial Lagrangian
Consider the lagrangian for left-handed Weyl spinors,

L = (cte)y 50,1 (13.36)



One would like the lagrangian to be real, so

(cte)i "0 = (cte)yy, ™ o)

—(cte)"y} 78,4, + Boundaryterm,

Therefore,
(cte)" = —(cte).

(13.37)

(13.38)



oo 14

Does it need a name?

14.1 Wick’s Theorem
By using the Wick’s theorem, compute:
1. (0IT{g*(x)p* ()0)
2. T{: ¢*(x) = ¢*0) 2}
3. OIT{IOPOFGWOMO).

Answer

a Wick’s theorem tells that one should consider all possible contractions of the fields, for this
case, there are three possibilities, all x and y contracted with themselves, or with each other and
finally a couple of crossed contractions and a pair of self-contractions.

(OIT{¢* (0g* N0) = AHD(x = x)*(D(y — y))’
+72D(x = y))’D(x = )D(y - y)
+24(D(x — y))*. (14.1)

The factors came from
o 3 different ways of contracting four ¢(x) or ¢(y) among themselves.

e 0 different ways of contracting a pair of ¢(x) or ¢(y) among themselves, times 2 ways of
contract the remaining fields but crossed.

e 4! (no question)
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b Since inside the time-ordering operator there are normal products, one must apply the non-
equal-time-contraction Wick’s theorem. So,

T o' (0) = ¢'(0) ) = ' (09* () 1 +16 1 (0P () : D(x —y)
+72 : ¢* ()7 (y) 1 (D(x - y))?
+96 : p(X)P(y) : (D(x - y))’
+41(D(x — y))*. (14.2)

The symmetry factors are
e 16 ways of taking a pair from two set of four.
e 72... just like before, or 72 = %.

22212
. 96 = £22

o 4!,

¢ Finally

OIT W)Y F ()0 <0|T{tﬁa(X)!//a(X)l/_/ﬁ(Y)t//ﬁ(y)}|0>
S aa(x = X)S gs(y — y)

=S gy = 1S 4px = ). (14.3)

14.2 2 — 2 Scattering in g¢°

In the theory gy calculate, directly from the Dyson expansion and by using the Wick’s theorem,
the first non-trivial contribution to the matrix element of S for a 2 — 2 scattering.

Answer
Let ¢ be a real scalar field with lagrangian
1 m g
L= 20,000 - ¢ — =¢°, 14.4
S0,00'6 ~ 26"~ 10 (14.4)

then,
Hpy==:¢°:. (14.5)



The Dyson expansion is

()2

=1+ (—1) f d*x(x) + f d*dYT{HG(x) G0} + - - - . (14.6)

The 2 — 2 scattering is given by

(B IS ik, (14.7)
with {7} # {k}. Thus,
(B1P2IS VKK = (B Pl = 0. (14.8)
<ﬁ1ﬁ2|S(l)|]?1E2> — (_l)2(1)2(_l%)fd3zld3zzd3y1d3yzezm~11etp2~zze—zk1.y1e—zkz-yz
L dh e dlR e d
7475757y [ a (060 £ 60060200)
= 0, (14.9)

by the Wick’s theorem, because there is a non-paired field.

0P (-i5; f dud sody dyre? 7 e
Con iR e R e SR e d
9002000,

(B P2IS Pk K2)

f d*x1d* %, (01(2)$@)T{: ¢*(x1) : ¢7(x2) Jp(1)(1)I0)

2
= (=0P0) ( z—) lim lim | @adndydy,

! Zj—+00 y—>—00

—

1p1°21 Lip2-22 ,—tk1y1 —lkz'yz(_) <
e e e e 90090y 80

f d*x1d'x (OIT{p()B() 1 ¢°(x1) = 6° () : S1(NO)

2
= (=’0) ( l—) lim lim | dadndydy,

! Zji—+00 y—>—00
IP1°21 ,iP2-22 ,— k1Y —lkz'YZH> < T2 N2 4 4
e'Pre!l e e 900200008 03) | dxid'x,

{D(z1 — x1)d(z2 — x1)D(x1 = x2)D(x2 — y1)D(x2 = y2)
D(z; — x1)D(z2 — x2)D(x1 — x2)D(x1 — y1)D(x2 — y2)
+D(z1 — x1)D(z2 — x2)D(x1 — x2)D(x2 — y1)D(x1 — y2)} . (14.10)



Since

lim | dze” 6 oD@ -2) = (~)e (14.11)
z; > !
lim d*y; Lt 9 oD(x—y) = (e, (14.12)
yi—)—oo
then,
= 2 d4q
2 7 2) ) 4 4 (p1+p2)x1 —ilk)+kp)-x
<p1p2|S |k1k2> = g dedxz(z )4 {e 1%P2)X1 o 1+k2) X2

+€l(l71_kl)‘xlel(l72 ka)-xa + el(m—kz)'xlel(Pz—kl)'xz}
el(]'(X|—X2)

l—
q* —m? + 1€

1
= —g%0Y(p1+pr—ki — k) {

(ky + kp)? —m? + 1€

: + : } (14.13)

(ki —p1)?—m?>+1e  (ky — p2)> —m? + 1€

14.3 2 — 2 Scattering in 1¢*

Rederive the result obtained in class of the first order contribution, in A, to the S matrix in the
2 — 2 scattering, without using the Wick’s theorem.

Answer
Since .
dg 1 s
¢x) = 3 A {aqe Nt age qu} (14.14)
@n) 2,
it follows that,
. ¢4(x) . d3Q1 1 d3q2 1 d3q:), 1 d3q4 1
' ' (1)} \2E, 27 \2E, 2n)* \2E, 2n) \2E,
{a1a2a3a4e"(‘1'+42+q3+q4)-x + 4aTa2a3a4e—z(—q1+qz+qs+q4)-x
+6aT a,aszase —U=q1 qz+qs+q4)x+4a’ra;aéa o412 +q3=qa)x
+aTa;a;ajtel((il+qz+q3+q4) x} (1415)

The only one term that contribute is the one with equal number of a’sand a’s, i.e., 6aIa;a3 age”! T Rrasaa)x



Therfore,

(1 P2IS VIR K )

A (Lo Egy dgz Dy (EplEszkl Ey, );

41 2n)3 2n)* 2n)* 27y \ E\E,E3E,
3le a9 (0la,, a,,a]asasasal, a) [0) . (14.16)
Now,

<0|ap,ap2a1a§a3a4ak a, |0> = <0|ap1ap2aTa;aq ((27‘(’)35(3)(Q4 — k) + a,t a4) a,t |0>

(Olay,ap,a}aba ((27) 27)* 6 (g4 — k16 (g3 — k2)
+ak2a3(271) 6(3)((]4 — k) + agak a, a4) |0>
(Olay, ay,a}ablo) (2m)*2n)’
{5(3)(6]4 — k)6 (g3 — k1)
+6%(qs - k1)6V(gs - ko)) (14.17)

Thus,

(2n)’ (2n)’(27)* 2y’

{5(3)(171 — 4167 (p2 = 42)6V (g3 — k)6 (qu — k) (14.18)
+67(p1 = )57 (p2 = 410V (g5 = k)6 s — ko) + ki © kol

ot Fog
<O|apl ap,a,a,a3040;, a; |O>

And so,

1
v A Pqi dqy &gy dqu (EpEp,ErEy, )\
(FAISORR) = -2 [ at S a0 i cm( 0 EpE kz)

"4 ) 2y @ny @n)y 2np \E ELE;E,
et at=a0x53(p, — g6 (py — g2)6 (g5 — k1) (qa — k2)

— _l/ifd4xel(17|+172—k1—k2)-x

= —1AQ2n)*P(py + pr — ki — k) (14.19)

14.4 Identities for u,(p) and v,(p) Spinors

Use th explicit form of the spinors uy(p) and v,(p) for showing
D u(pi(p)

N

> i)

N

p+m (14.20)

p—m. (14.21)

What normalisation should the spinors have? Show that these identities are consistent with the
equations which define the spinors uy(p) and vy(p). Are these identities invariant under a change
on the representation of the y-matrices?



Answer

Remind that
u(p) = VE+ m( 75 )
E+mAs
G
Vs(p) = VE+m (E+m)(5) ,
Xs
where
1 0
X1 = 0 X2 = 1]
Since Lo
o-p — 1 Pz Px— 1Dy
E+m E+m\pxtipy -p: )’
then,
1 0
— — 1
ul(p) = E + m 2 B MZ(p) = E + m Px—tDy |»
pgi’rgy E+P’?
E+m T E+m
and
a(p) = VE+m(l 0 -k -Zib)
i(p) = VE+m(0 1 -5gl 2=,
where the standard representation of Dirac matrices have been used.
Similarly,
Pz DPx—1py
Pgilnﬁy _E+Pr?
vi(p) = VE +m| 57 |, va(p) = NE+m| "1,
0 1
and
np) = VE+m(£ Z22 -1 0 ),
hp) = VE+m(Z2 —2= 0 -1).
Now, by simple matrix multiplication, we get,
E+m O -D; —px + 1D,
_ 0 0 0
ul(p)ul(p) = () _ p? —PPxtipzpy |
2z _ WE++li[§l.p~ E+m
py+ipy 0 FERE

(14.22)

(14.23)

(14.24)

(14.25)

(14.26)

(14.27)
(14.28)

(14.29)

(14.30)
(14.31)

(14.32)



0 0 0 0
0 E+m —p,+ip, D
7 - 2,2 R .
ur(p)iz(p) 0 pxtip, _Pg:;y P:p;;p) (14.33)
0 op R L
so that
E+m 0 iy 2 —Dx + lpy
_ _ 0 E+m —p,—1p, P-
Z i) = | T e 0
Px+1py =D, 0 -E+m
= p+m. (14.34)
Repeating the above process, we get,
E-m 0 -D: —px + 1D,
S 0 E-m —p,- Ipy P:
Vs(p)Vs =
Z (P)7:(p) P: px—1ipy —E-m 0
Dx + 1Dy -D. 0 -E—-m
= p—-m. (14.35)
From (14.26) and (14.29), we obtain
ul(Puip) =2E, v (pvi(p) = 2E, (14.36)

fori=1,2.

Of course, properties (14.34) and (14.35) are consistent with the equation of motion for spinors

us(p) and vy(p), so that,

(p=m) ) ulp)i(p)

(p+m) ) vi(p)¥(p)

as it was expected from the equation of motion,

(p —muy(p) =0,

(p—m)(p+m)

p2 2

0 (14.37)

(p+m)(p—m)

7 —

0, (14.38)
(p +myvy(p). (14.39)



Additionally, (14.34) and (14.35) are independents on the representation of the gamma matrices
used, as will see next,

D upip) = p+m

m

Dl (pyy” = pyu+m

D Unpulpyy’ Ut = py"u+m

Z U;s(p)ui(p)UTUVOU* = py"u+m
| D ipy = pyutm

N

DWW (p) = P +m (14.40)

N

with u’(p) = Uu,(p), u'(p) = Uu,(p) and p’ = p,y""u.

14.5 Dirac Propagator

Show that the Feynman propagator for the Dirac field,

S (x = Yap = (OIT (Yo (X)F()}I0) (14.41)

is given by

& ,
S(x-y) = f ﬁ {8 =y + me O =900 = X(p - mer V). (14.42)

Show that this expression is equivalent to

&
S(x—y) = f L2 sy, (14.43)
where
§(p) = LL*rm (14.44)

_pz—m2+le

is the propagator in the momentum space. Show that S (x—y) is a Green’s function of the free Dirac
operator, 1 @, — m.



Answer

In class was shown eq. (14.42), so let us show the equivalence between (14.42) and (14.43).

B d*p 1(p+m) —ip-(xmy)
Sx-y = f(27r4) P -E ¢ Py, (14.45)

Consider
I = f+ood_p()_ p+m) e (0=y")
o 2m (PO —E3 +1€

fm dp’ (™Y’ —p-7 +m) ")
o 2m (PY) —E +1€

(14.46)
changing to complex variable,
Pl 2=z, (14.47)

therefore, if X" — y? < 0 one must close the integral by below, and if x’ —y° > 0 one must close the
path by above.
Also, the poles are

7. =+ JE2—1e = +E, F 1€ (14.48)

Then,

dzuzy’ —p-y+m) __ o o
] = ﬁxo_ Oé_ etz(x )
D em -

dz i (zy° - - )/+m)_ 0_.0
+9 0_ .0 é 1z(x"-y")
O =) 27T (z—z)z—2-)

(z:y" = p-7 +m) om0

= -9 )271—
— Ty G =)
+
+90° — x")2m— Lizy" =7 m) ~12- (=)
2 (Z_ - Z+)
(E, -1’ —F-Y+m .. o o
= 900 =22 1(Ep—1€)(x" =)
=y 2E, - lE) ¢
(~E,+1ey’-p-7+m P
+9 0o_ .0 P Ep—1€)(x"=y")
07 =x) 2(E, — 1€) ¢
= 90—y I et (14.49)

2E,

0
_EPV -p-yt mezEp(xO—yO)

+9(° — x°) o
)4

(14.50)



Thus,

d3
S(x-y) = f ﬁ (9 = y0)(p +mye™ 6D — 90 — ) (p —m)e” D), (14.51)

were in the second term the variable have been change g +— —p.
Additionally,

d'p p-mptm .

Qn)* p?2—m?+ 1€

d‘p p*—m?®+1e

(271)41192 —m? + 1€
d*p 1€
(271)4lp2 —m? + 1€

W6P(x—y) +e(--)

1069 (x - y).

(1 Py —m)S(x—y)

e

ip-x

(14.52)



e 1D

... 2nd part

15.1 Kinematic restrictions for scattering and decay processes

a. Show that the following processes are not kinematically possible:

Spontaneous emission of a photon by a free electron.

A photon absorption by a free electron.

A pair electron-positron from a single photon.

A split of a photon into two.
b. Give a general argument that include all the above cases.

c. Obtain the condition that permit the decay of a particle of mass M decay into a triplet of
particles of masses my, m, and mj.

d. Is there any restriction on the masses m,, m,, mz and m, in order for scattering 1 +2 — 3 +4
to occur?

e. Apply the above result to enumerate all permit processes whose initial and final states include,
a pair of photons and a couple of electron and/or positron.

Answer

a.

e Consider a free electron, and choose the CM frame. The energy in this frame is just E; = m,
but after the emission, E; = m + K, + E, > Ej, i.e., this process doesn’t conserve energy and
so it’s not allowed.

e Once more choosing the CM. frame, E; = m + K, + E,, > E; = m, therefore it’s not allowed.
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e In the CM. frame, P; = P,- + P+ = 0, but P; # 0 because m, = 0.

e This last process can (eventually) conserve both, energy and momentum, but doesn’t con-
serve helicity, so it’s neither allow.

b. As it was seen in the above examples, processes of three particles which involve at least a
massless one, are not kinematically allowed.

¢. In order for a particle of mass M to decay into a triplet of particles with masses m;, m, and mj,
energy and momentum must be conserved. It can be seen from the CM frame as

m+T1+my+Tr+mz+Ts M, (15.1)
Pi+p+ps = 0, (15.2)

where p; are the momenta of the particles after the decay.

d. From the CM frame, the restriction to a 2 — 2 particles process is given by
m+T +my+Tr=mz+Tz+my+ T4 (15.3)
if the particles are massive.

If one of they is massless, the process is not allowed because of momentum (and helicity)
conservation. Thus, a pair number of photons must be involved.

photon ok p-hm an

'LLL

J_FF *photon

=, pheton
—LI L

L

photon c+orn— ST Ore-



15.2 Bhabha scattering

For the Bhabha scattering, e~ + ¢™ — ¢~ + ™,

a. Show that the lower order contribution to the S matrix corresponding to this process is

SO +et we +e")=8,+8,, (15.4)

with
S0 = = [ dnd: @YU, @YV, Daln-x) (159
S, = —é f d*xid'xy s (YY), YY), D(x) — x2). (15.6)

b. From (15.5) and (15.6) get the Feynman amplitude for the process

e (p1,51) + € (p2, $2) = € (P, 57) + €7 (p3, 55). (15.7)

Answer
a. For QED, the interaction Hamiltonian is
G =—e: Y AY ;. (15.8)
Obviously, for just fermionic initial and final states
(pip2|s P ki) = 0. (15.9)

Then, the first non-trivial contribution to the S matrix is second order on e, <p*1 j22) |S (2)| kﬁkz>,
with
§@ = —ezfd4x1d4x2T{: W AW, = AY),, 3} (15.10)

For the Bhabha scattering, no photons are involved at initial or final state, so the only possibility
is that they’d be contracted, i.e.,

§@ = —¢ f d*xid*xy 1 (YY) Y W),  Dy(x1 = X2), (15.11)
but
U=yt+y¢y~ and Y=y +y . (15.12)

Since, ¥* annihilates an electron, y~ creates a positron, ¢~ annihilates an electron and ¢+
creates a positron, the set up should have all them once. It gives 4 different possibilities,

L YY) YY),



2. WYY WYY )
3. WYY )Y Y ),
4 YY) YY)
Obviously, 1 and 4 (2 and 3) are equals under interchange x; < x,. This gives a factor of 2 that

cancels the 1/2 coming from the Dyson’s expansion.
Therefore, the two different contributions for Bhabha Scattering are,

(PP 1S+ Splkik), (15.13)

with
S, = & f dxid'xs Gy ) Ty ), - D — 1) (15.14)
s, = - f dxd'x GV ) Y0 s, Dt — x2). (15.15)

b. By using the Feynman rules, the Feynman amplitude to the Bhabha scattering up to second
order is

yme

l—
(p1 + p2)* +1€
Ny

_l—
(p1 + p2)* +1€

MO = - Vo (PO s, (p2)ikgg (P3)Y Vs (DY)

iy, (P2)Y s, (P2)Vs, (P1)Y Vs, (DY) (15.16)

15.3 Scattering by an external potential

Consider a real scalar field whose dynamic is described by the lagrangian
L(x) = Lo(x) + pUD)¢* (x), (15.17)
where % is the lagrangian of a free scalar field with mass u and U (%) is an static external potential.

a. Derive the equation of motion,
(@ + 1)$(x) = 2uU(D)p(x). (15.18)

b. Show that to coupling this external potential gives rise to processes of scattering from a particle
with initial momentum k = (E, k) to final momentum p = (E’, §). Show that, the lower order
contribution to the S matrix for this transition is given by

2n6(E — E') ~
76 ) s

718 (1)| k) = 2pu—c-=os—U(f - k),
(BIS(DI) U e = U D)

(15.19)

where

U@ = f & xUR)e™7, (15.20)



Answer

In order to get the eqs. of motion, one apply the Euler-Lagrange egs.,

» (6?52,;) =0,0'¢, (15.21)
and
% = —1*¢ + 2uU (D¢, (15.22)
S0,
@+ p2)p(x) = 2uU (Dp(). (15.23)
Since . is time-independent, then
Hi(x) = —pU®) : ¢*(x) : . (15.24)
The initial and final states are obtained from the vacuum via
k> = V2Eal0> (15.25)
7> = V2E4)0>. (15.26)

Also, the Dyson expansion for the S matrix is,

()2

=1+ (-1) f d*x7(x) + f d*dyT{H(x) 60} + - -+, (15.27)

therefore, for (15.24) and g # k, one get,

z,u\/ﬁ\/ﬁfd“xU(X’) <O |ap L P (x) : aZ|O>

(BIS(DIE)

= lim lim | d*xd’zd’ye'"<e™*7 o 0? wU(X) <0 |62) : ¢°(x) : ¢()’)|0>

V-0 y0—>oo

= o lim lim | d*xd*zdye” e ™9 28 wU@2D(E - )D(x — y)

V-0 yO—)oo

— zlﬂfdﬁfxezpwe—zk-xu(f)
= zlﬂfd:ixe—l(ﬁ_lg)'f(](i))fdx()el(E_E/)xo

= 2uQm)S(E - ENU(P - K). (15.28)
Note that if the particle state is defined by
1B >=ajl0 >, (15.29)
the result would be
(BIS(D)IkY = 2wwﬁ(ﬁ—/€). (15.30)

V2E V2E’



15.4 Feynman rules for a pseudo-scalar mesons theory

Consider a theory for pseudo-scalar mesons, defined by the lagrangian

Z(x) = Lo(x) + Li(x), (15.31)
where
1 W, -
5%25;¢W¢—3¢-+M1ﬁ—mws (15.32)
and
Lo = =180 Y. (15.33)

Use the similarity between this theory and QED for writing its Feynman rules.

Answer

Remind that in order to construct the Feynman diagram, one assign different lines to different sort
of particles, i.e., two kind of propagators in the described set up, say, straight lines for fermions
and dashed ones for scalar field. Also, the vertex is a convergent point of as many propagators as
the order of the interaction.

Next are listed the Feynman rules for the set up theory.

1. Draw all graphs with a given number of vertices, n. Remember, fermion lines are oriented
and are closed or infinite (it means begin and end at +c0).

2. For each vertex, write a factor gy°.

3. For each internal bosonic line, labelled by the momentum k, write a factor

Dk)= ———. 15.34
(k) [Epp ( )
4. For each internal fermion line, labelled by the momentum p, write a factor
p+m
S = . 15.35
D)= e (15.35)

5. Add one of the following factors for each external line:

e initial electron: uy(p).
e initial positron: Vy(p).
e final electron: i (p).

e final positron: vy(p).



Also each external boson has an associated momentum.

6. The spinor factors for each fermion line are ordered so that, reading from right to left, they
occur in the same sequence as following the fermion line in the direction of its arrow.

7. For each fermion loop, take trace and multiply by a factor (—1).

8. For each momentum, g, which is not fixed by energy-momentum conservation, carry out the

integration
1
d*q.
27’ f K

9. Multiply the expression by a phase factor 6p which is equal to +1 or -1 if an ever or odd
number of interchanges of neighboring fermion operators is required to write the fermion
operators in the correct normal order.

The above rules give the Feynman amplitude, .#™, of order n (number of vertices). From here,
the n-th order of the S matrix is given by

<f|S(”)

i) = Qn)*sD(Py - P).A™. (15.36)






Chapter 1

QFT 11 3

16.1 vy — vy Scattering

Unlike classical electrodynamics, QED predicts that a couple of light shafts that cross, suffer certain
scattering,

a. Identify and write down the lower order, in the Dyson expansion for the §-matrix, which
allows the process 2y — 2y. Write it as compact as possible, having special care with the
final coefficients.

b. Draw the Feynman diagrams -in the momentum space- associated to the above process, and by
using the Feynman rules write the expression of the Feynman amplitude.

Answer

Since,
H, = —efd3x S A, (16.1)

and we have four photons in both, initial and final states, in order to get a non-trivial contribution
we must consider the Dyson expansion to order fourth,

4
(s = G [ dindindind's
T s B A 2 @AWY 52 A, = (A, 1)

(te)* 1 1 1 1

= "N 2VE, 2VE,, 2VE, 2VE,, # PV PIE(P)E (Ps)

f d*x,d* xyd* x3d® xye'P1 1 @P2 2 P33 PN
(AT {: @y, = YD), = YW, 2 @Y W), ). (16.2)
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Now, we must contract all the fermionic fields by using the Wicks thm. Of course, since all
fermions are contracted, they’ll form a loop, so we get a minus sign. Furthermore, they must
not form disconnect groups, so that this will generate disconnected Feynman diagrams (it can
be shown that disconnected diagrams can be neglected, by the cluster decomposition principle).
Additionally, the total number of permutations between the integration variables gives us a 4!.

Then,

, 1 1 1 1 L
SfISly = —Ge)* 3VE, 2VE, 2VE, 3VE, e(PDE(P)€(P3)E(pa)
Q2n)*6(pi - py) (16.3)
d4
Tr { f (27345 (@Y'S(q + p2)y’S(q+ p1+ p)y'S(q - p4)yv} .

The Feynman graph for this process is

'See S. Weinberg, Quantum Theory of fields, Vol. L.



Clearly, from the diagram it follows that

M= ~1e)' e(p)ep)€ (p3)e,(pa)
d4
Tr{ (2,:)145 @Y'S(q+ p2)yY’S(q+ pr + p)y'S(q - p4)yv} (16.4)

16.2 Rutherford’s scattering

Peskin-Shoeder problem 4.4

Answer

Since

Y (e (B, s) >= 0 sus(ple™, (16.5)

1
> —
QQVE,)!
P>

it follows that, at first order in perturbations,

< p e p> < p e

d'x Tyt A,

fd4x Sy Ay

1 ,
= ity (P )y uuy( )fd4xe_’(p_p R\
,/2VE ,/2VE Py iy !
= te———=——iiy(p)Y"u,(p)A,(p — p).  (16.6)
2VE, \2VE, P)Y p)Iay\p—p
If A, does not depend on ¢,
<P’ ’e f d'x:gy'y: A P>=wa (F - 7)2rS(E - By — L (0 up). (167)
! g \2VE, \2VE,,
Now, the cross-section for this process is given by
11 d&p
= ——————|H(p; 22n)8(E; — Ey), 16.8
v 3E, (27r)32Ef| (pi = ppI(2m)é( ) (16.8)
it can be written as,

1 1 |p/Pdip/|dQ )
= ; 2m)0(E; — Ey). 16.9
S3E GmyaE, M # = pOPCRIE = Ep) (16.9)

Since,
1
O(F(x) — F(xo)) = o(x — xo), (16.10)
|F’ (o)



and
dE;  py

dps ~ E/’

then, we can integrate over the modulus of the momentum,

Pyl |Pf|2 S(E:i— Ej) = pi 1
(2n)*2E; (2m)? 2
Thus,
Lol ao
2(271)2 v; 2E; ’
next, we’ll use the equation
E=2
Vi
we get,
d AR (O
o= @n )zl |
Let’s now restrict ourselves to the Coulombian potential,
Ze 1
A
0= drr’
Therefore,
do
= _ YA
1749) (4r )2| ’

_(2)
= (E)Z| _p|422|r<p)yuq<p>|

1a2) |,
= 3 7P tr{(yyoﬂyo)+m2]l}
1 (aZ)

1 (aZ)

= =T {4pLp 2 n ) + 4’

2 gt
(aZ)

lt*

In the above calculations, we’ve used the relations

D (Pi(p)

N

= 2

(m2+E2+ﬁ-ﬁ).

p+m

tr(,y;t,yv,y/l,yp) = 4 [n,uvnﬂp _ n,wlnpv + n;lpnwl] .

s (P, #Y'yy") + m*1}

(16.11)

(16.12)

(16.13)

(16.14)

(16.15)

(16.16)

(16.17)

(16.18)

(16.19)



Finally, by using

ﬁﬁ’ = |p|cos 6,
and
17— P'I* = 2lpP(1 - cos ) = 4|p|* sin*(6/2),

we obtain,

do 1(aZ)* (m* + E* + |p|* cos )
aQ 8 |pf sin*(6/2)
1 (@Z)* (1 —v?*sin’*(6/2))
4EV sinf92)

In the non-relativistic case, v < 1 and E? = m?, then

do _ 1 (@2 1

dQ 4 EXWV gint(9)2)

16.3 Crossing symmetry

(16.20)

(16.21)

(16.22)

(16.23)

a. Draw the Feynman diagrams, at tree level, in the momentum space for e*(py) + ¢ (p;) —
(k1) + y(ky). Use the Feynman rules in order to write the Feynman amplitudes associated to

each diagram.

b. Draw the Feynman diagrams, at tree level, in the momentum space for e~ +y — e~ + y. Use
the Feynman rules in order to write the Feynman amplitudes associated to each diagram.

¢. Show that the amplitudes of each one of the diagrams of the annihilation (a.) can be obtained
from the ones of the Compton effect (b.) through certain identification of the momentum

variables.

d. Explain what crossing symmetry consist on.



Answer

k1

- :
—I_I_'—L i K2

Mbl
P2 Mal P2
Annihilation process.
k1 k2
k2
ki IH_L rr'f TWIL
p2
pl Ma2 pl Mb2 p2
Compton Scattering.
And from the diagrams,
Ma = 1)’V (p)Y"S (p1 — k)Y u(pei(ka)e; (k) (16.24)
My = (e) T (p)Y"S (p1 - ka)y us(p1)e;, (ki)e, (ka) (16.25)
My = ) (p)y'S (p1 + k)Y u(pe,(ka)e, (ki) (16.26)
My, = &) u(p)y'S (p1 = ka)y us(pr)eu(kn)e;(ky). (16.27)



Let’s change p, — —p; and k| — —k; in the amplitudes .#,, then,

W= @ (=p)y'S (p1 + k)Y u(pe,(ka)ey(—ki) (16.28)
My = 1) (=p)Y*S (p1 = ko) us(p1)E(—k)g) (k). (16.29)

But the eq. of motion for spinos are,

@ +mup) = 0 (16.30)
(=p+myp) = 0, (16.31)
in the above equations, we can change uy(—p) by v,(p). Additionally, the polarization of a photon

is complex just if it’s elliptically polarised, therefore, under a change in the momentum k — -k,
also the orientation of the polarization must change, i.e.,

g,(k) = 8;(—/(). (16.32)

Finally, we get
MLy = @e)u(p)y"S(pr + ki)y us(pr)e, (k)e, (ki) (16.33)
My = @) up)y*S (p1 — k)Y us(pr)e(k)el k), (16.34)

that are nothing but the Feynman amplitudes for the Compton scattering.

Let’s try now of explaining what this crossing symmetry is.

Both process, e* + e~ — 2y and Compton scattering, (at tree level) are obtained from the
second order expansion of the S -matrix for QED. Nonetheless, for each process we decide to take
the positive or negative frecuency part of the fields, depending on the initial and final particles of
the process. Since the total numbers of photons and leptons are the same, the Feynman graph for a
process can be obtained from the topologically equivalents Feynman diagrams of the other, ’cause
it’s just a different choice of the positive and negative frecuency of the field. Furthermore, the
combinatoric ceofficients are equal for both processes.

In the crossing symmetry, just as we’ve seen, if we take a lepton from initial to final (or vicev-
ersa) we should change the particle by it’a anti-particle. Similarly, if we change a photon, we
should change it polarization.






e 11

QGT II 4

17.1 Relativistic form for the flux factor

Answer

Consider

1= \/(ﬁl - p2)? — mim3, (17.1)

then, for p; = (E,, p1) and p, = (E», p»), it follows that,

I = EE - 5P - (E - F)E - )
= B P2 2B E(Br - )~ B+ B2 + E3
= E\Ex V(i = %)? = (h X )2 (17.2)

From (17.1), I is a Lorents invariant, therefore (17.2) is so. Furthermore, the density transform
as a zeroth component of a 4-vector, as the energy, thus, if (17.2) is a lorentz invariant, I’ =
nin, \/(\71 — )% — (V| X ))? is also a Lorentz invariant.

in the CM. frame, where p; = (E, p) and p, = (E’, - p),

1

JEE + 5P - (B - |FR)E” - |7)
\/EZE/Z + |p—’l4 + 2|p—’|2EE/ — E2E2 _ |p—)|4 + |ﬁ|2(E2 4 E/2)
171 V. (17.3)

17.2 Two bodies phase space in the lab frame

Maggiore, 6.2.
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Answer

Since the velocity of the second particle in the initial frame is v,, we should boost our set up by

then,

Also,

Thus,

Moreover,

next, by integrate on ¢, we get,

gamma(v,) = ,
.2
I-v;
Vo=V
Vaab > =0
1-v

Ew, = v2(E +v2p))
= y2(E" + vy|p’| cos(6)).

dE 4 = y2v2|p’ld(cos(0)).

1|7
doy, =
oM 1672 /s
1|7
= dod 0
1672 s ¢d(cos(9)),
J0? = dE

17.3 Elastic e”u~ scattering

Mandl and Shaw, 8.2.

Answer

17.4 High energy elastic ¢e”¢™ scattering

Mandl and Shaw, 8.6.

(17.4)

(17.5)

(17.6)

(17.7)

(17.8)

(17.9)



Answer

In here we’ll work on the CM. frame, then

1
do = ﬂ|%a+%b|2d®(2)

1 11—
= ~|.4, 240, 17.10
6ars 4 Mat Al (17.10)
where,
eZ
My = —t———= it (P us1(p)itr, (p3)y" us2(p2) (17.11)
(p1—p)
2
e ’ - ’
My = 11— (p)Y U (P, (P Y un(p2), (17.12)

i,
(p1—py)* "

where the index 1 and 2 denote electrons and muons respectively, and also prime variables denote
final momentum. Bellow, we’ll drop all contribution coming from electron mass because E > m,.
Note that,

| My + M = | M)+ M+ MM+ MM, (17.13)
then,
VA S — D (Y s (P, (p)Y tn (p)
4 4l(p1 = PP £
iy, (P)Yutts2(P2)ik, (P2) Yy U2 (P3) (17.14)
64

- A(p) - PP Tr(g\y" by Tr@yy" pay") (17.15)
1
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Geometry: Conics

This chapter gain importance when one is interested in Kepler’s problem, i.e., a particle in a poten-
tial U(#) ~ |A7'. Here we give a brief review of conics, further treatment can be found in a book
on analytical geometry.

18.1 Circumference

A circumference is described by the equation'
¥ +y =R, (18.1)

where R is the radius.
18.2 Ellipse

An ellipse is described by the equation,
2 3

) + e 1, (18.2)

with a and b the major and minor radii, respectively?, i.e., a > b. Foci lie at the major diameter at
a distance c, such that, ¢* = a* — b?. eccentricity, €, is defined by

€=—. (18.3)
a

Obviously, for a circumference € = 0.
We can also characterize a point on the ellipse by the radii from the foci,

rn=a+e€x, r)=a-—ex. (18.4)

'Next we consider just figures centered at the origin of coordinates, without lost of generality.
2We’ve chosen the large side of the ellipse oriented in x-axis.
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18.3 Hyperbola

A hyperbola is described by the equation

2 2
oY g, (18.5)

atz b?

where a is the distance from the origin to the vertice and b such that the hyperbola goes asymptot-
ically as

b
y=+—x. (18.6)
a

The foci are located at c = Va? + b?, again the eccentricity is € = £ but now since ¢ > a = € > 1.
In term of the focal radii,
rr=a+ex, r,=a-—ex. (18.7)

18.4 Parabola

A parabola is described by the equation
¥ =2px, (18.8)
where focus is located at p/2 from the vertice. The focal radius is r = x + p/2 and eccentricity is
e=1.

18.5 Conics in polar coordinates

All the conics named before can be written in polar coordinates by the equation

_ p
P

= 18.9
1 —€ecosb ( )
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Special Functions

Special functions play an important role when one wants to solve the equation of motion for
certain systems, of course we don’t pretend nor try to cover the subject, but showing a punctual
useful formulae such as definitions, special values and so on.

19.1 Gamma Function

Integral forms for the gamma function are

I[(z) = fowdte_ttz‘l (19.1)
= X fo " et (19.2)
= fo mdtln(t)e_’(t—z)ez_l (19.3)
= f wdlexp(zt—et). (19.4)
Also,
r(%): v, F(—%):—Z\/E, T(n+ 1) = n[(n). (19.5)

19.2 Beta Function
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Beta function can be defined in integral form by

1 tx—l
f dtl = (19.6)
0

00 e—xt
dt . 19.7
j(; I +e (19.7)

There exists the beta function for two parameters, defined by

B(x)

1
B(x,y) = f drr='(1 = ¢yt (19.8)
0
_ T(y)
= Toty (19.9)
= B(y,x). (19.10)

19.3 Bessel Functions

Bessel functions are solutions to the ordinary differential equation

d? 1d v?
@Zv(x) + ;Ezv(x) + (1 - ;)Zv(x) =0. (19.11)

They have a lot of properties that we won’t discuss here.
19.4 Associated Legendre Polynomials

Associated Legendre polynomials are solutions to the ordinary differential equation

(1- xz)iP“(x) — 2xiP”(x) + (v(v +1)-— w )P”(x) =0 (19.12)
dx dx 1-x2) ' '

Legendre polynomials are the particular case u = 0, and they are defined by the relation

4

1
S D (19.13)

P,(x) =
Also,

P = (Dl = PP (19.14)



19.5 Hermite Polynomials

Hermite polynomials are the solution to the ordinary differential equation

dzH() 2 dH()+2H()—()
2 (X xdx L(x nH,(x) = 0.

Their Rodrigues’ formula is

Hy(x) = (=1y'e” Lo
dx"

and they’re a basis for the L?(x) satisfying

© B 0; m#n
Im dxe ™ H,(x)H,,(x) = {ﬁznn!; m=n

19.6 Laguerre polynomials

Laguerre polynomials are solution to the ordinary differential equation
d2 @ d @ a
x—L,(x)+ (@+1-x)—L,(x)+nL;(x) =0.
dx? dx

Their Rodrigues’ formula is

1 - dn —-X .

Li(x) = ;exx ﬁ(e xY)
. n+a\x"
DY (i =

o n—alm!

They re also a basis for L*(x), and its orthogonality is given by

Ood X aracara — 0; m#n
fo Xe "X m(x) n(X)— (n+a)r(1 +a,), m=n

n

(19.15)

(19.16)

(19.17)

(19.18)

(19.19)

(19.20)

(19.21)
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