Bezier Curves Using OpenGL
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1. Introduction

Bezier curves are useful computer graphics tools for drawing smoothly curved figures. Bezier curves, fundamental to computer aided geometric design (CAGD), were developed by Paul de Casteljau (Citroen) in 1959 and independently by Pierre Bezier (Renault) in 1962. The first purpose of the Bezier Curves was creating more curved shapes in automobile designs.
2. The Theory Behind

A Bezier curve (P(t)) is a weighted sum of n+1 control points, P0, P1, ...,  Pn which is calculated as : 
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...(General formula for Bezier curves...Bernstein Polynom)
where t is the parameter of equation which is between 0 and 1. 

The Bezier curve of order n+1 (degree n) has n+1 control points. Following are the first three orders of Bezier curve definitions: 
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Now, let’s look at all these a little simpler and easier. The above formulas can be thought for x,y and z axis separately. As we look at the formulas we can see that Bezier formulas are parametric functions. In Bezier Curves x(t), y(t) and z(t) can be calculated separately. As seen we need the parameter t which has values between 0 and1.
Now let’s look at some of the Bezier Curve Types

Simple Line

If we have two control points, then we can obtain a simple line as a Bezier Curve.

The points on the line can be calculated as following

X(t) = Ax · (1-t) + Bx · t
Y(t) = Ay · (1-t) + By · t
Z(t) = Az · (1-t) + Bz · t
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where Ax denotes the x coordinate of the point A shown in the figure on the left. In this parametric curve a line goes from point A, to point B when the variable t goes from 0.0 to 1.0
To see that the formulas work, we put 0.0 or 1.0 i the place of t in the formulas in which cases we obtain the end points A and B.

Quadratic Curve
We now need three control points, A, B and C, where A and C are the end points of the curve, and B decides how much and in which direction it curves. The aplication of general formula yields us: 
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X(t) = Ax · (1-t)² + Bx · 2 · (1-t) · t + Cx · t²

Y(t) = Ay · (1-t)² + By · 2 · (1-t) · t + Cy · t²

Z(t) = Az · (1-t)² + Bz · 2 · (1-t) · t + Cz · t²

if you take t as 0.5 you see that the equations give the 

point B, the biggest impact and giving A, and C equal 

power to pull to their sides. As t goes from 0.0 to 1.0 the 

line goes from A to C. 
Cubic Curves

If we have four control points than we can obtain a cubic Bezier curve. Cubic Bezier Curves are the mostly used Bezier Curves because they are usually sufficient to draw any curve using Bezier curves as splines on the curve. If we apply general formula on four control points (A, B, C, D) we obtain the formulas:
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X(t) = Ax · (1-t)³ + Bx·3 · (1-t)² · t + Cx ·3 · (1-t)·t² + Dx·t³

Y(t) = Ay · (1-t)³ + By·3 · (1-t)² · t + Cy ·3 · (1-t)·t² + Dy·t³

Z(t) = Az · (1-t)³ + Bz· 3 · (1-t)² · t + Cz ·3 · (1-t) ·t² + Dz·t³

As t goes from 0.0 to 1.0 the curve gos from A to D.
As seen the first and the last control points are the 

end points. The other control points form tangents to the 

curve by forming up the lines with the nearer endpoint.

We have examined three Bezier curves: linear, quadratic and cubic. We can enlarge the degree by employing more control points and calculating our new formulas for the higher degrees. It is significant that there is some similarity in the formulas we have written. The coeeficients of the control points are similar to the ones in the binamial expansion. 
For example: 

for the linear line (it is degree 1)

We form binamial expansion as (a+b)1 = a + b    where a=(1-t)  and b=t 

If we put these as coefficients of the endpoints A, B we obtain the parametric functions.

for the quadratic Bezier Curve (it is degree 2)

(a+b)2 = a2 + 2 · a · b + b2    where a=(1-t)  and b=t

for the cubic Bezier Curve (it is degree 3)

(a+b)³ = a³ + 3·a²·b + 3·a·b² + b³   where a=(1-t)  and b=t

So, we can generalize the formulization. With n+1 points we can obtain a Bezier Curve of degree n. By expanding the terms of   (a+b)n and substituting 1-t as a and t as b the expansions, we can obtain the coefficients of the control points in order by starting at the first control point. By adding more control points you can obtain more curved lines using Bezier curves. However, this enlarges the complexity also greatly. It is found more efficient to divide a high degree curve into several lower degree curves and calculating them seperately and making smooth connections.
3. Bezier Curve Algorithms
There have been several algorithms for drawing Bezier Curves. We will state two of them: The de Casteljau Algorithm and Using Bernstein Polynomials. Using Bernstein Polynomials have been mentioned in the previous section step by step. So we will not state it again. Rather let’s continue with the De Casteljau Algorith.
De Casteljau Algorithm

A Bezier curve can be described in terms of repeated linear interpolation.
For Example: If we have 4 control points (P0, P1, P2, P3).

f(0) = P0 (first control pt.); f(1) = P3 (last control pt.).

To find other function values (for a given value of t):

· Lirp between P0 & P1, P1 & P2, and P2 & P3.

· Lirp between 1st & 2nd point above and between 2nd & 3rd.

· Lirp between the above two values to get the point on the curve.
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The de Casteljau Algorithm computes a point on a Bezier curve using this repeated lirping procedure. Each lirp is done using the same value of t.
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The algorithm has given to give some idea. Not to implement it.
4. Important Properties of Bezier Curves

1. Bezier curve generally do not pass through all control points. However, they do pass through the first & last control points.
2. To make two Bezier curves join, make the first control point of one equal to the last control point of the other. This may not result in a smooth curve overall.

3. At its start, the velocity vector (first derivative) of a Bézier curve points from the first control point, towards the second. At its end, the velocity vector points from the last control point away from the next-to-last.

4. To make two Bezier curves join smoothly put the last two control points of one and the first two of the other in a line, as shown:

5. All of the transformations we have dealt with are of a type known as affine transformations. These include:

-Translation.

-Rotation.

-Scaling.

-Shearing.

-Reflection.

Note: Perspective projection is not affine.

Bezier curves have the property that applying an affine transformation to each control points results in the same transformation being applied to every point on the curve.

For example, to rotate a Bezier curve, apply a rotation to the control points.

In short: Transformations act the way you want them to.
6. The convex hull of a set of points is the smallest convex region containing them. Informally speaking, “lasso” the points; the region inside the lasso is the convex hull.
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A Bezier curve lies entirely in the convex hull of its control points. This property makes it easy to specify where a curve will not go. Smooth interpolating splines never have this property.
7. Bezier curves do not interpolate all their control points. (not good). So we can easily specify where it does not go, but not where it does go.

8. Bezier curves also do not have “local control”.

A curve has local control if moving a single control point only changes a small part of the curve (the part near the control point). Moving any control point on a Bezier curve changes the whole curve. This is the main reason we do not use Bezier curves with a large number of control points. Instead, we piece together several 3- or 4-point Bezier curves in a smooth way. This multiple-Bezier curve does have local control.

5. Bezier Curves in OpenGL

OpenGL includes Bezier-curve computation and drawing, in the form of evaluators. When you use an evaluator, you specify the control points and the usual drawing state (color, points or lines, etc.), but OpenGL does the glVertex… commands for you.

We initialize an evaluator using glMap1

We enable an evaluator using glEnable
We use glEvalCoord1…  to do a “glVertex…” for a point on a Bezier curve. 

To simplify things even further, OpenGL allows you to specify a grid of parameter values. We use function glMapGrid1….  To specify a grid of parameters
To draw using an evaluator grid, we use glEvalMesh1

After this very brief introduction of OpenGL functions to draw Bezier Curves, let’s look at them in more detail.

a. glMap1

glMap1 -- define a one-dimensional evaluator 

C SPECIFICATION :

void glMap1d(GLenum target,

             GLdouble u1,

             GLdouble u2,

             GLint stride,

             GLint order,

             const GLdouble *points)

void glMap1f(GLenum target,

             GLdouble u1,

             GLdouble u2,

             GLint stride,

             GLint order,

             const GLfloat *points)
PARAMETERS

target 

Specifies the kind of values that are generated by the evaluator. Symbolic constants GL_MAP1_VERTEX_3, GL_MAP1_VERTEX_4, GL_MAP1_INDEX, GL_MAP1_COLOR_4, GL_MAP1_NORMAL, GL_MAP1_TEXTURE_COORD_1, GL_MAP1_TEXTURE_COORD_2, GL_MAP1_TEXTURE_COORD_3, and GL_MAP1_TEXTURE_COORD_4 are accepted. 

u1, u2 

Specify a linear mapping of u, as presented to glEvalCoord1, to u^, the variable that is evaluated by the equations specified by this command. 

stride 

Specifies the number of floats or doubles between the beginning of one control point and the beginning of the next one in the data structure referenced in points. This allows control points to be embedded in arbitrary data structures. The only constraint is that the values for a particular control point must occupy contiguous memory locations. 

order 

Specifies the number of control points. Must be positive. 

points 

Specifies a pointer to the array of control points. 
DESCRIPTION

Evaluators provide a way to use polynomial or rational polynomial mapping to produce vertices, normals, texture coordinates, and colors. The values produced by an evaluator are sent to further stages of GL processing just as if they had been presented using glVertex, glNormal, glTexCoord, and glColor, commands, except that the generated values do not update the current normal, texture coordinates, or color. 
All polynomial or rational polynomial splines of any degree (up to the maximum degree supported by the GL implementation) can be described using evaluators. These include almost all splines used in computer graphics, including B-splines,Bezier curves, Hermite splines, and so on. 
glMap1 is used to define the basis and to specify what kind of values are produced. Once defined, a map can be enabled and disabled by calling glEnable and glDisable with the map name, one of the nine predefined values for target described below. glEvalCoord1 evaluatesthe one-dimensional maps that are enabled. 
target is a symbolic constant that indicates what kind of control points are provided in points, and what output is generated when the map is evaluated. It can assume one of nine predefined values: 
GL_MAP1_VERTEX_3 

Each control point is three floating-point values representing x, y, and z. Internal glVertex3 commands are generated when the map is evaluated. 
GL_MAP1_VERTEX_4 

Each control point is four floating-point values representing x, y, z, and w. Internal glVertex4 commands are generated when the map is evaluated. 
GL_MAP1_INDEX 

Each control point is a single floating-point value representing a color index. Internal glIndex commands are generated when the map is evaluated. The current index is not updated with the value of these glIndex commands, however. 
GL_MAP1_COLOR_4 

Each control point is four floating-point values representing red, green, blue, and alpha. Internal glColor4 commands are generated when the map is evaluated. The current color is not updated with the value of these glColor4 commands, however.
GL_MAP1_NORMAL 

Each control point is three floating-point values representing the x, y, and z components of a normal vector. Internal glNormal commands are generated when the map is evaluated. The current normal is not updated with the value of these glNormal commands, however. 
GL_MAP1_TEXTURE_COORD_1 

Each control point is a single floating-point value representing the s texture coordinate. Internal glTexCoord1 commands are generated when the map is evaluated. The current texture coordinates are not updated with the value of these glTextCoord commands, however. 
GL_MAP1_TEXTURE_COORD_2 

Each control point is two floating-point values representing the s and t texture coordinates. Internal glTexCoord2 commands are generated when the map is evaluated. The current texture coordinates are not updated with the value of these glTexCoord commands, however. 
GL_MAP1_TEXTURE_COORD_3 

Each control point is three floating-point values representing the s, t and r texture coordinates. Internal  glTexCoord3 commands are generated when the map is evaluated. The current texture coordinates are not updated with the value of these  glTexCoord  commands, however. 
GL_MAP1_TEXTURE_COORD_4 

Each control point is three floating-point values representing the s, t, r and q texture coordinates. Internal  glTexCoord4  commands are generated when the map is evaluated. The current texture coordinates are not updated with the value of these  glTexCoord  commands, however. 

stride, order, and points define the array addressing for accessing the control points. points is the location of the first control point, which occupies one, two, three, or four contiguous memory locations, depending on which map is being defined. order is the number of control points in the array. stride tells how many float or double locations to advance the internal memory pointer to reach the next control point.

b. glEnable
glEnable – enable some property (evaluators in our case)
C SPECIFICATION :

void glEnable(GLenum target)

PARAMETERS

target 

Specifies the kind of values that are generated by the evaluator. Symbolic constants GL_MAP1_VERTEX_3, GL_MAP1_VERTEX_4, GL_MAP1_INDEX, GL_MAP1_COLOR_4, GL_MAP1_NORMAL, GL_MAP1_TEXTURE_COORD_1, GL_MAP1_TEXTURE_COORD_2, GL_MAP1_TEXTURE_COORD_3, and GL_MAP1_TEXTURE_COORD_4 are accepted.
DESCRIPTION
Before using evaluators in openGL, they have to be enabled using glEnable with the appropriate parameter.
c. glEvalCoord
glEvalCoord1d, glEvalCoord1f, glEvalCoord1dv, glEvalCoord1fv : evaluate enabled one- and two-dimensional maps. 

C SPECIFICATION :
void glEvalCoord1d(

    GLdouble
 u)

void glEvalCoord1f(

    GLfloat
 u)

void glEvalCoord1dv(

    const GLdouble *u) 

void glEvalCoord1fv(

    const GLfloat *u) 

PARAMETERS 

u 

Specifies a value that is the domain coordinate u to the basis function defined in a previous glMap1 command. 

*u 

Specifies a pointer to an array containing either one or two domain coordinates. The first coordinate is u. The second coordinate is v, which is present only in glEvalCoord2 versions. 

DESCRIPTION
glEvalCoord1 evaluates enabled one-dimensional maps at argument u. To define a map, call glMap1; to enable and disable it, call glEnable and glDisable. 

When one of the glEvalCoord commands is issued, all currently enabled maps of the indicated dimension are evaluated. Then, for each enabled map, it is as if the corresponding GL command had been issued with the computed value. That is, if GL_MAP1_INDEX or GL_MAP2_INDEX is enabled, a glIndex command is simulated. If GL_MAP1_COLOR_4 or GL_MAP2_COLOR_4 is enabled, a glColor command is simulated. If GL_MAP1_NORMAL or GL_MAP2_NORMAL is enabled, a normal vector is produced, and if any of GL_MAP1_TEXTURE_COORD_1, GL_MAP1_TEXTURE_COORD_2, GL_MAP1_TEXTURE_COORD_3, GL_MAP1_TEXTURE_COORD_4, GL_MAP2_TEXTURE_COORD_1, GL_MAP2_TEXTURE_COORD_2, GL_MAP2_TEXTURE_COORD_3, or GL_MAP2_TEXTURE_COORD_4 is enabled, then an appropriate glTexCoord command is simulated. 

For color, color index, normal, and texture coordinates the GL uses evaluated values instead of current values for those evaluations that are enabled, and current values otherwise, However, the evaluated values do not update the current values. Thus, if glVertex commands are interspersed with glEvalCoord commands, the color, normal, and texture coordinates associated with the glVertex commands are not affected by the values generated by the glEvalCoord commands, but only by the most recent glColor, glIndex, glNormal, and glTexCoord commands. 

No commands are issued for maps that are not enabled. If more than one texture evaluation is enabled for a particular dimension (for example, GL_MAP2_TEXTURE_COORD_1 and GL_MAP2_TEXTURE_COORD_2), then only the evaluation of the map that produces the larger number of coordinates (in this case, GL_MAP2_TEXTURE_COORD_2) is carried out. GL_MAP1_VERTEX_4 overrides GL_MAP1_VERTEX_3, and GL_MAP2_VERTEX_4 overrides GL_MAP2_VERTEX_3, in the same manner. If neither a three- nor a four-component vertex map is enabled for the specified dimension, the glEvalCoord command is ignored. 

d. glMapGrid

glMapGrid1d, glMapGrid1f -- define a one- dimensional mesh 

C SPECIFICATION

void glMapGrid1d(GLint un,

                 GLdouble u1,

                 GLdouble u2)

void glMapGrid1f(GLint un,

                 GLfloat u1,

                 GLfloat u2)

PARAMETERS

un 

Specifies the number of partitions in the grid range interval [u1, u2]. Must be positive. 

u1, u2 

Specify the mappings for integer grid domain values i = 0 and i = un. 

DESCRIPTION

glMapGrid and glEvalMesh are used in tandem to efficiently generate and evaluate a series of evenly spaced map domain values.  glEvalMesh  steps through the integer domain of a one- or two-dimensional grid, whose range is the domain of the evaluation maps specified by glMap1. 

glMapGrid1 specify the linear grid mappings between the i (or i and j) integer grid coordinates, to the u (or u and v) floating-point evaluation map coordinates.
 glMapGrid1 specifies a single linear mapping such that integer grid coordinate 0 maps exactly to u1, and integer grid coordinate un maps exactly to u2. All other integer grid coordinates i are mapped such that 
u = i(u2 - u1) / un + u1 

e. glEvalMesh1
glEvalMesh1 - compute a one-dimensional grid of points or lines 

C SPECIFICATION

void glEvalMesh1(GLenum mode,

                 GLint i1,

                 GLint i2)

PARAMETERS

	mode 
	In glEvalMesh1, specifies whether to compute a one- dimensional mesh of points or lines. Symbolic constants GL_POINT and GL_LINE are accepted. 

	
	

	i1, i2 
	Specify the first and last integer values for grid domain variable i. 


DESCRIPTION

glMapGrid and glEvalMesh are used in tandem to efficiently generate and evaluate a series of evenly-spaced map domain values. glEvalMesh steps through the integer domain of a one- or two-dimensional grid, whose range is the domain of the evaluation maps specified by glMap1 and glMap2. mode determines whether the resulting vertices are connected as points, lines, or filled polygons. 

In the one-dimensional case, glEvalMesh1, the mesh is generated as if the following code fragment were executed: 

   glBegin(type);

   for (i = i1; i <= i2; i += 1)

       glEvalCoord1(i * Δu + u1)

   glEnd();

where 

        Δu = (u2-u1)/n
and n, u1, and u2 are the arguments to the most recent glMapGrid1 command. type is GL_POINTS if mode is GL_POINT, or GL_LINES if mode is GL_LINE. The one absolute numeric requirement is that if i = n, the value computed from i * Δu + u1 is exactly u2. 
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