
LÔseic twn Ask sewn FulladÐou 2H

Ask. 1. 'Eqoume: fx = fuux + fvvx ⇒
fx2 = (fu2ux + fuvvx)ux + fuux2 + (fvuux + fv2vx)vx + fvvx2

= fu2u2
x + 2fuvuxvx + fv2v2

x + fuux2 + fvvx2

(1)

OmoÐwc (lìgw summetrÐac)

fy2 = fu2u2
y + 2fuvuyvy + fv2v2

y + fuuy2 + fvvy2 (2)

opìte qrhsimopoi¸ntac kai tic sqèseic: ux = vy, uy = −vx èqoume:

(1) + (2) ⇒ fx2 + fy2 =fu2(u2
x + u2

y) + 2fuv(uxvx + uyvy) + fv2(u2
x + v2

x)

+fu(ux2 + uy2) + fv(vx2 + vy2)

=(fu2 + fv2)(u2
x + u2

y) + fu(vyx − vxy) + fv(−uxy + uyx)

=(fu2 + fv2)(uxux + vxvx) = (fu2 + fv2)(uxvy − uyvx).

Ask. 2. Apì ux = 1/t, vx = − x
2t ,wx = 0,uy = wy = 0, vy = 1 kai gx = t−1/2(fuux + fvvx +

fwwx) = · · · = t−3/2(fu − x
2fv) èqoume:

•gx2 =t−3/2(fu2ux + fuvvx + fuwwx)− 1/2t−3/2fv

− x

2
t−3/2(fvuux + fv2vx + fvwwx) =

= · · · = t−5/2fu2 − xt−5/2fuv − 1
2
t−3/2fv +

1
4
x2t−5/2fv2 .

(3)

OmoÐwc gy = t−1/2(fuuy + fvvy + fwwy) = t−1/2fv kai

•gyt =
1
2
t−3/2fv + t−1/2(fvuut + fv2vt + fvwwt) = · · ·

=− 1
2
t−3/2fv − xt−5/2fvu +

1
4
x2t−5/2fv2 + t−5/2fvw.

(4)

(3)-(4) ⇒ gx2 − gyt = t−5/2(fu2 − fvw) = 0, afoÔ fu2 − fvw = 0 apì upìjesh.

Ask. 3. Jètoume u = x + g(x − y), v = x − y. Tìte: Φ(x, y) = h(u, x) kai Φx = huux + hx =
hu(1 + g′) + hx,Φy = huuy = hu(−g′) opìte Φx + Φy = hu + hug′ + hx − hug′ = hu + hx = 0,
afoÔ h(u, x) ⇒ hu + hx = 0 apì upìjesh.

Ask. 4. Jètoume u = tx, v = ty,w = tz. ParagwgÐzoume thn Fi(u, v, w) = tFi(x, y, z) wc proc
t: ∂Fi

∂t = Fi (1). 'Omwc
∂Fi
∂t = ∂Fi

∂u ut + ∂Fi
∂v vt + ∂Fi

∂w wx = x∂Fi
∂u + y ∂Fi

∂v + z ∂Fi
∂w

(1)
= Fi

t=1⇒ x∂Fi
∂x + y ∂Fi

∂y + z ∂Fi
∂z = Fi, i = 1, 2, 3

(blèpe sqetik� kai Par�d. 5.6/sel. 142 biblÐou).
Apì ∇× F = 0 ⇒ {∂F1

∂y = ∂F2
∂x , ∂F2

∂z = ∂F3
∂y , ∂F1

∂z = ∂F3
∂x } (2), opìte:

∇f =
1
2

[∇(xF1 + yF2 + zF3)]

=
1
2
[(f1 + x

∂F1

∂x
+ y

∂F2

∂x
+ z

∂F3

∂x
)i + (F2 + x

∂F1

∂y
+ y

∂F2

∂y
+ z

∂F3

∂y
)j + (F3 + x

∂F1

∂z
+ y

∂F2

∂z
+ z

∂F3

∂z
)k]

(2)
=

1
2
[(F1 + x

∂F1

∂x
+ y

∂F1

∂y
+ z

∂F1

∂z︸ ︷︷ ︸
F1

)i + (F2 + x
∂F2

∂x
+ y

∂F2

∂y
+ z

∂F2

∂z︸ ︷︷ ︸
F2

)j + (F3 + x
∂F3

∂x
+ y

∂F3

∂y
+ z

∂F3

∂z︸ ︷︷ ︸
F3

)k]

=
1
2
(2F1i + 2F2j + 2F3k) = F1i + F2j + F3k = F.

1



Ask. 5.(i) EÐnai
1
R

=
R1R2 + R2R3 + R3R1

R1R2R3
⇒ R =

R1R2R3

R1R2 + R2R3 + R3R1
⇒

∂R

∂R1
=

R2R3(R1R2 + R2R3 + R3R1)−R1R2R3(R2 + R3)
(R1R2 + R2R3 + R3R1)2

=
R2

2R
2
3

(R1R2 + R2R3 + R3R1)2
, opì-

te (lìgw summetrÐac)
∂R

∂R1
+

∂R

∂R2
+

∂R

∂R3
=

R2
2R

2
3 + R2

1R
2
3 + R2

1R
2
2

(R1R2 + R2R3 + R3R1)2
=

1
R2

1
+ 1

R2
2

+ 1
R2

3

( 1
R1

+ 1
R2

+ 1
R3

)2

(ii) 'Estw P = (100, 100, 200), tìte 4R = R(100 + 1, 100 + 1, 200 − 2) − R(100, 100, 200) ∼=
∂R

∂R1
(P)4R1 +

∂(R)
∂R2

(P)4R2 +
∂(R)
∂R3

(P)4R3 =
1002 · 2002

(20000 + 20000 + 100000)2
· 1 +

1002 · 2002

50.0002
· 1 +

1002 · 1002

50.0002
· (−2) =

4
25

+
4
25
− 2

25
=

6
25

Ω
sec .

Ask. 6. Epeid  f diaforÐsimh ja eÐnai Duf(P ) = ∇f(P ) ·u, u =
n
|n| , ìpou n to k�jeto di�nusma

sthn epif�neia sto P. To shmeÐo P epalhjeÔei thn exÐswsh x2 + y2 + z2 = 3. 'Ara n = ∇ϕ(P),

ìpou ϕ(x, y, z) = x2 + y2 + z2 − 3. EÐnai:
∂ϕ

∂x
= 2x,

∂ϕ

∂y
= 2y,

∂ϕ

∂z
= 2z, opìte

∂ϕ

∂x
(P) = 0,

∂ϕ

∂y
(P) =

√
3,

∂ϕ

∂z
(P) = 3, n =

√
3j+3k, u =

n
|n| = 1

2 j+
√

3
2 k. EpÐ plèon

∂f

∂x
= 2x+2z,

∂f

∂y
= 2y,

∂f

∂z
= 2x, ⇒ ∇f = (2x + 2z)i + 2yj + 2xk ⇒ ∇f(P) = 3i +

√
3j. Epomènwc

Duf(P) = ∇f(P ) · u = 0 · 3 + 1
2 ·
√

3 +
√

3
2 · 0 =

√
3

2 .

2


