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HJIKML*N�O PQKMR
f1(x, y) = c ⇒ |x| + |y| = 1 − c, c ≤ 1 S*T UWV KYX'R.R Z[X\ZJ]_^D`\R a'bdc)a'K"`"e\fhgMidcijO PQKMRJ]Qik] VQlhmon PQKp`MiWqrR K mos PrR idc)ZJ]jX\t"c l"u X"PQidc Sv L*N�O PwKMR

f2(x, y) = c1 ⇒ ln(x2 + y) = c1 ⇒ x2 + y = ec1 ≡ c, c > 0 ⇒ y − c = x2 xe\X\t2ijO PQKMRJe\K V K v XrgMbdc SyFI�KMLzN�O PQKMR
f1(x, y, z) = c ⇒ x2 + y2 = 2cz, c ∈ R

x e\X\t{ijO PQK"R!e\K V K v XhgMX\ijR qQ|{ikae\i V R ZJ] V X\}~|"c Sv L�N�O PQKMR
f2(x, y, z) = c1 ⇒ 2x−3y+2z = c1 > 0 ⇒ x− 3y + 2z = ln c1

ln 2
≡ c, c ∈ R

x e\X\tijO PQKMR[ike'O e\idqQK S

�A�o�"�M���"�!�W�J�'�"�[�p�
�F��� � �o�\�"�M�

f(x, y) ≥ 0 ⇔







i) x, y ∈ (−∞, 0] κ′ y ≥ x
�

ii) x, y ∈ [0, 1] κ′ y ≤ x
�

iii) x, y ≥ 1 κ′ y ≥ x

�'�M�
y(x − 1)(y − x) = c

x6=1⇒ y2 − xy − c
x−1

= 0 ⇒

y =
x ±

√

x2 + 4c
x−1

2
= g(x, c)

c=1/27⇒ y =
x ±

√

27x2(x−1)+4
27(x−1)

2
=

x ±
√

ϕ(x)

2
, �M� �\�

ϕ(x) =
27x2(x − 1) + 4

27(x − 1)
=

27(x + 1
3
)(x − 2

3
)2

27(x − 1)
≥ 0 ⇔ x ≤ −1

3

�
x > 1

�
x =

2

3
.



T UWV K��h]jK"P −1
3

< x < 1
]Q�h]Qi

x = 2
3
x XMe\�h]Qi y = 1

3

a'KMRDZJ]Q�"Pzg n�V O qQK L
K"PQ|ha'ijRD`M�"PQX�]_X

`Mid`MX"P n `MbdPQXYZ[�"`MijO X (2
3
, 1

3
).��I��A��� �M¡F¢

f1 £ f1(
1
n
, 1

n
) = 0 → 0 x f1(

2
n
, 1

n
) = n

5
→ +∞ S.T UWV K$]jX4� V R X lim

(x,y)→(0,0)
f1(x, y)

qQidPthe l"VQ¤ ijR S�A���{�M¡F¢
f2 £ lim

(x,y)→(0,0)
f2(x, y) = lim

(x,y)→(0,0)
[y ex] = 0 · 1 = 0 x K"}~X\f lim

(x,y)→(0,0)
y = 0

a'KMR
lim

(x,y)→(0,0)
ex = 1.

�A�����M¡F¢
f3 £ lim

(x,y)→(0,0)
f3(x, y) = 1 x K"}~X\f cos(x2 + y2) < f3(x, y) < 1 m R K¥a l ^Di

(x, y) ∈ R
2 : 0 < x2 + y2 < π/2

a'K"R
lim

(x,y)→(0,0)
cos(x2 + y2) = 1.

�A���¦�M¡F¢
f4 £ lim

(x,y)→(0,0)
f4(x, y) = (1, 0) x K"}~X\f lim

(x,y)→(0,0)

(1+x2) sin y
y

= lim
(x,y)→(0,0)

(1 +

x2) lim
(x,y)→(0,0)

sin y
y

= 1 · 1 = 1
a'KMR[Khe\�

(x + y)2

√

x2 + y2
≤ (|x| + |y|)2

√

x2 + y2
=

(|x| + |y|)√
2
√

x2 + y2

√
2(|x| + |y|) ≤ 2(|x| + |y|),

§ K"}~X\f |x| + |y| ≤
√

2
√

x2 + y2
L x ^Di n�Vws Pw]jK"cz]Q�"P2PQ� V `MK ‖ ‖2

x m R K�a l ^Di ε > 0
e\KMO Vj¨PQX"Pw]jK"c

δ = ε/2
b ¤ X\t"`MiQ© ∀ (x, y) : |x| + |y| < δ = ε/2 ⇒ | (x+y)2√

x2+y2
| ≤ 2(|x| + |y|) <

2
ε

2
= ε S N!e\X\`MbdP n c lim

(x,y)→(0,0)

(x+y)2√
x2+y2

= 0 S
�A��� �M¡F¢

f5 £ N�O PQK"R |f5(x, y)| = |1
2
xy 2xy

x2+y2 ≤ 1
2
|x| |y|2|x| |y|

x2+y2 ≤ 1
2
|x| |y| x XMe\�r]Qi lim

(x,y)→(0,0)
f5(x, y) =

0 = f(0, 0) S�A���;�M¡F¢
f6 £ N�O PQKMR f6(1/n, 1/n) = 0 → 0 x f6(2/n, 1/n) = 15

17
→ 15

17
S�T UWV Kª]jX{� V R X

lim
(x,y)→(0,0)

f6(x, y)
qQidPthe l"VQ¤ ijR S

«FI U e\�¬]Q�hPpe V X\� m X\f"`MidPQ� l ZJa'�"Z[��a'KMRD]_X"P2X V R Z[`M�¬]Q�"cZ[t"PQb ¤ ijR K"cze V XMa'fheM]QijR.�h]rR.� f5ijO PQKMR[Z[t"PQi ¤ |"c x idP s � f6
qQidPijO PQKMR S

FI>®¯R K�]Q�"P
f(x, y) = xy

x2+y2

b ¤ X\t"`MiQ© lim
y→0

f(x, y) = 0 x XMe\�h]Qi lim
x→0

[

lim
y→0

f(x, y)

]

= 0

a'KMR
lim
x→0

f(x, y) = 0 x XMe\�h]Qi lim
y→0

[

lim
x→0

f(x, y)
]

= 0 x qQ�hgMK"qQ| ]_K2ike l g"gM�hgMKp� V R K�ijO PQKMRDO Z[K S
T ° ` n c¬]_X>� V R X lim

(x,y)→(0,0)
f(x, y)

qQidP{the l"VQ¤ ijR § ^Di n�V ijO ZJ]Qi�]rR c�Kha'XrgMX\tr^FO idc (xn, yn) =

(1/n, 1/n)
a'KMR

(xn, yn) = (2/n, 1/n)
L S®¯R K2]Q�"P

f(x, y) = y + x sin 1
y

© T N ¤ X\t"`Mi lim
y→0

f(x, y) 6∃ x XMe\�h]Qi�qQidP the l"VQ¤ ijRJa'KMR[]jX�ike l g ¨
gM�hgMXY� V R X lim

x→0

[

lim
y→0

f(x, y)

]

. T ° ` n c lim
x→0

f(x, y) = y x XMe\�h]Qi lim
y→0

[

lim
x→0

f(x, y)
]

= 0 x qQ� ¨
gMK"qQ|W]_X l g"gMXzike l g"gM�hgMX)� V R Xthe l"VQ¤ ijR S N!e'R eMgMbdX"P lim

(x,y)→(0,0)
y = 0

a'KMR
lim

(x,y)→(0,0)
x sin 1

y
=

0
§ `M�"qQidPrR a'|±ike'OQ} V K m `MbdPQ�ML x XMe\�h]Qi lim

(x,y)→(0,0)
(y+x sin 1

y
) = 0.

§ |*qrR K"}~X V ik]rR a l |f(x, y)| ≤
|x| + |y| → 0

L S*² t"PQbke\ijR K	©$®¯R Kp]Q�"P fhe\K VQu �2]jX\t�X V O X\t lim
(x,y)→(0,0)

f(x, y) x qQidP ijO PQKMR~Khe\K ¨
V KMO ]Q�h]Q� �2fhe\K Vwu �p] n Pzike l g"gM�hg n PzX V O n P S


