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Abstract:

Fuzzy theory appears to be extremely effective at handling dynamic, non-linear and noisy data, especially when the underlying
physical relationships are not fully understood. Since hydrologists are still uncertain about many of the aspects of the physical
processes in the watershed, fuzzy theory has proved to be a very attractive tool enabling them to investigate such problems.
The effectiveness of the fuzzy model lies in the identification of the antecedent membership function (MF), which is generally
addressed through a fuzzy clustering approach. Most of the applications of fuzzy computing in hydrology seem to have
selected the clustering algorithm quite arbitrarily. However, it is apparent that, as the antecedent parameters are based solely
on the identified clusters, the method used for clustering should certainly have an impact on the overall performance of the
model. This paper presents the results of a study conducted to investigate the impact of choice of clustering algorithm on
the overall performance of a fuzzy-based hydrologic model. The research is illustrated through a case study of developing a
Takagi—Sugeno fuzzy model for reservoir inflow forecasting in the Narmada basin, India. The model was developed using two
popular clustering techniques, namely Gustafson—Kessel (GK) and subtractive clustering (SC), and was extensively evaluated
for performance based on various statistical indices. The results show that the model performance is comparable at a 1 h lead
forecast. However, it is observed that the GK approach results in a better performance than the SC approach in computing
forecasts at higher lead times. The analysis suggest that the GK method clusters the input space based on the actual pattern,
since it uses a membership-grade weighted-distance measure as the measure of closeness, whereas the SC method classifies
the input space more logically according to the magnitude of flow available in the data set. Copyright © 2007 John Wiley &

Sons, Ltd.
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INTRODUCTION

Optimal reservoir system management and operation
require accurate estimates of the net inflows to the
system. It is also required to plan for public safety and
to address environmental issues. Mathematical models
have been developed for estimating the inflows to the
reservoir, based either on physical considerations or on
statistical analysis. In most cases, the derivation of such
models by first principles (physical, chemical, biological
and/or other laws) is expensive, time consuming and
involves many unknown parameters and heuristics. The
traditional ‘mechanistic’ approach to hydrologic system
modelling is based on a thorough understanding of the
nature and behaviour of the actual system, and on a
suitable mathematical treatment that leads to development
of a model. For incompletely understood hydrologic
processes, this approach may become laborious and
inefficient. A large amount of process knowledge is
qualitative and imprecise and, as such, cannot be readily
transformed into traditional mathematical models based
on differential and algebraic equations. Hence, methods
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for data-driven modelling and identification, which do not
consider the physics of the process being modelled, are
of great interest.

One such data-driven modelling technique is the fuzzy
inference system. Fuzzy models can be seen as a logi-
cal data-driven modelling approach, which uses if—then
rules and logical operators to establish qualitative rela-
tionships among the variables in the model. Fuzzy sets
serve as a smooth interface between the qualitative vari-
ables involved in the rules and the numerical domains
of the inputs and outputs of the model. The rule-base
nature of the fuzzy model allows the use of informa-
tion expressed in the form of natural language statements
and makes the models transparent to interpretation and
analysis. There has been a growing interest, recently,
on the fuzzy-rule-based modelling approach in hydro-
logic systems. Fujita er al. (1992) developed a fuzzy
model, as suggested by Mamdani (1977), for real-time
flood forecasting. See and Openshaw (2000) combined
four individual river flow forecast models in a fuzzy
framework. A fuzzy conceptual rainfall-runoff model
was proposed by Ozelkan and Duckstein (2001). Chang
et al. (2001) suggested a fusion of a neural network and
fuzzy arithmetic in a counter-propagation fuzzy neural
network for real-time flood forecasting. Hundecha et al.
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(2001) developed fuzzy-rule-based models to simulate
the different physical processes involved in the gener-
ation of discharge from rainfall, and incorporated them
within a conceptual model. Xiong et al. (2001) used a
Takagi—Sugeno (TS) fuzzy model combined with a fuzzy
c-means clustering algorithm for flood forecasting. Xiong
and O’Connor (2002) developed a fuzzy autoregressive-
threshold updating model for real-time river flow fore-
casting. Chang and Chang (2001) reported the efficient
use of a fuzzy model combined with a genetic algo-
rithm for optimal reservoir operation. Hong et al. (2002)
employed a fuzzy model to identify and predict ground
water level fluctuations caused by storm water infiltra-
tion. Sen and Altunkaynak (2004) illustrated a fuzzy
modelling approach for rainfall-runoff modelling. Nayak
et al. (2004, 2005a) employed a fuzzy model based on a
back-propagation algorithm for river flow forecasting.

The main advantages of fuzzy applications are that
fuzzy theory is more logical and scientific in describ-
ing the properties of an object. Among the different fuzzy
modelling techniques, the TS model (Takagi and Sugeno,
1985) has attracted the most attention. The TS model
consists of fuzzy antecedents with fuzzy if—then rules
and mathematical functions (usually linear) in the con-
sequent part. The fuzzy sets (antecedent part) partition
the input space into a number of fuzzy regions, and the
consequent functions describe the system’s behaviour in
these fuzzy regions. The construction of a TS model is
usually done in two steps. In the first step, the fuzzy sets
(membership functions (MFs)) in the rule antecedents are
determined. This can be done manually using knowl-
edge about the process or by a data-driven technique
if knowledge is not available a priori. In the second
step, the parameters of the consequent functions are esti-
mated. As these consequent functions are usually cho-
sen to be linear in their parameters (in the case of the
TS fuzzy model), the standard least-squares error (LSE)
method can be applied for parameter estimation. Conse-
quently, the effectiveness of the construction procedure
lies in the identification of the antecedent MF, which is a
non-linear optimization problem. For this purpose, opti-
mization techniques based on artificial neural networks
(ANNs) and genetic algorithms are being employed, but
they need severe computational requirements (Jang et al.,
1997; Jin, 2000; Roubos and Setnes, 2000). Nayak et al.
(2004, 2005a) used a back-propagation algorithm in iden-
tifying the antecedent parameters (MF) while develop-
ing a fuzzy model for river flow forecasting. Chang
et al. (2001) used counter-propagation neural network for
automatic fuzzy if—then rules generation and parameter
optimization in a TS fuzzy model for stream flow sim-
ulation. Although both studies report promising result
in streamflow modelling, these models require more
computational time, which is unrealistic in the context
of real-time inflow forecasting. This problem is more
frequent for ANN- and genetic-algorithm-based models
when they handle more input vectors with lengthy data
sets.
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Fuzzy clustering in the Cartesian product-space of the
inputs and outputs is another approach that has been quite
extensively used to obtain the antecedent MFs (Babuska
and Verbruggen, 1997; Babuska, 1998). Attractive fea-
tures of this approach are the simultaneous identification
of the antecedent MFs along with the consequent local
linear models, and the implicit regularization (Johansen
and Babuska, 2002). Various clustering techniques are
reported in the literature, e.g. fuzzy c-means, mountain
clustering, subtractive clustering (SC), Gustafson—Kessel
(GK) (Jang, 1993; Hoppner et al., 1999). The choice of
clustering technique for antecedent parameter identifi-
cation seems to be arbitrary in most of the hydrologic
applications. For instance, Xiong et al. (2001) used fuzzy
c-means in their application; Chang and Chang (2001)
employed SC while developing their reservoir operation
model; Hong et al. (2002) used the GK method for fore-
casting ground water levels; Nayak ef al. (2005b) used
SC for river flow forecasting. However, it is apparent
that, as the antecedent parameters are based solely on the
identified clusters, the method used for clustering should
certainly have an impact on the overall performance of
the model. This heuristic is not evaluated or confirmed by
empirical trials, particularly in the hydrologic modelling
studies, except in the recent study by Vernieuwe et al.
(2005). Consequently, the current study is focused on
analysing the relative performance of two popular clus-
tering techniques, i.e. GK and SC, in reservoir inflow
forecasting. The choice of these two methods is accord-
ing to Chiu (1994) and Babuska (1998), who report that
these two techniques are the most widely applied clus-
tering technique in fuzzy model identification.

This paper is organized as follows. First, we give a
brief overview of the TS fuzzy model. Next, identification
of consequent parameters using least-squares estimates is
discussed, followed by a brief discussion on identification
of the TS fuzzy model, which includes the optimal num-
ber of fuzzy partitions, MF parameter estimation using
GK and SC techniques. Following this, the development
of a fuzzy model for reservoir inflow forecasting is pre-
sented. The results are analysed and discussed in the
subsequent sections. The conclusions are then presented
after the evaluation of the performance by these models
in inflow forecasting.

THE TAKAGI-SUGENO FUZZY MODEL

Various types of fuzzy rule-based model are reported
in the literature (e.g. Mamdani and Assilian, 1975;
Tsukamoto, 1979; Takagi and Sugeno, 1985), and each of
them is characterized by their consequent function only.
In the TS fuzzy model, the rule consequents are typically
taken to be either crisp numbers or linear functions of
the inputs. The first-order TS model can be described as
follows.

Consider a function y = f(x) being mapped by the TS
model, in which y is the dependent variable and x is the
vector (k-dimensional) of independent variables that have
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a casual relationship with y. Assume that n example pairs
[x, y] are available for parameter estimation. Considering
m rules, the mathematical functioning of the TS model is

R,’ If X]iS A,"l

AND...AND x; is A, THEN y; = alx +b; (1)

where x € %X is the input variables (antecedent) and
vi € N is the output (consequent) of the ith rule R;. The
number of rules is denoted by m and A is the antecedent
fuzzy set (MF) of the ith rule, such that

A;i(x) : R = [0, 1] )

In the case of univariate MFs pu;;(x;), the fuzzy
antecedent in the TS model is typically defined as an
AND-conjunction by means of the product operator:

k
Aix) =[] wij@ 3)
j=1

For the I/th input x;, the total output y(/) of the
model is computed by aggregating the individual rule’s
contributions:

Y = w;yil)

i=1

“)

where u;; is the normalized degree of fulfilment of the
antecedent clause of rule R;:

Ai(x)
> Aix)
i=1

Consequent parameter identification

The TS model is identified in two steps. First, the
fuzzy antecedents A; in the rules are determined. The
next section describes how this can be done using fuzzy
clustering. In the second step, the rule antecedents are
kept fixed, and LSE estimation from the data is applied
to determine the consequent parameters aiT and b; of the
rules. In the following, the LSE estimation approach is
presented.

Let X. denote the matrix [X, 1] with rows [x/],
1]. The activation of each rule R;,i =1,2,...,m, is
gathered in I';, which is a diagonal matrix in Hk*k
having the normalized degree of fulfilment u;; as its
[th diagonal element. Further, denote X’ the matrix in
R composed from matrices obtained by multiplying
the matrices I'; and X;, such that

&)

U =

X/ = [FlXea FZXC’ L] FmXe] (6)
Denote ¢ the vector in K™ ! given by
o =16/,6,,...,0M" (7)

where 6] = [al,b;] for 1 <i<m. The model in
Equation (4) can now be written as a regression model:

y=X6+e 3)
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where e is the approximation error. From this, the least-
squares solution to the consequent parameter estimation
problem can be written as

0 =[XH'XT'x"Hy )

Antecedent parameter identification by clustering

In the previous section, how the consequent part of the
TS model can be identified by the least-squares method
when the antecedent MFs are given is discussed. As
stated earlier, the bottleneck of the TS model develop-
ment is the data-driven identification of the antecedent
part that requires non-linear optimization. Hence, for this
purpose, heuristic approaches like fuzzy clustering meth-
ods are often applied. Antecedent parameter identification
methods based on fuzzy clustering originate from data
analysis and pattern recognition, where the concept of
graded membership is used to represent the degree to
which a given object, represented as a vector of features,
is similar to some prototypical object. The degree of simi-
larity can be calculated using a suitable distance measure.
Based on the similarity, feature vectors can be clustered
such that the vectors within a cluster are as similar (close)
as possible, and vectors from different clusters are as dis-
similar as possible. The objective of the clustering is to
partition the identification data into a number of clusters.
Various clustering algorithms can be used, depending on
the assumed structure of the identification data and the
model one wants to obtain (Hoppner et al., 1999).

Fuzzy clustering is applied to discover regions in
the product space of the input and output variables in
which the system can be approximated locally by sim-
ple (such as linear) sub-models (Babuska, 1998). The
number of clusters ¢ determines the number of rules
in the fuzzy model obtained. The fuzzy sets in the
antecedent of the rules are obtained from the parti-
tion matrix by projection onto the antecedent variables.
The point-wise fuzzy sets obtained are approximated by
suitable parametric functions. The consequent parame-
ters for each rule can then be obtained by the LSE
method.

Fuzzy partitioning

From the available input—output data pairs, the regres-
sion matrix X and the output vector y are constructed:
10)

’ yl’l]

XT"=,xn.. 5]  y=0,...

where n 4 k is the number of samples used for identi-
fication. The antecedent fuzzy set A; in Equation (1) is
determined by means of fuzzy clustering in the prod-
uct space of the system’s inputs and outputs. Hence, the
data set Z € R®+D*" 1o be clustered is represented as a
(k + 1) x n data matrix composed from X and y:

ZT=[X,y] (11)

where each column z;, j =1,2,...,n, of Z contains an
input—output data pair: z; = [ij-, y;1T. When clustering is
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applied to the modelling and identification of the dynamic
systems, the column Z contains samples of time signals,
and the rows are typically the input and output variables
observed in the system.

Given Z and an estimated number of clusters m, fuzzy
clustering partitions Z into m fuzzy clusters. A fuzzy
partition can be represented as an n x m matrix U,
whose elements u;; € [0, 1] represented the membership
degree of z; in cluster i. Hence, the ith column of U
contains values of the ith MF in the fuzzy partition,
which is taken to be a point-wise representation of the
antecedent fuzzy set A; of the ith rule in Equation (1).
The sum of each row of U is constrained to unity,
but the distribution of the membership among the m
fuzzy subsets is not constrained. Also, there can be no
empty clusters and no cluster may contain all the objects.
This means that the membership degrees in the partition
matrix U are normalized; and for the identification
data, the membership values uj;, correspond to the
normalized degree of fulfilment of the rule antecedent
in Equation (5). Thus, the n membership values in the
ith column u; of the fuzzy partition matrix correspond to
those in the diagonal matrix I'; used in Equation (6) to
construct the regression matrix X’ for the least-squares
parameter estimation problem in Equation (9). Thus I'; =
diag(u;), where diag(u;) denotes a diagonal matrix with
the jth element u;; of the vector u; as the jth diagonal
element.

Gustafson—Kessel algorithm

Gustafson and Kessel (1979) extended the standard
fuzzy c-means algorithm by employing an adaptive
distance norm, in order to detect clusters of different
geometrical shapes in one data set. In adaptive norm
clustering, each cluster has its own norm-inducing matrix
D;, which is obtained from the covariance of the clusters.
The distance of a data point z; to a cluster centre u; is
given by the inner product norm:

dy = (zx — up)"Di(z — u;) (12)

where V = [u;, up, ..., u,] is a vector of cluster proto-
types u; € R"*V that have to be determined. The GK
fuzzy clustering algorithm determines V based on the
minimization of

JX; U, V) = zmj i)(uki)"’d,%,-

i=1 k=1

13)

where ¢ € (1, 00) is a weighting exponent that deter-
mines the fuzziness of the clusters. The minimization of
Equation (13) represents a non-linear optimization prob-
lem, which is solved in an iterative manner (Takagi and
Sugeno, 1985). The cluster algorithm stops when a pre-
determined stopping criterion is fulfilled. The algorithm
is described in Appendix A.

Subtractive clustering algorithm

The SC method (Chiu, 1994) is an extension of the
mountain clustering method (Yager and Filev, 1994),

Copyright © 2007 John Wiley & Sons, Ltd.
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where the potential is calculated for the data rather
than the grid points defined on the data space. As a
result, clusters are elected from the system training data
according to their potential. The algorithm considers each
data point ({x1, x2, ..., x,} in k-dimensional space) as a
potential cluster centre, and estimates the ‘potential’ of
the data point x; as

n
P; = E e—al\xi—x_/l\z
Jj=1

The ‘potential’ is a measure of the distance between
a pattern and the rest, and it takes higher values when
more neighbours exist. In Equation (14),« = 4/ rf, where
ry is effectively the radius defining a neighbourhood;
data points outside this radius have little influence on
the potential. After the potential of every data point has
been computed, the data point with the highest potential
is selected as the first cluster. Let x| be the location of
the first cluster centre and p7 be its potential value. Then
the potential of each data point x; may be revised by

15)

where =4/ rg and r, is a positive constant. After
reduction is done, the data point with the highest potential
is selected as cluster x3. Next, it selects the data point
with the highest remaining potential as the second cluster
centre. The process is repeated until a given threshold for
the potential is obtained such that P} /P] < e. The choice
of ¢ is an important factor affecting the results: if ¢ is
too large, then too few data points will be accepted as
cluster centres; if ¢ is too small, then too many cluster
centres will be generated. Each cluster centre x; may
be considered as a fuzzy rule that describes the system
behaviour. Given an input vector y, the degree to which
rule i is fulfilled is defined as

(14)

—Bllxi—x; 1

Pi= Pi— PTe

Wi = e—ly=y; I

(16)
where o is the constant defined by Equation (14). The
output vector may be computed using Equation (4).
Equations (16) and (4) provide a simple and direct way
to translate a set of cluster centres into a TS fuzzy model.
Readers are referred to Chiu (1994) for more details
about SC.

APPLICATION OF TAKAGI-SUGENO MODEL TO
RESERVOIR INFLOW FORECASTING

The above-discussed methods of fuzzy model identifica-
tion have been employed to develop a river flow fore-
casting model for the Narmada River basin, India. The
Narmada River originates at Amarkantak at an elevation
of 1057 m above mean sea level in the Shahdol district
of Madhya Pradesh State in India. The river travels a dis-
tance of 1312 km before it enters the Gulf of Cambay in
the Arabian Sea near Bharuch City in Gujarat State. The
Narmada basin extends over an area of 98 796 km? and
lies between longitudes 72°32'E and 81°45'E and between
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latitudes 21°20'N and 23°45'N. Three reservoirs are situ-
ated in the upstream of Hoshangabad city, namely Bargi,
Barna and Tawa. The releases from these reservoirs and
the flow from the intermediate catchment cause flooding
at Hoshangabad City during the monsoon season. The
release from Bargi Reservoir may increase the inunda-
tion at Hoshangabad City. Therefore, efficient operation
of Bargi Reservoir is essential, which warrants accurate
forecasts of flow into the reservoir. Flood forecasts at
Mandla gauging site are sufficient to operate the reservoir
efficiently during the monsoon season, since it is located
at the tail end of the reservoir. This provided an impe-
tus to develop an inflow forecasting model for the basin
up to the Mandla gauging site. The catchment area up
to Mandla is 13 120 km? and is shown in Figure 1. The
rainfall and runoff data available for the monsoon season
during the years 1989 to 1993 on an hourly interval have
been used in the study. The rainfall data are available
in the form of areal averages for the entire basin. The
hourly runoff data for upstream gauging stations, namely
Mohegaon, Hridyanagar and Dindori, are also used in the
study.

Takagi—Sugeno model development

The development of the TS fuzzy model consti-
tutes three steps: (1) selection of input—output variables;
(2) selection of model structure and estimation of its
parameters; (3) validation of the model identified. The
goal is to identify a TS fuzzy model for the reservoir

831

inflow dynamics:
k1) = ¥( y
y( + ) f(M(k—i’lkl),...,u(k—nkl_nk2+]()l>

where y(k) is the historic inflow time-series, u(k) is the
time-series of any exogenous influencing variable (in the
current study, rainfall and upstream runoff values), t is the
desired forecast lead time, and f(.) is a fuzzy model of
the TS type. In Equation (17), n,, ny; and ny, represent
the lag of the corresponding variables.

One of the major concerns in fuzzy modelling is the
identification of the appropriate input vector that repre-
sents the transformation of rainfall into runoff for a partic-
ular basin. It may constitute rainfall and/or runoff values
at different lag times. However, how many antecedent
rainfall/runoff values should be included in the vec-
tor is not known a priori. When modelling a hydro-
logic system, usually a large number of input vari-
ables are dealt with. To obtain a simple and transpar-
ent, yet accurate and reliable, model, the most impor-
tant variables have to be determined. In fuzzy mod-
elling, no rigorous criteria for input selection exist.
Hence, a statistical approach suggested by Sudheer
et al. (2002) to identify the appropriate input vector
that can best represent the process is employed in this
study. Their method is based on the heuristic that the
potential influencing variables corresponding to different
time lags can be identified through statistical analysis
of the data series. The approach is based on cross-
correlation, autocorrelation, and partial autocorrelation
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Figure 1. Basin map of River Narmada up to Bargi Reservoir
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between the variables in question, and the current study
employed this methodology in identifying the input vec-
tor.

Sudheer et al. (2003) suggest that, by following the
guidelines used in traditional statistical modelling, the
model performance can be improved in the case of soft
computing-based models. In most traditional statistical
models, the data have to be normally distributed before
the model coefficients can be estimated efficiently. If
the data are not normally distributed, then suitable
transformations to normality have to be applied. Data
transformations often are used to simplify the structure of
the data so that they follow a convenient statistical model
(Sudheer et al., 2003). In the current study, log-normal
transformation is used and the deterministic component
in the runoff and rainfall series was removed prior to
the modelling. The variables are scaled to fall between
0 and 1 as the activation function warrants. The total
available data has been divided into two sets, i.e. a
calibration set and a validation set; the parameters of the
model are identified using the calibration data set and
the model is tested for its performance on the validation
data set.

Calibration of the Takagi—Sugeno fuzzy models

Identification of TS fuzzy models combined with the
clustering techniques is carried out using the MATLAB
fuzzy logic toolbox. The models are trained using data for
three years (1989-1991) and validated on the rest of the
data (1992-1993). The input vector identified included
a total of 16 variables, which are detailed in Table I, in
which Q represents the runoff, R is the rainfall and ¢
indicates the prediction time horizon. The output of the
model is the flow at Mandala. The nomenclature used in
the present study for the TS fuzzy model integrated with
GK clustering and with SC techniques are the TS-GK
model and the TS-SC model respectively.

As the TS-GK model is sensitive to the number
of clusters, the optimal number of clusters has been
identified through a trial-and-error procedure. This is
achieved by varying number of cluster from 2 to 10, and
developing a TS-GK model each time. In all experiments
reported in this paper, the fuzziness parameter employed
was ¢ =2, and a termination tolerance of § = 0-001
was used. During calibration, the performance of the
model was monitored using the efficiency index given
in Appendix B.

In the case of the TS-SC model, the radius of influence
r, of the cluster centre is fixed by various trials. The

Table 1. Input vector for the identified model

Gauging station Variables in the input vector

For Mohegaon
For Hridyanagar
For Dindori

For Mandala

0@ —4),0(—=5),0(r—6)

o —1)

0@t —11),0(t — 12), Q(t — 13)

O — 1), 0(r = 2), Ot = 3),
0@ —4),0(r=5),0(r = 6)

For areal rainfall R(t —16), R(t — 17), R(t — 18)
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value of r, is varied from 0-10 to 1-0 with a step size
of 0-05 at each stage. In this study, the effectiveness of
the fuzzy models in forecasting flows at a higher forecast
time horizon is also evaluated by developing models that
forecasts flows up to 12 h in advance.

Model evaluation

To evaluate the model performance, different evalu-
ation measures are considered and the resulting hydro-
graphs from these models are analysed statistically.
Global error statistics, which include the root-mean-
square error (RMSE) between the computed and observed
runoff, the coefficient of correlation (CORR), and the
model efficiency (EFF), etc., provide relevant information
on overall performance, but they do not provide specific
information in the flood period, which in a flood fore-
casting context is of critical importance. Therefore, peak
flow criteria (PFC) and low flow criteria (LFC) are also
employed, in addition to the global measures, as a perfor-
mance indicator for high flow and low flow periods. In
addition to these indices, certain event-specific evaluation
measures are also employed to evaluate the model per-
formance, such as the percentage error in volume under
the hydrograph (termed the index of volumetric fit (IVF))
and time difference to peak flow. Finally, the error dis-
tribution at different threshold levels for both the models
is also compared. The equations for computing all these
evaluation measures are presented in Appendix B.

RESULTS AND DISCUSSION

Model calibration

The variation in efficiency along with the number
of cluster centres in the TS-GK model is presented in
Figure 2. It is observed from Figure 2 that the efficiency
increases as the number of clusters increases during
calibration data set, and the trend is reverse for the
validation data set. It is noted that the slope of the
learning curve changes after five clusters. Judging from
the trial-and-error result, five clusters seems to be a
suitable choice and is selected for further analysis.

Figure 3 depicts the variation of efficiency along with
the cluster radius r, in the case of TS-SC model. It is
observed from the experiment that the normalized firing
strength of the fuzzy model is zero up to r, of 0-2. From
Figure 3 it is evident that model performance, increases
up to a cluster radius of 0-4, but thereafter there is a
quick deterioration observed in performance. Therefore,
it is decided that a cluster radius of 0-4 which resulted in
five fuzzy rules may be appropriate for inflow forecasting,
and this is selected for further analysis.

Evaluation of selected models

The values of global evaluation measures during the
calibration and validation periods for both the models
at 1 h lead forecast time are summarized in Table II.
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Figure 2. Variation of efficiency along with the number of clusters in the case of the TS-GK model
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The results presented in Table II indicate that the per-
formance of both models is comparable. The RMSE
value varies from 33 to 41 m? s~!, indicating a very
good performance compared with the mean discharge of
592-98 m? s~!. Both the models have comparable effi-
ciency index (>99%), which indicates a very satisfactory
model performance (Shamseldin, 1997). A similar argu-
ment also holds well with other performance indices.
Figure 4 presents the scatter plots of observed and
computed inflows during the validation period for the
1 h ahead forecast. These plots give a clear indication of
the relative skill of each of the models across the full
range of flows, and it is interesting to note that most of
the flows tend to fall close to the 45° line, thus showing a
good agreement between observed and forecasted flows.
The results clearly illustrate that both the clustering
approaches are quite competent in forecasting inflow
to the reservoir at 1 h lead time. Both the models are
further evaluated for their effectiveness to forecast flows
at higher lead times, such as 2, 3, 4, 5, 6, 7, 8, 9,
10, 11 and 12 h in advance. The variations of RMSE
and efficiency for different lead forecasts are presented
in Figure 5. It is observed that the RMSE index is
somewhat linearly increasing along the prediction time
horizon during calibration and validation data set for both

Copyright © 2007 John Wiley & Sons, Ltd.

99.9275 —

99.9270 —

99.9265 —

99.9260 —

99.9255 —

99.9250 —

99.9245 —

Efficiency [%)]

—u=— Validation

0.0

0.2

04 06

Cluster radius

with cluster radius for TS-SC model

1.0

833

Table II. Statistical indices for 1 h ahead forecast

Statistical TS-GK model TS-SC model
index?*

Calibration  Validation Calibration Validation
CORR 0-9991 0-9968 0-9985 0-9968
Efficiency 99-80 99.34 99-69 99.34
RMSE 33.79 35.02 41-81 35.22
NRMSE 0-1281 0-1883 0-1585 0-1894
SSE 4552400 4734900 6969600 4790000
SEE 33.86 35-09 41-89 35.30
NSEE 0-1284 0-1887 0-1589 0-1898
PEMF —0-9800 —1-5398 —1.9921 —1.8223
AARE 0-0173 0-0213 0-0173 0-0222
MBE 0-0823 0-9682 0-3835 0-6457
NMBE 0-0003 0-0052 0-0015 0-0035
NS 0-0452 0-0811 0-0559 0-0816
MAE 7-0997 7-0571 7-4625 6-7179

4NRMSE, NSEE and NMBE are the normalized values of RMSE, SEE
and MBE respectively.

the models. However, it is evident from Figure 5 that,
as the lead time increases, the model accuracy is better
for the TS-GK model than the TS-SC model. A similar
observation holds well with the efficiency statistics also
(see Figure 5).
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Figure 4. Scatter plots of observed and forecasted reservoir inflow at 1 h lead forecast for TS-GK and TS-SC models
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Figure 5. RMSE and efficiency versus prediction time horizon

To examine the model prediction accuracy for the peak
discharge during the validation period, the computed val-
ues of percentage error in peak flow estimation (PEMF)
are presented in Figure 6. PEMF is the ratio between the
observed and the forecasted maximum peak flow minus
unity, expressed as a percentage. PEMF statistics closer
to zero indicate the best fit. The PEMF plot (Figure 6)
indicates that the TS-GK model is better in peak flow pre-
diction. It may be noted that the TS-GK model performs
better than the TS-SC model in peak flow estimation
irrespective of the forecast lead time. A further analy-
sis of the results indicates that larger prediction errors
are associated with the high inflow period (peak flow of
4354-46 m? s7!) around 11 September 1992. However,
a close examination of the predicted values during this
period suggests that the TS-GK model is able to pre-
dict the high inflows more accurately than the TS-SC
model.

In order to evaluate the prediction accuracy during high
flow and low flow periods, PFC and LFC are estimated.
The PFC provides a more accurate measure of the model
performance than RMSE for the flood period, and LFC
is a better performance indicator for the low flow period

Copyright © 2007 John Wiley & Sons, Ltd.
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Figure 6. PEMF plots for different lead times

(Coulibaly et al., 2001). The PFC and LFC statistics for
various models are shown in Figure 7. It may be noted
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Figure 7. Plots showing (a) PFC and (b) LFC statistics during validation
period

that PFC and LFC equal to zero represents a perfect fit.
Figure 7 clearly indicates that the TS-GK model is better
than the TS-SC model in peak flow as well as low flow
forecasting. It may be noted that as the lead-forecast
horizon increases, so the PFC and LFC statistics also
increase. Note that the LFC value becomes unity after
6 h ahead forecast for both the models, indicating that
both the models are unable to predict low flow beyond
6 h.

It may be noted that, in the inflow forecasting con-
text, global statistics as well as combination with event-
based performance criteria provide a better insight into
the modelling performance of individual solutions. Con-
sequently, the performance of the TS fuzzy models is
further evaluated using various event-specific evaluation
measures. The indices employed are (i) IVF, (ii) rela-
tive error and (iii) time difference to peak flow criteria.
Qualitative comparisons between the results forecasted
by the two methods are presented in Table III for six
typical hydrographs during the validation period. The
IVF statistic measures the percentage error in volume
under the observed and forecasted hydrographs; positive
values indicate overestimation and negative values indi-
cate underestimation. The IVF performance ranges from
—0-15% to +15-89%, which indicates that the forecasts

Copyright © 2007 John Wiley & Sons, Ltd.
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by both the methods are consistently good. It is also
observed that overestimation is quite prominent for low
flow events, which clearly suggests that both the models
have some difficulty in forecasting low flows. This obser-
vation confirms the earlier discussion on LFC statistics.
From Table III, it is also observed that TS-GK model
performance is better according to the index, i.e. the rel-
ative error of peak (for different peak flows). It is to be
noted that that the TS-SC fails to preserve the time to
peak characteristics of a hydrograph when the lead time
increases. The results, in general, indicate that TS-GK
performs better than the TS-SC model in terms of the
global evaluation criteria, as well as event-specific eval-
uation criteria. It is also observed that both the models are
unable to predict low flow satisfactorily. Figure 8 shows
the observed and forecasted hydrographs (by both the
models) corresponding to an event that has a peak dis-
charge of 4354-46 m*® s~! for a 1 h lead forecast. It may
be noted that the TS-GK model forecasts are better than
those of the TS-SC model are.

As the global evaluation measures do not give any
idea about the distribution of errors, the distribution of
error at different threshold error levels (TL as a per-
centage) and the average absolute relative error (AARE)
statistics are computed for both the models, which is
expressed in x% level (TL) as TS, = (Y,/n) x 100,
where Y, is the number of computed streamflows (out
of n total computed) for which the absolute relative
error is less than x% for the model. The distribution
of error is plotted for both the models for different
lead forecasts in Figure 9, which provides an indication
of performance in terms of the distribution of residual
errors at different forecast lead times. It is observed
from Figure 9 that the distribution of errors is sim-
ilar for both the models at 1 h lead forecast. How-
ever, as the forecast lead time increases, so the TS-
GK model tends to have a high frequency with low
errors. The results indicate that the TS-GK model con-
sistently has the smallest bias compared with the TS-SC
model.

From the foregoing discussions it is evident that the
TS-GK model performs better than the TS-SC model,
especially at higher forecast lead times. The results
indicate that the procedure employed for estimating
the antecedent parameters of a fuzzy model certainly
has an impact over the model performance. It may be
noted that the SC algorithm for clustering data points
is basically based on a transformation of Euclidian dis-
tance as the measure of closeness between the data
points, which turns out to be geometry based. How-
ever, the GK clustering considers the covariance matrix
between the clusters along with the adaptive distance
norm as a measure of closeness and, hence, produces
more representative sample points as cluster prototypes.
In other words, the GK method allows each cluster
to adapt the distance norm to the local topological
structure of the data, since it is weighted by the MF
grade. An advantage of the GK cluster is that it can

Hydrol. Process. 22, 827-841 (2008)
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Table III. Comparison of index of volumetric fit, relative error and time difference to peak flow: validation period

Observed flow (m? s71) Lead forecast (h) TS-GK model TS-SC model
IVF Relative Time difference IVF Relative Time difference
(%) error (%) to peak flow (%) error (%) to peak flow
4354.46 1 0-36 1-54 0 0-54 1-82 0
2 1-12 574 0 0-96 6-01 0
3 —-1.97 7 1 0-66 8-09 3
4 —6-43 6-2 1 —0-77 8-32 2
5 —2-51 5-34 0 —3.66 592 1
6 —4.39 3.62 1 —7-92 4.08 0
3379.29 1 0-88 411 1 0-23 8-59 1
2 1.27 10-31 0 0-41 19-43 0
3 —-0-37 —1-96 0 0-32 20-6 1
4 —1-25 15-48 1 —0-02 14.97 1
5 6-27 12-87 0 —0-68 15-81 2
6 6-03 —2.22 1 —1-65 20-34 1
2569.37 1 0-6 2-96 2 0-56 3-14 2
2 —0-15 6-75 0 1-44 13-42 2
3 —-1.92 2-53 2 2-26 0-69 2
4 —3-89 7-81 2 2-89 6-64 1
5 3.7 8-51 0 3.26 12-8 0
6 1-78 8-08 0 3.5 9.99 1
142791 1 0-54 1-11 2 —-0-39 2-5 0
2 1-9 18-19 2 —-15 25.51 1
3 4.12 1897 0 3 41-18 0
4 25 17-71 0 —3.16 26-25 1
5 5-57 14.23 1 —3.82 17-52 2
6 69 16-74 2 —4-15 29-59 3
975.76 1 2-13 6-22 0 1.7 9-38 0
2 4-11 14-12 1 2.97 16-78 1
3 8-29 20-97 0 56 25-92 0
4 13 33.05 0 8-85 51-61 0
5 117 34.93 2 12-36 49.8 1
6 137 23.97 2 15-89 32-06 2
420.62 1 1-34 3.94 1 1-11 5-29 1
2 2-67 7-54 2 24 873 2
3 5-81 10-41 2 3-49 18-53 2
4 6-76 12-25 3 4.43 2391 3
5 5-42 12-84 4 4.67 182 4
6 5-51 13-44 1 4.24 23-83 4

detect clusters of different shapes and orientation in the
data set.

The coordinates of the cluster centres identified by
both the models in the current study are presented in
Table IV. Note that only a single dimension correspond-
ing to each variable is presented in Table IV. It can be
seen from Table IV that the SC method does not con-
sider the rainfall variability in the data set while selecting
the clusters, whereas GK method considers it in approxi-
mately two different ranges. It may also be noted that the
GK method clusters the data according to the actual mag-
nitude of data available in the data set. It was observed
in the time-series data of inflows that the frequency of
inflow was very high within the range 150—170 m® s~!,
and the GK method classifies this range into sub-domains
effectively. However, the SC method classifies the input
space in a more logical way by arranging the data in
the order of magnitude. In order to reinforce the obser-
vations and findings, two MF plots are presented, in the
Figures 10 and 11, for 1 h antecedent flow at the Mandla
gauging site. The SC algorithm with Euclidean distance

Copyright © 2007 John Wiley & Sons, Ltd.

favours hyperspherically shaped clusters of equal size, as
is evident from Figure 10. This has the undesirable effect
of splitting large clusters, as well as elongated clusters,
under some circumstances. Indeed, it has been noted that
most clusters in real data sets are neither well isolated nor
have a spherical shape. It is apparent from Figure 11 that
the GK clustering algorithm classifies the flow series into
a different domain of ranges than the SC method does.
This results in effective linear separable sub-domains by
the GK method, compared with the SC method, and hence
gives a better performance.

This can be seen from Table V, wherein the values
of the consequent parameters of the fuzzy model are
presented for the TS-SC and TS-GK models. It can
be observed from Table V that, for the input variable
Q(t — 1) at the Mandla gauging site, the weights (mag-
nitude of the consequent parameter) associated with the
TS-SC model are of similar order for all five rules. In
contrast, the TS-GK model gives a clearly distinct range
of weights for the same variable in the five rules. Sim-
ilarly, the input variable Q(t — 13) at Dindori plays an

Hydrol. Process. 22, 827-841 (2008)
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Figure 8. Plot showing the error in flow estimation by the TS-SC and TS-GK models for a hydrograph corresponding to the peak flow
(4354-46 m3 s71) during 1 h lead forecast (validation period)

Table IV. Coordinates of cluster centres from SC and GK methods (the values are in the transformed-standardized-scaled domain;
the values in parentheses represent the value of the variable in flow domain in m* s7)

Rainfall Flow at Mohegaon Flow at Hridaynagar Flow at Dindori Flow at Mandla

GK 0-0371 (0-0002) 0-3817 (30-24) 0-3691 (43-43) 0-1350 (37-30) 0-2740 (26-33)
0-2237 (0-0018) 0-5875 (190-06) 0-5734 (200-11) 0-2743 (76-47) 0-4837 (152-82)

0-2345 (0-0020) 0-5929 (200-52) 0-5765 (204-80) 0-2981 (86-45) 0-4897 (160-71)

0-2271 (0-0018) 0-5775 (174-69) 0-5638 (186-25) 0-2555 (69-41) 0-4712 (137-61)

0-2376 (0-0021) 0-5949 (204-15) 0-5787 (208-20) 0-3203 (96-93) 0-4941 (166-75)

SC 0-0000 (0-0001) 0-5284 (112-53) 0-5106 (125-12) 0-1984 (51-72) 0-4086 (81-41)

0-0000 (0-0001)
0-0000 (0-0001)
0-0000 (0-0001)
0-0000 (0-0001)

0-3178 (17-06)
0-4333 (48-01)
0-6046 (222-67)
0-6534 (344-75)

0-3150 (28-98)
0-3964 (53-26)
0-5783 (207-58)
0-6178 (279-92)

0-0947 (30-31)
0-1605 (42-54)
0-2955 (85-30)
0-3661 (122.73)

0-2142 (15-95)
0-3089 (35-28)
0-4895 (160-43)
0-5968 (394-56)

important role in the first two rules of the TS-SC model,
since for the other three rules the consequent parameter
value is negligibly small. However, in the TS-GK model,
the contribution of this input variable in producing the

Copyright © 2007 John Wiley & Sons, Ltd.

output is important in all five rules. In general, it is seen
that the consequent parameters of the TS-GK model in
each rule are distinct compared with the TS-SC model for
all variables. This result reinforces the earlier conclusion
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Subtractive clustering
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study came from the observation that little discussion
has been provided in research papers about the impact of
antecedent parameter estimation procedure on the model
performance, despite a huge amount of studies. The
research is illustrated through a case study of developing
a TS fuzzy model for reservoir inflow forecasting in
the Narmada basin, India. The hourly data on rainfall
and runoff available for the basin have been employed
to develop fuzzy models that forecast flows up to
12 h in advance. The model was developed using two
popular clustering techniques, namely GK and SC, and
was extensively evaluated for performance based on
various statistical indices. The choice of these two
clustering algorithms for evaluation is based on some
reported studies that these two algorithms are popularly
used. The performance evaluation indices included global
evaluation measures, event-specific evaluation measures
and distribution of forecast errors. The analysis suggests
that the choice of the clustering algorithm may not have
a significant impact on the model performance if the
forecast is required at 1 h in advance. However, the
performance at higher lead times very much depends
on the clustering algorithm, and in the current study it
is observed that the GK method is consistently better
than the SC method at providing reasonable forecasts
up to 6 h in terms of most of the performance indices
considered. It is observed that the GK method clusters the
data according to the actual magnitude of data available
in the data set, whereas the SC method classifies the
input space in a more logical way by arranging the
data in the order of magnitude, and is plausibly the
reason for a better performance by the GK-based fuzzy
model.
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APPENDIX A: GUSTAFSON-KESSEL
CLUSTERING ALGORITHM

For a given data Z, an initially overestimated number
of clusters 1 < m < n, the fuzziness parameter ¢ > 1,
the rule contribution threshold p%, and the termination
tolerance 8 > 0, initialize U” randomly.

Repeat for [ =1,2...

Copyright © 2007 John Wiley & Sons, Ltd.

P. C. NAYAK AND K. P. SUDHEER

Step 1. Compute cluster prototypes:

n
-1
> g Yu

u! = 1
1—1
> gy
k=1

Step 2. Compute the cluster covariance matrices:

IA
IA
3

n
-1 !
> g @ — u) e — ul)T
k=1

F;, = m
1—1
> Gy
k=1

1<i<m

Step 3. Compute distance to cluster prototype:

1 1
4% = (@ — "Y' Diz — u”)

1<i<m, 1<k<n

where the D; = det[(F;)"/"+VF™ ]
Step 4. Update the partition matrix. For 1 <i<m, 1 <

k<n:
if dk,’ >0 |
MI(Ci) = m
> (diifdij) Y
j=1
ifd,; =0
W =1

until |[UD — UD) < 6.

APPENDIX B: EQUATIONS FOR PERFORMANCE
EVALUATIONS INDICES

Global evaluation measures

n
> 0 =05 =)
1. Correlation CORR = =1

n o
S (° — y°)?
=1

n [—
> OF = ¥9)?
t=1

n

> Or =)
=1

n
> 0 =y0)?
t=1
dOr =)

t=1

2. Coefficient of efficiency R> = 1 —

3. Root-mean-square error RMSE = 7

n
4. Sum squared error SSE = > (y° — y©)?

t=1
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> Or =)
t=1

v

5. Standard error estimates SEE =
n
6. Mean bias error MBE = % Zl(yzC — )
t=
7. Noise to signal ratio NS = ==
n
D16y =)
8. Mean absolute error MAE = ‘=L
Yto _C)’zc
Y

t

n

9. Relative error R, = x 100

Note: y? and yf respectively are the observed and
computed flow values at time #, y° and y© are the mean
of the observed and computed flow values corresponding
to n patterns, v is the number of degrees of freedom,
and o, is the standard deviation of the observed flow.
Normalized values of these statistics are obtained by
dividing the value by the observed mean.
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Event-specific evaluation measures
They PFC and LFC are computed as follows:
1/4

TP
> 1Y — 0@
t=1

PFC =

T, 1/2
>y
=1
T, 1/4
{ [(Q?—Q?)Q(Q?)Z]}
LFC = ~=!

T, 1/2
> @y
t=1

in which T, is the number of peak flows greater than
the one-third of the mean peak flow observed; T is the
number of low flows lower than the one-third of the
mean low flow observed; Q,;° and Q,° are respectively
the observed and computed flows for the time period ¢.
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