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Introduction

The inertial navigation algorithms use measurements by accelerometers and
gyroscopic angular rate sensors (ARS) called inertial sensors [2]. For solving the
navigation problem it is desirable to install the inertial sensors closest to the flying
vehicle (FV) mass center. Thus, after the first integration of the accelerometer
readings we obtain FV velocities of movement. A second integration of the
velocities obtained will give a path traveled or the FV location. The platform
inertial systems use the gyroscopic sensors for stabilizing the platform (with the
accelerometers fixed on it) on a horizontal position [1].

Equations of accelerometers placed on a horizontal platform
Let three accelerometers, assumed to be ideal (with no instrumental errors) be
placed on some platform, rotating in relation to the inertial space at an absolute

angular rate of &y . Besides, we assume that their axes of sensitivity are mutually

perpendicular. From here onward we shall assume that they are placed at one point
in space or we neglect their dimensions.

Vector d(t) of their readings will not depend on the angular rate @ _(¢) of

vz
the platform and will be equal to:

a(n)=w(?) - g(), (1)
where: @(t¢) is the absolute acceleration of a point of the object at which the
accelerometers are placed; g(¢) is a vector of the gravity field intensity at this

point.
The absolute acceleration @i(¢) is the derivative of the vector of the absolute

rate V/(¢), taken in relation to the absolute (inertial) space

- d -
o) =—V (), (2)
dt
where % is a symbol for the absolute derivative.
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The platform is considering that to be connected with the coordinate system
xyz whose axes pass through the accelerometer sensitivity axes. According to the
theorem of the connection of the absolute derivative with the derivative of that

same vector in relation to a moving coordinate system we have:
v . =
! XV, 3)

d -
D)=—V({E)=—+
(1) ” (1) AT

~

d . L : :
where 7 is a symbol for a derivative of the vector in the coordinate system xyz;
4

@, (?) is the angular rate of the system xyz (angular rate of the platform).

The vector equation (3) has a scalar form:
@, =V, +w)V, —wlV,,
%=n—@n+@m, (4)
@, =V, +aV, -wiV,,
where: V_,V ,V_ are projections of the vector of the absolute rate V' along the

X2 y’
moving axes X, y, z; Wy,W;,w; are projections of the vector of the absolute

angular rate ¢y of the platform along the moving axes x, y, z.
In this case, as it follows from (1) and (4) the accelerometer readings will be:
a,=w, -g, =V, +wV. -wV, g,
— — =T — ay —
ay_wy gy _I{y waz+wZVx gy7 (5)
az =wz _gz = VZ +(U§Vy _(U;ij _gz‘
Equations (5) are called equations of a triplet of accelerometers placed on a
rotating platform. Sometimes it is convenient to use them in a matrix form:

B MAE 0 o 4R B
E@yD:NyD'FD w? 0 _aﬁ yO~ My O (6)

20 W H e o ogv,H H,B

There is another, second form of the equation, for presenting the readings of
accelerometers placed on a platform. In this form apparently participate projections

W.,W,,W, of the vector W of the ground speed and not projections V.,V V. of

x>" ys
the vector V' of the absolute rate.

Let us take the absolute derivatives from the left-hand and right-hand part of
the expression:

V=W+QxR, (7)
where: R 1is the radius-vector of point M (the mass centre which in this case is the

beginning of the basis xyz); QxR is the linear peripheral velocity obtained as a
result of the 24-hour rotation of the Earth. The result of the differentiation of (7) 1s:
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d_V:(ﬁ:d_W+Q d_R_d_W+Q xV . (8)
t dt dt dt

—

In the latter equation the absolute derivative a;—p;/ will be presented in the

form:
d_W:d_W+(DijW’ 9)
dt  dt 4

~ —

where: >y is a symbol of a derivative of the vector in the coordinate system xyz
t

connected with the platform.
By replacing of (7) and (9) in (8) we obtain:

*:Z_W+wxysz+QxW+QX(QXI§). (10)
4

If in the latter vector equation the absolute angular rate &, of the platform is

expressed as the sum of the relative @, and transfer rate Q:

@ =@, +Q, (11)
then we obtain:
zﬁ(t)zTVth)xyzxW+2§xW+Qx(QxE). (12)

In this case vector a(¢) of the readings of a triplet of accelerometers can be
written in the form:

A0 =00~ g0 ="+ @, X + 2017 g, (13)
where: g7 (t) = 8(t) - Qx(Qx R) is a free fall acceleration.

By switching from a vector form (13) to a scalar and matrix form, we obtain:

a,=w, ~g, =W, +(w, +2Q W, —(w, +2Q)W, - g/,
a,=w,~g, =W, (W, +2Q W, +(w, +2Q )W, ~gl, (14
a w g =WZ +(wx +2Qx)Wy _(wy +ZQ)/)WX _gZT7

o, o H 0 -Q %/VH%TH

0

., 0 -w, [H20 Q, 0 -Q Wyg—tg D(IS)
0 o

w, W, o TQ Q. O%/VHE&
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Equations of accelerometers fixed fast to the fuselage (straptdown
variant)

Let us consider the case when the platform is fixed fast to the fuselage.
Suppose the sensitivity axes xyz of the triplet of accelerometers coincide with the
construction lines x; y; z; of the plane and three gyroscopic angular rate sensors

measure the projections w?,,w’

>, 0, of the vector of the absolute angular rate

a’)a

1,11 Of the plane. Again we neglect the dimensions of the gyroscopes and

assume that they are placed in the plane mass center (point M), their axes of
sensitivity being oriented along x;, y; and z;.

According to the assumptions made above, equations (5) of the triplet of
accelerometers will be:

—_ 1/ a a

Clxl - Vxl + C()yl VZ] - wleyl - gxl 5
—_ T/ a a

ay =V — @V + WLV =gy (16)
—_ T a a

azl - VZ] + (A)leyl - wylel - ng :

from where, by using matrix /7, composed of the gyroscope readings, we obtain a

Jaf HalH  HwB BEaf

DlyIFEVyIEH-HaEVyID_$y1D (17)

Eﬂzl H -zl E EJVZI H Egzl H
HO0 -w) of{
for 17, =0 w;, 0 -wi0 (18)

- a
O @y

matrix form:

a

[
C()xl O |:|
in which g,,g,,g, are projections along the plane construction axes of the

vector g(¢) of intensity of the gravity field at point M.

SINS algorithm

The Strapdown Inertial Navigation Systems (SINS) use inertial sensors
Wy,
by gyroscopic sensors is entered in unit 2. The accelerometer measurements

a,,d,,4a, are entered in unit 3. We shall present an algorithm of the ideal SINS

fixed fast to the fuselage. The plane absolute angular rate !

x1°

w?, measured

operation as a list of formulae grouped in units according to their purpose:

Unit Nel: Calculating the angular rates ws @, ; of rotation of the
navigation frame of reference n¢ in relation to the Earth, as well as its absolute
angular rates of's &J , (S 7 :
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EP=1-¢’u;;,, G=aé+h, Q=a(l-e*& +h,
& =ae’’07'G7, (19)
Ws = —G_an =ty (Weuyy + Wphuy3)0, W =W + Quy;,
W, = G_IWE —uy(Weuys +Whuy)o, Wy =, + Quys,
w, =0, W; =W, +Quy;.

The following are input quantities: Wg, W, n W, , entered from unit Ne3, as
well as u;3,up3,u33, entered from unit Ne4. This unit estimates the Earth’s shape as a
reference-ellipsoid with a semi-minor axis b, semi-major axis a and square of
eccentricity e’=(a’-b*)/a’=0.0066934. The flight altitude # above the reference-

ellipsoid is also estimated as well as the speed Q of the 24-hour rotation of the
Earth. From the calculated angular rates in this unit we construct skew-symmetric

matrices:
H 0 -w H H 0 - w,;z H
17=Ba)Z 0 —wgg, 17":%&)? 0 -wfd (20
oW @ 0 g oW, @ 0 g

Unit Ne2: Calculating the spatial position of the flying vehicle (FV). This unit
integrates the matrix equation for the matrix of the direction cosines D [4]:

D=DII, - I1°D, D(t,)=Dy[W,..Vo-Io1- (21)
Thus for calculation of a matrix of direction cosines is used the Poisson's

expanded equation [4]. Its elements are used to calculate the angles of roll,
gyroscopic heading and pitch:

y=Aretg — -t .y, = dretg 10 21
ds, dy 22)
_ d31 T71r
d=arctg ———[———],
Vdpt+dy, 22
where : D= (23)

B:osﬁsin(llx sinycogy, . —cosysindsiny),,  cosycodl, +sindsinysiny,. H
=[cosdcodl,. —sinysiny,  —cosysindcodl, —cosysiny,  +sindsinycodl, ]
H sind cosycos? —sinycos? H

This unit forms the skew-symmetric matrix (18) from data entered about the

absolute angular rate w{,,w;,,w;, of the FV. Matrix /I has already been calculated

v
in Unit Nel.
Unit Ne3: Calculating the ground speeds of movement of the FV mass center
Data are entered about measurements made by accelerometers a ,,a,,a,, along

x1>*yl»

the three construction axes x y z of the plane. Using the direction cosine matrix
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D already calculated in unit Ne2 their projections performed on the axes f¢ of
the navigation frame of reference:

B%H qu H

(b, 0= D, O (24)
0 O
[flf ] Bzzl H

From a normal Earth’s gravity field model we take projections gET , g,;r , gl of

the relative weight force.
The ground speeds of movement of the FV mass center are obtained as a
result of integrating the equations:
Wy =a; = (@, +2Quy W, +2Quy W, + g5 5 We(ty) =W (0);

W, =a, +(w; +2Qu )W, =2QuyW+ g5 W, (t,) =W, (0); (25)

WZ =a; —(ws +2Qu )W, + (W, +2Quy )W, + gl W, (1)) =W, (0).

Unit Ne4: Calculating the location of the FV mass center From the matrix /7
(20) formed in Unit Nel we solve the matrix differential equation for a given initial
location:

U=-NU, Uty=U[B(ty), L(ty), A(ty)]  A(ty)=0;  (26)

For calculation of a matrix of direction cosines U is used the Poisson's
normal equation [1]. The elements of matrix U are used in Unit Nel also for
calculating the geodetic latitude B, longitude L and azimuth 4 of the navigation
frame of reference:

cosAsinL +sin AsinBcosL cosAcosL +sin AsinBsinL —sin AcosB

U =[tsinAsinL —cos AsinBcosL sinAcosL —cosAsinBsinL cosAcosB [}

H cosBcosL cosBsinL sinB H
B = arctgL, L= Arctg ui, A= Arclg% MLE 27)
uh +us, U Uss

The true heading, estimated in relation to the geographical north, is calculated
according to:

Y=y, +4. (28)

The SINS operation algorithm described above is a closed system of
differential equations. Its phase vector consists of the elements of matrices D, U
and the ground speeds Ws, W, , W;. In Unit Ne2, by algebraic equations, we obtain
the output values of the gyroscopic heading ¥, roll yand pitch J. In Unit Ne4 we
similarly calculate the other output values: B - geodetic latitude; L -geodetic
longitude and 4 -azimuth of a measured navigation frame of reference.
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In the algorithm input data are: in Unit Ne2 data about the vector of the
absolute angular rate from three mutually perpendicular angular rate sensors
(ARS); in Unit Ne3 the projections of the apparent acceleration from three mutually
perpendicular accelerometers along the same mutually perpendicular axes.

Conclusions

1. The gimbal inertial navigation system can use the same algorithm but
instead of having computational unit 2, there will be a gyrostabilized platform. The
angles of spatial position in this case will be taken as angles in the platform gimbal
suspension. The platform itself is maintained horizontal and is forced to process
(together with the inertial sensors fixed on it) with the values (¢f's &, &S ;) of the
absolute angular rates calculated in Unit 1.

2. The gyrostabilized platform has a considerable volume because of the need
for using gimbal suspension [2]. As a sophisticated electronic-mechanical system it
has a high price comparable to the price of a light-flying vehicle. It is mainly for
this reason that it is not suitable for gravimetric measurements.

3. Investigations on a strapdown variant of using inertial sensors are more
difficult to perform, because it is necessary to take out from the accelerometer
readings the inertial components of the plane movement around its mass center.
But this is also necessary to be done when the inertial platform is positioned beside
the mass center. The presence of a gyrostabilized platform, however, requires that
instead of equation (21) we should use an analogous differential equation for
estimating the dynamic errors resulting from the stabilization of the platform. The
proposed SINS algorithm contains the basic equations of inertial navigation and
possesses the dynamics of every inertial system.

4. The accuracy of maintaining the geodetic vertical axis in an inertial system
depends on the accuracy of the weight force model [3] used in unit 3, equations
(25). In flights at an altitude of several hundred meters, which are normal in
aviation practice, the influence of the geoid is neglected and the geodetic vertical
axis is assumed to be normal to a rotational ellipsoid
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AJI'OPUTBM 3A BE3IIVIAT®OPMEHA MHEPLIMAJITHA
HABUT'AIIMOHHA CUCTEMA

A. H. MAJUKAPOB

Cratusita mpeacraBs  MaTreMaTU4YeCKH — 3aBUCMMOCTM B MaTpUyHa
mudepeHmaiHa Gopma 3a M3UMCISBAHE HA BIVINTE HA KPEH, >KUPOCKOMUYECKU
Kypc u TaHrax. besmmardopmenara wunepruanHa cuctemMa (BMHC) 3amens
yHUBEpCAJIHATA >KUpoImuiar@opMa C KOMIIOTHD, KOWTO MoOJenupa HEHHOTO
npucbcTBUE BUpTyanHo. B BUHC xupockonuTe U akcelepoMETPUTE ca TBHPAO
3aXBaHaTH 3a KOpIyca Ha TPAHCHOPTHOTO CPEACTBO, TaKa Y€ IMPUEMAT BCUUKHU
HEroBH JBIKeHUs. OOMKHOBEHO, CHCTEMHUTE M3IOJI3BAT HAPABIISIBAIIN KOCHHYCH
¥ mpeoOpa3yBaHHE MEXKIy WHEpIMaHA KOOpJAWHATHA CHUCTEMa W 0asuc, TBHPIO
CBBp3aH C KOpmyca Ha camosieTa. Tyk ce mpeajara W34MCIMTENIHA IPOoLeaypa 3a
o0paboTka Ha JMAaHHUTE OT JATYHMIM HA BriioBa ckopoct. Ilo TaksB HauywH, 3a
W3YUCIIBAHE HA MATpHUIATa Ha HAIpaBIsBAlld KOCHHYCH M€ C€ W3I0JI3Ba
pa3lIMpPEHOTO, BMECTO OOMKHOBEHOTO Y paBHeHUE Ha [IyacoH.

V]IK 629.7.052

AJITOPUTM JJIA BECHJIATQOPMEHHOIX UHEPIIUAJIBHON
HABUT'AIIMOHHOU CUCTEMbI

A. H. MAJIZKAPOB

CraTpsi mpeacTaBiIsieT MaTeMaTHuecKue (OPMYIMPOBKM B MaTpPUUHOM
auddepeHnnanbHoi  (GopMe IS BBIYMCICHHUS YIJIOBBIX aMIUIMTYA OOpTOBOM
Kauykd, THUPOCKOMHMYECKOro Kypca W TaHTaxa. becrarpopmenHas cucrema
3aMEHSIET YHHUBEPCATIBHYIO KUPOIIATHOPMY KOMITBIOTEPOM, KOTOPHIN MOJIEIHPYET
e€ MpUCYTCTBUE BHUpTyaslbHO. B OecrumardopmeHHON cucTeMe THPOCKOIbI U
aKceJIepOMETPhI TBEP/IO YCTAHOBIIECHBI K CTPYKTYpE TPAHCIIOPTHOTO CPEACTBA TakK,
YTOOBl OHHM JBHUTAJIMCh C TPAHCIOPTHBIM CPEACTBOM. THIMUYHBIE CHCTEMBI
MCIIOJIB3YIOT HAIPaBIISIIOIINE KOCUHYCHI U MpeoOpa3oBaHue MEXy HHEPLUAIbHON
CUCTEMBl KOOPAMHAT U TPEXTPAHHUK, JKECTKO CBSI3aHHBIM C CaMOJIETOM. 311€Ch
[PEeIaraeTcsl BHIYMCIUTENBHYIO NPOLEAYypY 00pabOTKH JaHHBIX C U3MEPUTEIIMU
yrioBoM ckopoctu. TakuM 00pa3oM, Ui BBIYUCIEHUS MaTpULbl HAIPaBIISIOLINX
KOCUHYCOB OyA€T HCIOJIb30BaTbCA PACIIMPEHHBIM, BMECTO HOPMAaJbHOIO
Ypasuenus [lyaccona.
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UDC 629.7.052

AN ALGORITHM FOR STRAPDOWN INERTIAL NAVIGATION
SYSTEM

A. N. Madjarov

The paper presents mathematical formulations in matrix differential form for
calculating the angles of roll, gyroscopic heading and pitch. The strapdown system
replaces gimbals with a computer that simulates their presence virtually. In the
strapdown system the gyroscopes and accelerometers are rigidly mounted to the
vehicle structure so that they move with the vehicle. Typical systems use direction
cosines and the transformation between the inertial reference and body axes
reference. Here is offered computing procedure of a data processing with spin-rate
meters. Thus for calculation of a matrix of direction cosines will be used expanded,
instead of a normal Poisson equation.
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