Chapter two

Nuclear science and engineering

Nuclear and elementary particle physics are related and close in dimensions, instruments and theories. From their dimensions which are usually in fermions (10-15 meters) we can realize that quantum mechanics play a guiding rule. The simplest problem in nuclear physics which is similar to hydrogen atom 2-body problem is the deuteron wavefunction. This problem will be investigated first. 

2.1 Deuteron wavefunction


From the beginning of nuclear physics, the wave function of the deuteron was of great importance not only because it was the simplest wave function of a nuclei but also because of the many uses of this wave functions. As an example the nucleon-nucleon interaction that produces this wave function can be used to predict the wave functions of a more complex nuclear systems like the 3,4...etc body systems [1]. It can be also used for the interpretation of the deuteron scattering and reaction with other nuclei including the important D-D and D-T fusion reactions.


The wave function of the deuteron has some interesting features. Since the deuteron owns an electric quadruple moment, its wave function must be a mixture of S and D states. The D state however can not be produced unless a tensor force is included.


For a coupled S-D state the Schrödinger equations are called coupled Rarita equations which are given by [2]
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(2.1.2),

where     r is the radial distance,

               M the reduced mass of the poton-neutron system,

               E the j = 1+   Bound energy level of the deuteron,

               VC   the central potential,

               VT the tensor potential,

               VLS  the spin-orbit coupling potential,   

 and     

u(r) = r RS(r),

               w(r) = r RD(r).                                       (2.1.3)


RS(r) and RD(r) are the radial part of S and D wave functions respectively.


In order to solve these coupled equations we must first explore the potentials VC, VT and VLS. Several such potentials were proposed by Hamada and Johnson [2], Yale group [3] and Reid [4]. Reid potentials will be used in this work since it had predicted more accurate results than the other two potentials.


The proton-neutron interaction potential is divided into two categories, the soft core and the hard core potentials. This division is due to the cut off of the wave function (infinite potential) at some point before reaching the origin in hard core potential. On the other hand soft-core potentials wave functions continue to the origin. The experimental two-nucleon data do not distinguish between hard and soft cores so that the use of one of them is a matter of convenience. However, since Yukawa type potentials gained a strong ground in nuclear physics; soft cores are considered to be of further importance.


For the reasons mentioned above the Reid soft core will be used in this work. The Reid soft-core potentials are given by [4]
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where      

          x=0.7r (r in fermions),

                    h= 10.463 MeV.                                    (2.1.5)
[image: image43.wmf]Several numerical methods were used to solve the coupled Rarita Eqs(1,2) which were written for mainframe computers available at the time. The first numerical methods used to solve the coupled Rarita equations were the Fox-Godwin or Numerov methods [5]. In this work we shall use Runge-Kutta method which is a more popular and less complex method. This method has been advanced to the point that it can match the more complex methods by merely adding subroutine to adjust automatically the mesh width [5], so that the desired accuracy of the results can be reached. The integration of the wave function begins from outside the nuclear potential at r = 14.3 fermions and continue inward to gain stability of the results because of the relative violence of the potential near the origin. The maximum error of the normalized wave function was confined to be less than 10-8 in each mesh with a total of 1430 meshes.   


The bound state of the deuteron is a J = 1+  state which is a mixture of  3S1 and 3D1 states (L = 0 and 2 respectively). The binding energy of this bound state is observed experimentally to be E = 2.22462 ± 0.00006 MeV. This energy is far away from the relativistic effects or pion production (280 MeV threshold) so that it can be treated with Eqs(1,2) without any further terms to contribute to the above mentioned effects. 


As mentioned in the introduction, the two-nucleon experimental data are not sensitive to the short-range parts of the wave function. A fundamental understanding of this part can be reached on the quark level interactions [6]. The medium range behavior can be predicted from the nucleon-nucleon data. The long-range part of the wave function can be calculated theoretically since the nucleons are outside of the nuclear forces range. The long-range part of the wave function is given by spherical Hankel functions [7]

u(x) = AS e-ax                                        (2.1.6),

for the S state, and 

w(x) = AD e-ax ( 1 + 3/ax + 3/(ax)2 )                    (2.1.7),

for the D state. Where

a = 0.33087,

AS = 0.87758,

AD = 0.0228                                        (2.1.8).

The calculated bound state energy is E = 2.22460 MeV. A comparison of this value with the original value obtained by Reid [4] and experimental value together with the other calculated properties of the deuteron are summarized in table(1).   


It was found experimentally that the deuteron has an electric quadrupole moment which indicated that its wave function should has a D state part mixed with the S predominant state. The ratio of the D to S state was predicted to be between 2-8 % so that it can compensate to the experimental value. The quadrupole moment is given by
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The value of the calculated and experimental quadrupole moment in comparison with the previous calculations of Reid are given in table (1). The percentage of the D state is 6.1%  which is also in a good agreement both with experiment and previous theoretical works.


The dipole moment of the deuteron is the sum of the dipole moments of the neutron and the proton unless there is an additional contribution from a mixed D state. The theoretical expression of the deuteron dipole moment is:

μd = μn + μp  + 3/2 Pd   ( μn +  μp  - ½ )                    (2.1.10)

where    μd   is the dipole moment of the deuteron,

              μn   is the dipole moment of the neutron,

              μp   is the dipole moment of the proton,

              Pd   is the D state percentage.

The value of the calculated and experimental dipole moment in comparison with the previous calculations of Reid are given in table (2.1.1).

Table (2.1.1): Calculated deuteron properties in comparison with experiment and Reid results [4].

	
	Expt.[8]
	Present work
	Reid [1]

	Energy level (1+) MeV
	2.22462±

0.00006
	2.2246
	2.2246

	Quadrupole moment F2
	0.278±0.008
	0.271888
	0.2796

	Dipole moment

(Nuclear Magneton)
	0.857406±
0.000001
	0.844833
	-

	D state percentage

%
	2-8 %
	6.1083%
	6.4696%


As we have seen above, the wavefunction of the deuteron ground state energy level, quadrupole moment, dipole moment and the D state percentage can be obtained using Runge-Kutta with a matching accuracy that can be compared to other more complex numerical methods. The results also agree with the previous experimental results, which also candidates the present method to be used in a more complex many-body problem scheme.

In the present Runga-Kutta method with variable mesh size the accuracy of the results can be confined to a specific value depending on the mesh width of every step of integration which controls the output wavefunction within the desired error limitations [5]. In table (2.2) Runge-Kutta subroutine for deuteron wave function is given.

	Table (2.1.2) Runge-Kutta subroutine for deuteron wave function. 

	      SUBROUTINE SCHROD(VX,VY,FV)

      IMPLICIT DOUBLE PRECISION (A-H,O-Z)

      DIMENSION VY(4),FV(4)

      COMMON E,A,V0,SA,Z1,Z2,L,ALS,C2MOH2,XI,LD

      CALL REIDV(VC,VLS,VT,VX)

      VS=VC

      FV(2)=-(C2MOH2*(E-VS)

     C-L*(L+1)/VX**2.)*VY(1)

     C+C2MOH2*DSQRT(8.D0)*VT*VY(3)

      FV(1)=VY(2)

      VD=VC-2.*VT-3.*VLS

      FV(4)=-(C2MOH2*(E-VD)-LD*(LD+1)/VX**2.)*VY(3)

     C+C2MOH2*DSQRT(8.D0)*VT*VY(1)

      FV(3)=VY(4)

      RETURN

      END
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2.2- Shell theory of the nucleus


The use of an overall general potential that compensate for a large number of particles is a frequently used method in physics. One of these potentials is the Woods-Saxon nuclear potential.

 Woods-Saxon nuclear potential is defined by [1]:
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The constants in the above equation are:

V0=57 MeV,

R=1.25 A1/3 Fermions,

a=0.65 Fermions.

In addition spin-orbit interaction is given by
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where aso has the value of  1 Fermi to fit the experimentally determined shell splitting. 

We shall use the above potential to solve Schrödinger equation for neutrons in such a potential. The radial part of Schrödinger equation is given by
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We can use Runga-Kutta method as in the previous example to solve the above equation. The solution for a nucleus of mass number 120 is show in figure (2.2.1).
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Figure (2.2.1) shell model energy levels of an atom of mass number 120. Energies are in MeV.

In table (2.2.2) we can see that the energy levels prediction is in well agreement with the known magic numbers splitting of nuclei.

Table (2.2.2) energy levels in MeV distributed as shells.

	1s1/2
	-43.8

	2
	

	1p3/2
	-38.15

	1p1/2
	-37.5

	8
	

	1d5/2
	-31.6

	1d3/2
	-30.2

	2s1/2
	-28.8

	20
	

	1f7/2
	-24.3

	28
	

	1f5/2
	-21.8

	2p3/2
	-20.5

	2p1/2
	-19.5

	1g9/2
	-16.4

	50
	

	1g7/2
	-12.6

	2d5/2
	-12

	3s1/2
	-10.3

	2d3/2
	-10.2

	1h11/2
	-8.1

	82
	

	2f7/2
	-3.8

	1h9/2
	-2.85

	3p3/2
	-2.37

	3p1/2
	-1.6

	2f5/2
	-1.32


Reference 

[1]
E. Segre, “Nuclei and particles”, McGraw-Hill International Book Company, (1983).

2.3 electromagnetic transitions in the interacting boson model


For decades physicists have tried to construct nuclear models to describe the nuclear properties in terms of the interaction of two nucleons. Since there is no dominant interaction due to the many kinds of nuclear forces, such as coulomb, spin dependent, velocity dependent, short range forces, this goal is very difficult to reach.


In the extreme single-particle shell model the nucleus is treated as a system of individual nucleons moving independently in a similar way to the electron shells in atoms. In spite of the success of this model in the prediction of the ground state spins, parties, magic numbers, alpha and beta decays, and magnetic moments of nuclei in their ground states, the model failed to account for large experimental quadruple moments and transition rates, especially in the transition regions between two shells. It also failed to explain the photonuclear giant resonances which originate from the vibration of protons against neutrons due to the electric field of an incident electromagnetic radiation.

These disadvantages led to the emergence of geometrical collective models. In these models it is assumed that a large group of nucleons are moving in a cooperative motion, giving a description of the macroscopic or bulk properties of the nucleus. These models are able to
explain the vibrational and rotational band structure through the introduction of collective surface degrees of freedom.

When the number of nucleons is relatively large (A > 40), it appears that some properties in the nucleus, such as the density and binding energy per nucleon, are independent of the number of nucleons since the addition of more nucleons does not change these properties. The liquid drop model, based on such behavior, was the first successful nuclear model which was used to describe the bulk properties of nuclei such as masses and binding energies, and to explain the phenomenon of nuclear fission.
Recently, symmetry considerations have become increasingly important in many branches of physics. For a macroscopic body, symmetry is defined by all those transformations that leave the body unaltered. For a quantum mechanical system symmetry transformations are those that leave the Hamiltonian invariant. The symmetry transformation has some mathematical properties called group properties. Elements having these properties are said to form a group. Groups can be discrete or continuous depending on the elements of the group. In nuclear physics one mainly considers continuous groups called Lie groups whose transformations depend on continuously varying parameters.
Associated with an n-parameter Lie group, there are n Generators X satisfying the commutation relations:
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which define the Lie algebra. For each algebra there exists one (or more) operators C such that.
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The operator C is called the Casimir operator. The number of independent Casimir operators is called the rank of the algebra. The usual representation of the group is when the group elements are identified with square matrices. The most important groups for our present work are the unitary groups U(n), which can be represented by all (n 
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 n) unitary matrices U such that:
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The generators of U(n), are all the (n 
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 n) anti-hermitian matrices.

The special unitary group SU(n) can be represented by all (n
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 n) unitary matrices with their determinant equal to one. The generators of SU(n) are all the (n 
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 n) anti-hermition matrices with zero trace.

In addition to the unitary and special unitary groups we shall also use the orthogonal group 0(n) which can be represented by all (n 
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 n) real orthogonal matrices. The generators of 0(n) are all (n 
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 n) real antisymmetric matrices.

The first attempt to enter group symmetry in nuclear physics was due to Wigner in 1937, who introduced the group SU(4) in connection with spin-isospin space symmetry. Another attempt was made by Racah and afterward, by Elliott who showed that the group SU(3) is strongly related to the rotational spectrum in nuclei  [1].

At the end of the last century a description of collective nuclear states using the U(6) symmetry has been proposed by Arima and Iachello , by introducing the Interacting Boson Model (IBM). In this model the identical nucleons (Fermions) outside a closed shell are assumed to be coupled to bosons of angular momentum L = 0 or 2, as a first approximation. Bosons with L = 0 are called s bosons and with L = 2 are called d bosons. In an even-even nucleus the number of bosons N is the sum of neutron Nn and proton Np pairs if no distinction is made between the neutron and proton bosons. If more than half of the shell is full, N is taken as the number of hole pairs. Unlike the geometrical picture of collective moels, the IBM makes use of the creation (s+ ,d+) and annihilation (s, d) operators instead of using shape variables. 
The most important difference between the IBM and other collective models is the finite number of particles. There is a direct connection between N, the number of bosons outside the closed shell, and the matrix elements of the operators in the IBM.
The Hamiltonian of the IBM s written as a sum of one and two-body terms:
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The most general Hamiltonian subject to the conditions of U(6) symmetry can be written as:
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where 
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 and a4 are all phenomenological parameters to be fitted empirically to the spectrum of the nucleus under study, and:
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Since the annihilation operator 
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 is not a spherical tensor, its covariant form 
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 -μ is used in the above equations. The cross product represents the tensor product of the two operators from which the dot product is a special case of zero products. The operators 
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 are the number of s bosons, the number of d bosons, the pairing, the angular momentum, the quadrupole, the octapole and the hexadecapole operators respectively.

if we choose the angular momentum L to be a good quantum number so that the group O(3) must be contained in any group chain, we can find only three possible chains of subgroups of U(6) namely:
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The three chains contain the following generators as a sub-algebra of the group U(6).

1.
The U(5) chain contains the operators 
[image: image26.wmf]4

3

2

d

T

and

T

,

]

d

~

d

[

,

L

,

n

)

)

)

)

)

)

´

+


2.
The SU(3) chain contains the operators 
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3.
The 0(6) chain contains the operators 
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In order to solve a quantum mechanical system one must choose a suitable complete basis states so that these basis states can be used to diagonalize the Hamiltonian. An example is the rotational group 0(3) whose representations are characterized by the angular momentum quantum number L. Since the group 0(3) can be reduced to the group 0(2) we need another quantum number m,
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to describe the irreducible representation of the system, thus the states are completely classified by L and m. For higher groups the problem becomes more difficult, and it is usually solved by a riie'~-1-.1iod called the building up process [16]. This method uses Young diagrams to define the symmetry of the system, and by forming the outer product of these diagrams we can label the states with the appropriate quantum numbers.

Using the properties of the Casimir operators, the general Hamiltonian of Eq. (2.b), can be written in terms of the Casimir operators of all the groups appearing in (2.12) (except for the group 0(2) unless the nucleus is placed in an external magnetic field.

The general U(6) Hamiltonian is not diagonal in any basis states of the chains I, II and III. However, this Hamiltonian is diagonal and has analytical solutions if only the Casimir operators of one chain are kept and the matrix elements of this Hamiltonian are taken between the basis states of the same chain.
A nucleus is rarely in one of the three limits of the IBM described befor. However, most nuclei can be described by the use of a hybrid Hamiltonian between two chains of groups.
This led to the development of transitional classes. In the transitional class A the Hamiltonian is a mixture of the Casimir operators of the two chains I and II. The one-body term is usually much larger than the two-body terms so that this Hamiltonian can be written in the form
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This Hamiltonian can be diagonalized in any of the basis states of the three dynamical symmetries. However, physical properties of the Hamiltonian can be easily interpreted by using the basis states of the chains I or II depending on whether the effect of ε is much larger than κ and κ' or vice versa. 
This is similar to the perturbation of the wave functions near an exactly solvable Hamiltonian. However, the perturbation treatment is no more applicable here because of the large deviation of the Hamiltonian from both of the dynamical symmetries I and II. In this work we shall make use of the Hamiltonian of Eq.(2.43) by using basis states of the group chain II for the study of Sm isotopes which are a good example for rotational nuclei.
The eigenvectors of the diagonalized Hamiltonian of Eq.(2.43) are linear combinations of the SU(3) orthonormal Bargmann-Moshinsky basis states, therefore, these eigenvectors are given by 
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where the quantum  numbers mentioned in the above equation are all related to U(6) numbers by suitable transformations.
The electromagnetic transition operators are given by:
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where α, β and γ are phenomenological parameters to be fitted to experimental data. The experimental data are available as transition rates which are related to the matrix elements of the above operators by 
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where 
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3 is the reduced matrix element of the transition operator which is independent of both the magnetic quantum number of the initial and final states and of the projection μ of the multipole order λ.


In this work we shall use the Hamiltonian of the transition class A described above to study nuclei which have energy levels varying from the vibrational(chain I) to rotational (chain II) spectrum such as rare-earth nuclei Nd, Sm, Gd and Dy and the actinides Rn, Ra, Th and U.


Even-even Sm isotopes have A (mass number) ranging from 146 to 156. The closed proton shell is at 50, therefore, the Sm isotopes (atomic number=62) have 6 proton bosons. The closed shell for neutron is at 82 , the number of  neutron bosons ranges from 1 to 6. The parameters of the Hamiltonian and transition operators can all be found in reference [1].  


The Hamiltonian and transition rates have analytical closed formulas in the two limits of the Hamiltonian i.e. SU(3) and SU(5) limits. In the SU(3) limit the reduced transition rates B(E2;L+2→L) between the ground band members (λ=2N,μ=0) are given by:
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In the SU(5) limit the above transition rate has the formula
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In figure (2.3.1) the E2 reduced transition rates of the transitions 21+→01+ is shown. The 41+→21+  is shown in reference [1].


The branching ratios B(E2;L1→L2)/B(E2;L1′→L2′) have special importance, since the dependence on the phenomenological parameters is eliminated by the division. The branching ratios B(E2;22+→21+)/B(E2;21+→01+) are shown in reference [1].


In the same manner the E0 transitions (denoted ρ), quadrupole moment and g factor are shown in reference [1].
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Figure (2.3.1): Comparison between calculated, experimental, SU(3) and SU(5) limits for B(E2;21+-01+) transitions in the Sm isotopes.
REFERENCES

[1] Abdulsattar M A 1985 Study of electromagnetic transitions in the interacting boson model of the nucleus M.Sc. thesis Baghdad University College of Science Physics Department Iraq

2.4- Neutron diffusion


Neutron transport through any material is governed by many factors. The different cross sections for the different reactions are the first factor. A second factor is the density of this material. Other factors are energy spectrum of the incident neutrons, geometry…etc. Calculation procedure depends on the solution of diffusion equation previously introduced in chapter one. This equation for mono-energetic neutrons is given by [1]:
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where ∑a is the macroscopic absorption cross section, S are neutron sources such as fission or inelastic scattering from a higher neutron energy. The macroscopic cross section in meters-1 of an element of atomic weight A,  atomic process cross section σ and density ρ is given by
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where NA is Avogadro’s number


As an example we shall solve this diffusion equation for the diffusion of neutrons through 10 cm of natural uranium which contains 99.3% 238U and 0.7% 235U. A mono-energetic 2 MeV neutron source is used as an incident flux. The finite difference method is used to solve the above equation with the extension that several diffusion equations is solved simultaneously in which each equation contains a specified range of neutron energies. The use of one energy as an average is possible but represents an approximation that does not reflect the real physical problem.


In order to solve this problem a suitable neutron energy groups should be used. For fissionable uranium 26 energy groups is available [2] where groups are distributed among energies as in table (2.3). Every energy group is associated with capture, elastic, inelastic and fission neutron cross sections. 26 diffusion energies should be now solved simultaneously. Every group has neutron concentration Cg. neutrons move to other energy groups by inelastic scattering or by producing fission. 


The neutron source energy is in the fourth group. After entering the uranium region, neutrons are scattered and their energies are lowered. However some neutrons produce fission and neutrons with higher energies are produced.


The out coming neutron spectrum is as in fig. (2.4.1). As we expected higher energy neutrons is present since the energy of incident neutrons are higher than the 1 MeV threshold energy for 238U fission, in addition for the presence of 235U which is fissionable in all energy groups. The energy group that contains the largest number of neutrons is of the range 0.4-0.8 MeV.

Table (2.4.1) the 26 energy groups 

	Group number
	Energy

	1
	6.5-10.5 MeV

	2
	4.0-6.5 MeV

	3
	2.5-4.0 MeV

	4
	1.4-2.5 MeV

	5
	0.8-1.4 MeV

	6
	0.4-0.8 MeV

	7
	0.2-0.4 MeV

	8
	0.1-0.2 MeV

	9
	46.5-100 KeV

	10
	21.5-46.5 KeV

	11
	10.0-21.5 KeV

	12
	4.65-10.0 KeV

	13
	2.15-4.65 KeV

	14
	1.0-2.15 KeV

	15
	465-1000 eV

	16
	215-465 eV

	17
	100-215 eV

	18
	46.5-100 eV

	19
	21.5-46.5 eV

	20
	10.0-21.5 eV

	21
	4.65-10 eV

	22
	2.15-4.65 eV

	23
	1.0-2.15 eV

	24
	0.465-1.0 eV

	25
	0.215-0.465 eV

	26
	0.0252 eV
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Figure (2.4.1): out coming neutrons spectrum from natural uranium.
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Questions

1- What are the differences between neutron and proton energy levels in shell potentials?

2- Some nuclear potentials have complex arguments. Explain the use of these potentials. 

3- An incident 2 MeV neutron beam on a foil of iron. What are the neutron spectrum energies of the out coming beam?  Compare with natural uranium foil.  
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