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Frequency Analysis of Signals and Systems

The Fourier Series for Discrete-Time Periodic Signals

The Fourier representation of signal maps the signal into frequency
domain.

The Fourier transform provides a different way to interpret signals
and systems.

It is useful for convolution operation in time domain maps into
multiplication in frequency domain

It gives us information about system or signal characteristic of
behavior
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’ The Fourier Series for Discrete-Time Periodic Signals ‘

‘ A given periodic sequence x(n) with period N, that is x(n)=x(n+N)

‘ The Fourier representation of x(n) can be expressed as

N-1
X(n) _ zckejZﬂkn/N
k=0

where ¢, ara the coefficients in the series representation. This
equation is called the Discrete-time Fourier Series (DTFS)

The Fourier coefficients {c,}.k=12,..,N-1 provides the description
of x(n) in the frequency domain

l N-1
—j2nmkn/ N
¢ =—Zx(n)e e
Nn:O
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¢, represents the amplitude and phase associated with the
frequency component

Jj2xkn/N __ _ joyn

’sk =e
where ||@, =27k/N|

‘ The function S, are periodic with period N. Hence

8i(n)=s,(n+N)
N-1 N-1
So, that Coy = %Zx(n)e—jZ”(k+N)n/N _ %Zx(n)e—jannlN =c,
n=0 n=0

e

‘ Therefore,c, is periodic sequence with fundamental period N.

Instead of focusing in periodic range k=0, 1,..., N-1 in frequency

27k
domain 0<ao, =%<2’f for 0<k<N-1, We do in range of

N

2rk . N
TELD, == <% , which corresponds to —7<k<7
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’ Example: H Determine the spectra of the following signal ‘

wn
x(n)=cos—

w, =

T 1
3| s
‘ Hence x(n) is periodic with fundamental period N=6

N-1 5
c = %Zx(n)e_ﬂ”k"”v = %Zx(n)e_ﬂ”kn/é ,k = 0,1,...,5
n=0 n=0

zn 1
x(n) = cos— = —e/*™'6

+le—j2/m/6

’ jamnl6 _ ,j2a(5-6)n/6 _ ej27r5n/6‘ ‘which means that ‘ c, =c
1< N7T\ _jaxknl6

¢, == cos(—)e”’ k=0,1,...,5
6= 3
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’ Example:(cont, ‘

1 T _jankl 27 ok 37 _iamksre
o :g(1+cos—e JIS 4 cos ——e 0 4 cos e/
+cos 4r o IAmk4I6 _}_Cossiesz;rks/s)

, k=0,1,..,5
c, =0 _L 1
0 Cl—E c, =0 c3:0 ¢, =0 ¢ E
% Find the Fourier Series coefficients of x(n)=cos(pi n/3)
for k=1:6
c(k)=0;
forn=1:6
g(k)=c(k)+cos(pi*(n-1 )3)*exp(-j*2*pi*(k-1)*(n-1)/6);
en
| c(k)=c(k)/6;
| | end
for k=1:6;
] rats(c(k))
| end
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Example: || Determine the spectra of the following periodic signal
with period N=4

x(n) = {1,1,0,0}

N-1 3 |
€, = %Zx(n)e’jz”""w = %Zx(n)e’jz”k"/4 ,k=0,1,2,3|..!
=0 =0 I

ck=i(1+e’f“““) , k=012,3

1 1 1
=7 la=50-0 e, =0+7)
1
03] Jo=g] [«a =5 B=0
‘ ‘_Q V4
€)= 4 KC3=Z
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Fourier Transform for DT ‘

is defined as

The Fourier transform of a finite-energy discrete time signal x(n)

©

n=—o

X(w) = z x(n)e™i®n

‘ X(w) signal is periodic with period 27 ‘

X(w+27k)=
X(w+27K)=

X(w+27k) = z x(n)e " = X(w)

—j(w+27k)n

DMs

x(n)e

0

—jrune—j27rkn

DM

x(n)e

0

Nn=—w

The inverse Fourier transform of discrete-time signal is

X(n)=—— I X(@)e!“"do
2r
-
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Properties of the Fourier Transform for DT

Properties Time Domain
Notation x(n), x4(n), xa(n)
Linearity axy(n)+ b xp(n)
Time Shifting x(n-k)

Time Reversal x(=n)
Convolution x1(n)* xa(n)
Correlation I (1) =X1(1)" %o (1)
Frequency Shifting el x(n)
Modulation xy(n)cos wyn
Multiplication X1(n)xo(n)
Differentiation in *
Frequency domain x (n)
Conjugation nx(n)

0

Parseval’'s Theorem

n=—o

> o)== [ Xy(@Xio)do

Frequency Domain
X(w), Xi(@), Xo(w)
aXy(@) + bXo(w)
e 1" X(w)
X(~o)
X4(0)X,(0)
Sk, = Xe(@)Xa(-0) = Xy(@)X; (@)
X(w—ay)
X+ )+ 2 X(w - an)
% j X4(A)Xp(w - 2)dA

=4

LdX(w)
/ do

X' (-o)
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x(n)=0.8"|[Fe<n<w

_Ja" n=o0 -n
X1(n)7{o n<0 Xz(ﬂ)={a n<0
0 nx>0

©

Xi(w)= z

0

x(nje /" = 0.8"e "
n=0

n=—o0 n=0
_ 1 _ el®
1-0.8¢7/° &/?-08
© ] 1 _ —1 _
Xy(@) = Z x(n)e~ien = z 0.8 g jon — z (0.8ef”y™"
n=—o0 n=—o n=—o
= i(O.Be/ﬂ’ Y = 7086]@
~ 1-0.8¢/®

2(0.867/‘” ) .

x(n) = x41(n) + X5(n)
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Example: (cont) ‘

1 0.8e/” 1-0.82
X(w) = X4(@)+ Xo(w) = = —= >
1-0.8¢ 7/ 1-0.8¢/” 1-2(0.8)cosw+0.8
n=-20:20;
Fourier transform of x(n) sequence X=0'8'Aabs(n);
S stem (n,x)
EL | | xlabel ('n")
ylabel ('x(n)")
T 1 | title ('x(n) sequence')
sl i
figure;
ST 1 | w=-2*pi:0.1:2*pi;
4l 1 | y=(1-0.8"2)./(1-2*0.8*cos(w)+0.8"2);
plot (w,y);
B 1 | xlabel (\omega')
2} 4 | ylabel ('y(\omega)')
title ('Fourier transform of x(n)
T 1 | sequence')
0 . (Fourier1.m)
-8 -2n-6 -4 - -2 a 2 T4 6 2m i3
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Example: ‘

xin) sequence

1-0.52

X(w)=——""——
@) 1-cosw +0.52

n=-20:20;

b=0.5

x=b."abs(n);

stem (n,x)

xlabel ('n")

ylabel ('x(n)")

title ('x(n) sequence')

figure;

w=-2*pi:0.1:2*pi;

y=(1-b"2)./(1-2*b*cos(w)+b"2);

plot (w,y);

xlabel ("omega')

ylabel ('y(\omega)’)

title ('Fourier transform of x(n) sequence’)
(Fourier2.m)
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Example: (cont) ‘

2
1-0.5
X(@)=——~>
1-cosw+0.5
Fourier transform of x{n) sequence
3 T T T
25
ol
215
=
1k
05
0 I
-8 6 4 2 o] 2 4 6 8
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x(n)=05"| [0<n<]

X(@)= Y x(me " = 057e" = > (05e7)"
n=—o n=0 n=0
1 el®
1-05e7  ef*_05

x{n} sequence

o9t
0s
o7
06

ZEost

I S
oz

a1

1@
B
B

o
aFs

=3
2

20
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Example: (cont) ‘

Fourier ransform of xin) sequence

n=-0:20;

T " T ™ " 7
F oA /

b=0.5
x=b."abs(n);
stem (n,x)
xlabel ('n")

1 | ylabel (x(n))

title ('x(n) sequence')

figure;
w=-2*pi:0.1:2*pi;
X=exp(j*w)./(exp(j*w)-b);

4 | subplot (2,1,1)

plot (w,abs(X));

xlabel ("omega')

ylabel ("X(\omega)')

title ('Fourier transform of x(n) sequence’)

ra b
=
ra b
I

subplot (2,1,2);

plot (w,phase(X));

xlabel (\omega')

ylabel ('Phase (X(\omega))")

title (‘Fourier transform of x(n) sequence")

Fourier3.m

ECE 308-13 15

Frequency Analysis of Signals and Systems

A0)=(0 un)

X(w) = i x(n)e i = i(—O.S)”e’f“’” = i(—O.Se’f”’)”
n=0

n=-—x n=0
1 el®
T 1+05e77 el 105

=in}

() sequence

05

05

20

n=0:20;

b=-0.5

x=b."n;

stem (n,x)

xlabel ('n')

ylabel ('x(n)")

title ('x(n) sequence')

figure;

w=-2*pi:0.1:2*%pi;

X=exp (j*w) ./ (exp (j*w) -b) ;
subplot (2,1,1)

wpi=w/pi;

plot (wpi,abs(X));

xlabel ('\omega/\pi')
ylabel ('X(\omega)')
title ('Fourier transform of x(n)
sequence')

subplot (2,1,2);

plot (wpi,phase (X)) ;

xlabel ('\omega/\pi')
ylabel ('Phase (X(\omega))"')
title ('Fourier transform of x(n)

sequence')
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Example: (cont) ‘

Foumer tramstonn of xin) sequence

2 15 -1 05 0 05 1 15 2

- . @i
Founer transform of xin} sequence
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Example: xm=12 95nsS| Moo
0 otherwise x=2*% (n>=0 & n<=5);
g stem (n,x)
2 » L 1_gI6e xlabel ('n')
X(w) = 2 x(n)e~ien :ZZe o :2W ylabel ('x(n)")
n=—o n=0 title ('x(n) sequence')
_2 e Jj3w |:e/3w_e /3w:| ~ e,jgwm figure;
e’f”/z[ef”’/z—e’f“”z] siNw/2| | y=—2%pi:0.01:2%pi;
- X=2* (l-exp (-j*6*w)) ./ (1l-exp (-J*w));
3 R subplot (2,1,1)
wpi=w/pi;
plot (wpi,abs (X))
xlabel ('\omega/\pi'
- ] ylabel ('X(\omega)"')
title ('Fourier transform of x(n)
€15 ] sequence')

subplot (2,1,2);

. ] plot (wpi,phase (X)) ;

xlabel ('\omega/\pi')

ylabel ('Phase (X (\omega))')
title ('Fourier transform of x(n)
sequence')
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’Exam le: (cont

|

Hlo)

Fourier ransform of x{n) sequence

\ I fr"'
J 4
) {
'\ ! \'\ f
) \

\ ! i 4
\ If \ /
VN . Y VAN e e A
Vo VNN Y VNV NN Y

2 15 1 08 0 [13-} 18
@l
Founer renslonm of x(n) sequence
T . i . i v 1

(&)
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