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Rational Z-Transform

| Poles and Zeros |

The poles of a z-transform are the values of z for which if X(z)=c
The zeros of a z-transform are the values of z for which if X(z)=0

‘ X(z) is in rational function form ‘
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Rational Z-Transform

Poles and Zeros

|

plane.

Shows the location of poles by (x)
Shows the location of zeros by (0).
Definition of ROC of a z-transform should not contain any poles.

We can represent X(z) graphically by a pole-zero plot in complex

‘ ‘ Determine the pole-zero plot for the signal ‘

’ Example:
x(n) = a"u(n)
‘ The z-transform is ‘ X(z)= ! S
l-az”' z-a
‘ One zero at z,=0 ‘
One pole at p,=a.
p,=ais not included in the ROC

4 Im(z)

Re(2)

)
/

-
N

E 307-113

Rational Z-Transform

Example.2:

Determine the pole-zero plot for the

signal
x(n) = a" 0<n<7
0 elsewhere
‘ The z-transform is ‘ 7 » 1-(az 1)8 R
X(z)= 1) = =
@) ,,Z:(;(az ) l1—az™ z' (z—a)

_ Jj2rk/ M i .

‘ the poles at p=0 ‘

X(z)=

(z-2)(z-2)(z-2)

7
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14718
z, =ae’™"

‘ ROC: the entire z-plane except z=0 ‘
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Rational Z-Transform

’ Pole Location and Time-Domain behavior for Causal Signals

’Forthe signal ‘ ’m [a> 0]

-1

’Thez-transform is ‘ X(z) = 1
l—az

z

zZ—a

’ One zero at z,=0 . One pole at p,=a.

|

The signal is decaying O<a<1

The signal is fixed if a=1

The signal is growing if a>1

The signal alternates if a is negative

Causal signals with poles outside the
unit circle become unbounded.

x(n)
O<a<1
n
x(n) ®
[ a>1
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Rational Z-Transform

’ Pole Location and Time-Domain behavior for Causal Signals

’ Impulse invariance mappingis z=¢e S T‘

Im{s}

s=1t;] =

(1

Im{z}
©)

N2

s=-1%j = z=0.198%;031(T=1s)
z=1469+;2287(T=15)

Re{z}

Laplace Domain

Z Domain

Left-hand plane
Imaginary axis
Right-hand plane

Inside unit circle
Unit circle
Outside unit circle

ECE 307-11 6




Rational Z-Transform

’ The system Function of a Linear Time —Invariant System

The input sequence x(n)
The output sequence y(n)

‘ The relationship in the z-domain ‘ ]Y(z) = H(z)X(z)\

H(z)= LZ) ’ is called system function ‘

X(2)

‘ H(z) is obtained

H(z)= i h(n)z™ ‘ We can take the inverse of z-transform to find h(n). ‘

n=—0

H(z) can be obtained from a linear constant-coefficient
difference equation.

y(n)=—Zaky<n—k) +Zbkx(n—k>
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Rational Z-Transform

H(z) can be obtained from a linear constant-coefficient
difference equation.

y(n) =—Zaky(n—k) +Zbkx(n—k)

‘ The z-transform ‘

Y(2)=-)>aY(D)z " +) b X(2)z™*

Y(z)(l + iakzkj = ﬁ:ka(z)z*’f

bz ™"
H(Z) — Y(Z) _ k=0

X ) (1+ ﬁ:a zk]

k=1
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Rational Z-Transform

y(n)= %y(n —1)+2x(n)

‘ The z-transform from the difference equation

Y(2)= %Y(z)z*1 +2X(z)

‘ The system function

Y2
A@D=307 L
2

The system has one pole at and one zero at
The inverse z-transform

h(n)= 2(%)1 u(n)
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The inverse of the z-transform

The inverse z-transform is formally given by

x(n)= %qgc X(2)z"'dz

There are three methods for evaluation of inverse z-
transform

1. Direct evaluation by Contour integration (using
Cauchy residue theorem)

2. Expansion into a series of term in the variable and

3. Partial-fraction expansion and table lookup.
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The inverse of the z-transform

’ The Inverse z-transform by Power Series Expansion

X(z2)= i c,z"

| With given ROC:

Example: || Using Power Series Expansion to determine the

inverse z-transform of

1
MO s
la.ROC: |7>1|
|b. ROC: |<05 |

>>y=[1];

>>h=[1-1.50.5];

>> n=7;

>> y=[y zeros(1,n-1)];
/ly={1,0,0,0,0,0,0}

>> [x,r]=deconv(y,h)

x =1.0000 1.5000 1.7500

1.8750 1.9375 1.9688

r= 0 0 0

0 0 0

1.9844 -0.9844

X(0) =1, x(1) = 1.5, x(2) = 1.75, x(3) = 1.875, x(#) = 1.9375k07.1; 11

The inverse of the z-transform

a. Since the ROC is the exterior of the circle, we can expect
X(n) to be a causal.

1+Ez’1+Zz’2+gz’3+£z"’+...
4 8 16
l—iz"+lz’2
2 2
Therefore .
31
i 29 3 X(Z):l-f—éz"+zz’2+ljz’3+ﬂz’4+ .....
S 22,9 = 2 4 8 16
27 T4 Ty l
%z’z —%z* ‘ x(n) con be obtained as
z —2_2 -3 12—4 x(n)z{l,i,z,g,ﬂ, ..... }
4 8 8 24 816
lj 7371 -4 T
8 8
E —3_£ 4 E =5
8 16 16
31 4 15 5
16 16 ECE 307-11 12




The inverse of the z-transform

b. ROC is the interior of a circle. The signal x(n) is anticausal.
The long division in the following way.

222+ 62° +4z° +302° +..

lZfz —éz’1 +1)l
2
1-3z+22
3z-27°
3z-9z° +62°

77 62 S R

7z° —212° +14z* ‘ x(n) can be obtained as ‘
152° —14z*
152° — 452% +302° x(n)=1{...30,14,6,2,0,0}

31z* -307° T

Therefore,
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The inverse of the z-transform

’ The inverse z-transform by Partial Fraction Expansion ‘

‘ We usually have X(z) function in a rational function form ‘

N(z) b, +bhz " +..+b,z"
- N

X(z)=

D(z) a,+az'+..+ay,z

A rational function is called proper if M<N.
A rational function is called improper if M>N.

An improper rational function (M>N) can be written as the sum
of polynomial and a proper rational function.

. (M- N,(z
X(2)=c,+cz " +.te, 2 MY +L
D(z2)
Example: 143204 2 e L
X(z)= 1 X(2)=142z"+—0—
1+ngl +—z7 1+gz“+7z‘2
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The inverse of the z-transform

The inverse z-transform by Partial Fraction Expansion

multiple-order complex poles.

Find the poles (denominator roots). We can have distinct real
poles, distinct complex poles, multiple-order real poles, and

’ Distinct Poles: The poles are all different ‘

4 4

A
o w

X(2)=—
1-pz

-1

1-p,z!

1-pyz'

give an example and use the

We can determine coefficient using different methods. Let's

of the methods
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The inverse of the z-transform

‘ Determine the partial fraction expansion the following function ‘

X(2)=

1-1.5z" +0.5z7

1

X(z)= 1 A

A

2

= +
(1-1z(1-05z") 1-1z" 1-0.5z"

To find coefficients ‘

1 1
A4=01-1zYX0)| , = = =
= (-1DXE) (1-052H"= "1-05
4,=(1-05zNX()| . = ! = ! _
?) . =2 (1_2*1) =2 1 _9
2 1
X(z)= -—
&= T o5

Assume that signal is causal

From the z-transform table

’x(n) = [2-(0.5)"}4(;1)\
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The inverse of the z-transform

Using MatLab to find inverse z-transform

>>syms zn
>> iztrans(1/(1-1.5*2"-1+0.5*z7-2))
ans =

2-(1/2)*n

>>syms zn
>> ztrans(2-(1/2)"n)
ans =
2*z/(z-1)-2*z/(2*z-1)
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The inverse of the z-transform

’ Multiple — order poles:

If X(z) has repeated poles. This time we use a different

expansion.
Let's say D(z) contains a repeated poles (1-pz™')". Then

N(2)
(1-pz")'Dy(2)
-1 —r+2 —r+l
-4 —+ Azzfl =+t A"‘Zfl —+ Az - PG
(=pz) (d=pz) (A-pz7)" (=pz") D(2)

X(z2)=

Tofind 4, 4,....4, ‘

1 d~"| z7'N(z) Azzi Z7'N(z2)
L (=Dl D) |- dz| Dy(z) |7
_zHN(z)
D@ |
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The inverse of the z-transform

’Examgle:
1 1 A A Az
Xz)=——-""—— — — 1 /) 3
® (+zHa-z"y *(2) Arz(1-2) (+z) d=z1 =2y

‘ Determine the coefficients. 4, 4,, and 4,

4=0+2)X@)|,, = _

L=z

1

=1 = 4

A3:(l_zil)sz(z)‘z":l:(1+ZZ_1)L,|:1=% .. l ‘ l l l |
Az—%[(l—z")zz){(z)llzl ] ‘ ‘ ; _ |

_d| =z _(+z)—z(-z7) _2+1_3
Cdz| (42 L, Qe R

11 3 1 1z .31
Y= T a0y x(n)_[4( b +4+2"}u(")
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The inverse of the z-transform

’ Distinct complex poles ‘

=i
Example X(z)= 1+z

‘ Find inverse z-transform. ‘

1-z"'40.5z7>
‘ Partial Fraction ‘

X(z) 1+z! 1+z!

: (-pz)-pz) 1_(1”1)24 1_(1_,-1][1
2 72 2 72

Al 2

] [ ]

‘ Determine the coefficients. ‘

4 = (1-pz)X()




The inverse of the z-transform

’Exam le (cont ‘

1+1 _ 1
] 142" 2775 )
4, = (1-pyz I)X(Z)‘z:pz = |:IZIZ,I = 2 __2 =P =
1—(7+ jsz"} A 1 1) 1
2 72 273 N L R
: [szjl_ T
2 2
1 .3 1+ .3
-1 == /= = =
Xtz 277 27
1-z'+05z72 1 1) 1 1)
I—[=+j—=|z l=|==j= |z
272 )
Alzé_Jizge#ﬂ.sss A2=7+j*=@€”7]'565 Alez*
p _7+j7_ie+/z4 -
' V2 P=D
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The inverse of the z-transform

’Exam le (cont ‘

i Vloe—j7l.565 Vloe_/'71.565
X()= =2 =
1-z7 +0.5z | |
l—ﬁe z 1—$€ z

Inverse z-transform.

>> n=0:20;
>> x=sqrt (10) * (1/sgrt(2))."n.*cos (pi*n/4-0.397*pi) ;

>> stem(n, x)

_\/E —j71.565 1 jml4 K \/E J71.565 1 —jxl4 i
x(n)—Te Lﬁe J u(n)+Te (ﬁe ) u(n)
x(n):x/ﬁ(%j [;e/[”:ﬂ.sss) +;ej(';"71.555)]u(n)

1Y n 1
x(n)—\/ﬁ(ﬁj cos(7—71.565}4(n) |




