Available online at www.sciencedirect.com

Fournal of
sclENCE@DlREGT" MATHEMATICAL
e 5} ANALYSIS AND
ELSEVIER J. Math. Anal. Appl. 303 (2005) 188-207 M

www.elsevier.com/locate/jmaa

Unique continuation property for a higher order
nonlinear Schrodinger equation

X. Carvajalf!, M. Panthe&?*

@ IMECC-UNICAMP, 13081-970 Campinas, S&o Paulo, SP, Brazil
b Instituto de Matematica Pura e Aplicada, Estrada Dona Castorina, 110 Jardim Botanico,
22460-320 Rio de Janeiro, RJ, Brazil

Received 6 November 2003
Available online 23 September 2004
Submitted by G.A. Hagedorn

Abstract
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is supported in a half line at two different instants of time thea 0. To prove this result we derive

a new Carleman type estimate by extending the method introduced by Kenig et al. in [Ann. Inst.
H. Poincaré Anal. Non Linéaire 19 (2002) 191-208].
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1. Introduction

Let us consider the following equation:
du+ iad?u + Bocu+ iy ul®u + 8|ul?du + eu?d, i =0, x,1eR, (1.1)

wherea, B eR, 8 #£0,y,8,¢ € Candu = u(x, t) is a complex valued function.

This mixed model of Korteweg—de Vries (KdV) and Schrodinger type was proposed by
Hasegawa and Kodama in [7] and [11] to describe the nonlinear propagation of pulses in
optical fibers.

In this work we are interested to study the unique continuation property for Eq. (1.1).
Unique continuation property says, if a soluti@ro certain evolution equation vanishes
on some nonempty open subgebf 2 then it vanishes in the horizontal componentf
wheres? is the domain of the evolution operator under consideration.

As far as we know, the first work in this direction for a general class of dispersive equa-
tion is due to Saut and Scheurer [14]. They used Carleman type estimate to obtain unique
continuation property for such class of equations. In particular, the KdV equation falls in
the class considered in [14] and so the unique continuation property is valid for solution of
the KdV equation [14, Theorem 4.2]. Later, B. Zhang [16] used inverse scattering trans-
form and some results from Hardy function theory to prove that the solution to the KdV
equation cannot be supported in the horizontal half lines at two different moments unless
it vanishes identically. To get this restie imposed certain decay condition on the solu-
tion. This slightly stronger result recovers the result due to Saut and Scheurer [14]. Zhang
[16] also proved the same result for the modified KdV equation using Miura’s transform.
Recently, Bourgain [2] introduced a differesgpproach and proved that, if a solutiorio
a dispersive equation has compact support in a nontrivial time intér¥alzq, 2] then
u vanishes identically. Use of complex variables technique along with the Paley—Wiener
theorem are the main ingredients in Bourgain’s approach. In fact, the result obtained by
Bourgain [2] is a direct corollary of Theorem 4.2 in [14] in the case of the KdV equation,
but it has merit of being simple and more general method to be applicable in higher spatial
dimensions too. Quite recently, Kenig et @] [ntroduced a new method and proved that,
if a sufficiently smooth solution to a generalized KdV equation is supported in a half line
at two different instants of time thenvanishes identically. To get this result they derived
a Carleman type estimate exploiting the structure of the generalized KdV equation and
combined this with the result in [14] mentioned above.

The main result of this work is in the same spirit to that for the generalized KdV equation
obtained in [9] and reads as follows.

Theorem 1.1. Letu € C([11, 12]; H*)NCY([11, 12]; HY), s > 4, be a solution of the equation
(1.1)witha, B, v, 5,€ € R, B £O. If there exists; < 2 such that

suppu(-, 1) C (—00,a), j=1,2, (1.2)
or (suppu(-, ;) C (b,00), j=1,2). (1.3)

Thenu(r) =0for all 7 € [11, 12].
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To prove this theorem, we follow the scheme introduced in [9] by deriving a new Car-
leman type estimate (see (3.14) below) related to Eq. (1.1). Whe® the linear part of
(1.1) reduces to that of the KdV type equation and in this case one can utilize the estimate
derived in [9]. So we suppose# 0 in our analysis. In this case also, it seems that one
can combine the term containiagwith the nonlinear terms and use the theory developed
in [9] directly. But this idea doesot work because the term containiagloes not have a
decay property like other nonlinear terms (sesriark 3.10 below). Therefore, it is neces-
sary to obtain a new Carleman type estimate for Eq. (1.1). Here we do it, in some sense, by
extending the estimate in [9] to the mixed equation (1.1) of type KdV and Schrédinger. The
existence of the third order derivative in the linear part of (1.1) (8e40) helps us to get
the exponential decay of the solution to (1.1therwise the situation is much complex as
can be seen in the work of Kenig et al. [8]. Decay property of the solution is fundamental
to obtain Carleman type estimate. Once this new Carleman type estimate is established, the
proof of Theorem 1.1 follows using the technique introduced in [9]. To conclude the proof
of Theorem 1.1, instead of the result in [14] which is much stronger, we use the following
result.

Theorem 1.2. Letu € C([-T,T]; H*), s > 4, be a solution of Eq(1.1). If there exists a
nontrivial time intervall = [—T, T'] such that

suppu(t) S [—-B, B], Viel,

whereB > 0is a constant, then(s) =0forall r € I.

Remark 1.3. Note that, Eqg. (1.1) belongs to the class considered in [14] with appropri-
ate choice of the terms. So, Theorem 1.2 can be proved following the scheme introduced
in [14]. However, to follow the scheme in [14] one has to use very strong estimates of
Carleman type. Here we are going to give a simple proof by generalizing the method intro-
duced in [2] which utilizes the analyticity of the terms obtained after applying the Fourier
transform in Duhamel’s formula. The Paley—Wiener theorem plays a central role in this
approach. We believe thatishresult will be interestig for readers because the method
employed in the proof can also be used to more general class of evolution equations in
higher spatial dimensions.

The initial value problem (IVP) associated to (1.1) has also been studied by several
authors in recent years. Taking 8, y, § ande as real constants, Laurey [12] proved that
the IVP associated to (1.1) for given data##i (R) is locally well-posed when > 3/4
and globally well-posed when> 1. Later, using the techniques developed by Kenig et
al. [10], Staffilani [15] improved the result in [12] by showing that the IVP associated to
(1.1) is locally well-posed irH* (R), s > 1/4. Recently, using the method introduced by
Bourgain [1] and further developed by Fonseca et al. [6], Carvajal and Linares [4] proved
that the IVP associated to (1.1) is globally well-poseddf(R), s > 5/9 (see also [3]).

The IVP associated to (1.1) whenandpg are functions of € [—Tp, To] for someTp > 0
andpg(t) # 0 for all t € [—Tp, To] has also been a matter of study (see, for instance, [12]
and [5]).
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The remainder of this article is organized as follows. In Section 2, we prove Theorem 1.2
and in Section 3, we prove our main result, the Theorem 1.1. Finally, in Appendix A, we
state a known result which is utilized in this article.

Notation. Now we give some notations which will be used throughout this work. WeFuse
to denote Fourier transform and is defined@yf) (&) = (27)~Y2 [ exp(—ix£) f (x) dx.
We useC®! to denote the space of functions which & in space variable and? in

time variable anc{?g’1 to denote the space of real valued function€'h® with compact
support. We writed < B if there exists a constart> 0 such thatd < ¢B. Also, we use
0*3 to denote the convolution produgt« p % p and suppf to denote support of .

2. Solution with compact support in atimeinterval

This section is devoted to prove Theorerd.Me proceed by proving following results
that will be useful in our analysis.

2.1. Preliminary results

Fori € R andu = u(x, t), a solution of Eq. (1.1), let us define

p() = sup sugF(u®))|= sup u*) (2.1)
1 Z12] tel [A/1Z 2]
and
M =sup|u@®)| .- (2.2)
tel

First, let us start with the following lemma.

Lemma?2.l. Letu € C([—T,T]; H%), s > 4, be a solution of Eq¢1.1)and B as in Theo-
rem1.2;then we have

<\/§M

A :
p( )N1+A4

(2.3)

Proof. Using Cauchy—Schwarz inequality we get

sup [ [ut)(x)|dx SVBM.

tel

Hence for allz € I,
|Fu@®)n)| S VB M. (2.4)

Sinceu € C([-T,T]; HY), s > 4, using Cauchy—Schwarz igeality combined with (2.2)
we obtain

AP |F (@) W)| = |F(DLu@) )] </|D;u(t)(x)|dx§«/§M. (2.5)
R

Combining (2.4) and (2.5) we get the required result
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Remark 2.2. (1) If there existg such thatu(z) # 0 andu(¢) has compact support then
o(A) >0forall A e R.

(2) If wis such that syp r; lu(®) | z» < Mo, for alln € N-andB as in Theorem 1.2,
then

/B My
PR S 7 :
+ )\’I‘l
This in turn implies that:(z) =0 forall z € I.

(2.6)

Next, using (2.3), we have the following lemma whose proof is similar to the proof of
lemmain [2, p. 440].

Lemma 2.3. Letu = u(x, t) be a solution of Eq(1.1) with the same hypothesis of Theo-
rem1.2 Suppose that there exist& I such thatu(z) # 0, then there are numbers> 0
and Np > 0 such that, for anyv > N, there are arbitrarily large values of (i.e., for all

A’ > O there exists. with [A| > 1), such that

p() > ep*3() (2.7)
and
p(A) > e /N, (2.8)
Remark 2.4. If 1 > 0 satisfies (2.7) and (2.8) then so dees.
In sequel we use the following result whose proof follows from Lemma 2.3.
Corollary 2.5. Suppose the hypotheses in Lenth&are valid, then there exist arbitrarily
large > and N andt, ;=11 € I, such that
p() =|F(u) ()| 2 p*°G) and p() >e N,
In what follows we need some derivative estimates for entire functions. Using harmonic
measure and A.A. Markov inequality for polynomials (ieP/ || Leo[0,1) < 2n?| P|L>[0.1],

wheren is the degree of the polynomi&l, see [13, p. 40]), Bourgain [2] proved the fol-
lowing lemma.

Lemma 2.6. Let @ (z)be an entire function bounded and integrable on the real line such
that|@ (A +i6)| <el?!B, 1,0 e R, B> 0. Letg(x) =x(1+|logx|), x > 0, and suppose

p() = sup [P()].
[A|>A>0

Then,

sup [@'()] < Bg(h(1). (2.9)
[M|=A>0

Proof. See Lemma2in[2]. O
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Corollary 2.7. Letv(0, ) := SURs/|>2>0 |® (A" +i6)|. Under the hypothesis of Lem&
if € Ris such thatf| < 1/B(1+ |logp(r)]); then

v(0, 1) < 26(1). (2.10)
Proof. See Corollary Bin[2]. O

Corollary 2.8. Lett € I, @(z) = F(u(t))(z), 0 as in Corollary2.7andp asin(2.1), then
for |6’ < |0] fixed, we have

|’ =2 +i0)| S B[p(W) + p(h — 1) ][1+ |logp(W)]]. (2.11)

Proof. Let us conside® (z) = ®(z +i6'),z=x+iy,x,y € R. By (2.10),0 is bounded
and integrable on the real line. Using (2.9) tor we have

|@'(.— 2 +i0)| < sup |®'(A+i0")|= sup |©' ()|
[A|=1>0 [A]|=>A>0

< Bw)(1+ |logw)|) < Bo(W)(1+ |logp ()

), (2.12)

wherex = min{|A|, |x — X[}, w(X) = SUR; >i-0l @ +i0)] and in the third inequality
the estimate (2.10) has been used.
Itis clear that for large., |logp(A)| = —logp(A) and

P <p(R)+p(h—1). (2.13)

Also, if p(1) < 1, then ask < |A| we have—logp(h) < —logp(X). If p(2) > 1, using
(2.3) and taking. large we gebp (L) p(1) < p(1)/(1+ 1% < 1 and therefore, log(1) <
—logp(A). Hence in any case

log|p(M)| < [logp(1)]. (2.14)
Now combining (2.12), (2.13) and (2.14) we get the required estimate.

Lemma 2.9. If p(1) is a function defined i{2.1)then there existag > 0 such that

gm:/ / E1p(h — & — )p(n) d& dn < |XJag + do.
R [E[>]A]

Proof. Sinceg is an even function we can suppdse 0. By (2.3) we have

gl
< [ - S
g()\)N/p(n) / 1+(A_€_n)4d€dn
R [E12>]A]
= [ ot 7Ld§+]Ldé . (2.15)
JPP ) Tra-e=t T Tra—e—pr T

Let us us& — A = x in the first integral to get
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o o o
X+ A 1 X
— dx =A ——— dx + —— dx
1+ (n+x) 1+(m+x) 1+m+x)
0 0 0

< Ab1 + |nlb1 + bo.
Also usingé — A = x in the second integral we get
—2) —2) —2)

—X—A 1 X
74dx =—A 74dx — 74dx
1+(m+x) 1+(m+x) 1+(m+x)

—00 —00 —0Q0
< |nlb1 + bo.
Therefore,

g < / p () (Ab1+ 2|n|b1 4 2bo) dn < Aao + ao.
R
This completes the proof of the lemmar

In what follows we considex, t; as in the Corollary 2.5, € I such that
At =t — 11| =T, (2.16)

and® small such that sgh= — sgn(8 At). After choosing sign foé let us choose sign for
A such that sgih = — sgn(a6 Ar). Therefore 86 At < 0 andafr At < 0.

2.2. Reduction of the problem using Fourier transform

Using Duhamel’s formula we have far, 1> € I,
7]
u(t2)(x) = U(tz — tp)u(t1)(x) — / U(tz — ) F(u)(7)(x) d, (2.17)
141
where U (Hu = e PPy, P(D)u = iad?u + o3u and F(u) = iy|ulu + 8|u|?d.u +
€ud, ii.
Taking Fourier transforn in the space variable in (2.17) we get
F(u(t) (0) = & FF*H+200) £ (1 (19)) (1)
7]
- / ¢l B2 2= 7 (F () (1)) (V) d.
141
Sinceu(t) has compact support, by Paley—Wiener theotEm (z)) and F(F (u)(t))
have analytic continuation i@ and we get
F(u(t) 0+ i0) = ! POHOHa0HOD @210 7 (4 (11)) (3. 4 i6)
7]
- / ¢l BOHO +a 040D (=0 £ (F () (1)) (0 + i0) d. (2.18)

n
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Taking absolute value in (2.18) we get far =1, — 11,
1B > | F(u(t2) 0+ i0)|

> o 3A1A2F0—201A10+6% At |:‘.7-"(u(t1))()» +i0)|

195

At
= / ¢~ BOHN +aGOHiODT F(F (1) (x + 1)) (h + i6) dT } (2.19)
0
Let
At
Jo= / e CHBOFOHaOAONDD F(F () (1 4 11)) (A +i0) dT.
0
Let us denotéAr)™ := At if At > 0and(Ar)™ := —Ar if At <0, then we obtain
(An*
|Jol < / "I =20 BT | F(F () (11 + 1)) | (1 +i6) d.
0
In what follows we considefAt)™ = At > 0, the cas€Ar)~ = —Ar > 0 is similar. From
(2.19) we get
6\9\Be(3AtA2ﬂ9+2a)\A10793ﬁAt)
> | F (u(t) O+ i0)]
| At]
— / e—3xz\ﬁ9\r—2r|ah9l—93ﬁf‘}'(F(u)(r +1))|(A+i0)dt. (2.20)
0
For arbitrarily small values of, (2.20) becomes,
e 3100 > | F (1)) (1 +i6) |
T
- /e_r(3’\2|ﬁ9|+2|°‘w|)‘f(F(u)(r +1))|(x +i0)dT
0
>1h— - I3, (2.22)
where
T
I = |F(u(t) )| - / e*f<312'ﬁ9'+2‘“*9‘>|f(F(u)(r +1))| () d, (2.22)
0
I =|F(u(t))(h +i6) — F(u(t)) V)|, (2.23)
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T
Is= / e T@HBON2AID | F(F () (x + 1)) (h + i0) — F(Fu)(x + 1)) (V)| d.
° (2.24)

2.3. Proof of Theorem 1.2

This section is devoted to carry out the proof of Theorem 1.2. The principal point in the
proof is the use of the estimate (2.21) by finding lower boundf@and upper bounds for
I> and/s.

Proof of Theorem 1.2. We prove it by contradiction. Suppose

u(t) 20 forsomer € 1. (2.25)

As mentioned above, to arrive at contradiction we use Lemma 2.3 to get appropriate
estimates fotf1, I> and /3 and apply those in (2.21) for largeand smalb.
Using Corollary 2.8 with’ =0 and|9| < 1/B(1+ |logp(1)]) in (2.23) we get

I> < cop (L), (2.26)

wherecg < 1/3 is a constant.
Now we proceed to estimata and 3. Let F1(u) = iy |u|u, Fo(u) = 8|u|?d,u and
F3(u) = eu®d, it So that

F(Fiw) =iy F(u) = F(u) x F(in), (2.27)
F(Fo(u)) =i8F (u) * (EFw)(E)) = F(@), (2.28)
F(F3w) =ieF () * F(u) * (EF (@) (§)). (2.29)

Estimate for1. For simplicity let us introduce a notation= 32| 86| + 2|aA8|. Using
Corollary 2.5 we get from (2.22),

Ii>p) — I =12, (2.30)
where
T T
Illzzfe*”|f(F1(u))|dr and Ifzzfe*”v(Fz(u))+f(F3(u))|dr.
0 0

Using definition ofo (1), (2.27) and Lemma 2.3 we get

677(312\ﬂ9\+2|aw|))

T
3
2 *301 _
1< |y|p*3/efr(3k pol+2lero)) 4, _ V107
0

312|B6| + 2|arb|

lylp*3 < lrle@)
T 2larl| T 2c|arb|”

(2.31)
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Now, using Lemma 2.9, we get
T

< [ xp (@) 015+ el
0

T
=18 +elppx (EI0@) ) [ d (2.32)
0

On the other hand, we have

p o (Ix|p(x)) (M) < A" + p(h) / Elo(h —& —n)p(n) dé dn.

[§12]A]
Therefore (2.32) yields
T
12< 18 +€|(|k|p*3+a0p(k)(1+ |)\|))/e—”dr
0
IMpW)(c™t+ao) | p(Mao p(1)
<18 =ko——. 2.33
| +6'< 3A210F] 2|aw|) O] (2.33)
Hence from (2.30), (2.31) and (2.33) we obtain the following estimaté for
A
1200 - 22 (ko + 221 ) > 3egpa), (2.34)
|10 2¢|a|

where in the last inequality we have choseh> c1/|A|.

Remark 2.10. (1) To estimate/? in the case = 2¢ and nonlinearity y [u|%u + €(|u|u)x
we can use the following identity:

- 1 -
F)* (xF@)(x)) « F~Hu)(z) + ST W) Fu) * (xF~1u)(®))(2)

= %f(u) « F(u) % F 1) (2). (2.35)

(2) In the case when the solution is real and nonlinearity is of the ot po € N,
we can use

n n+1
Z

((Xf(X))*f*---*f)(Z)=n—+1(f*---*f)(Z)-

(3) The general case follows by using Lemma 2.9.

Estimate forlsz. Let Ly := |F(F1)(A +i60) — F(F1)(V)|, L2 :== |F(F2)(A + i6) —
F(F2)(M)| andLz := |F(F3)(A +i0) — F(F3)(A)|, so thatl3 can be written as
T

I3 < /(Ll + Lo+ L3)e "Vdrt.
0
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Now, using Lemma 2.3, Corollary 2.8 and takifgg < 1/B(1+ |logp(1)]), we get
Ly = |yl|F ) * Fu) * FLu) (A +10) — F(u) * F(u) * F-Lu) (V)|

=yl /]:(u)(?»Jri@ —& = mF@mF L)) dnds

F)(h =& =mF @)(F L) (E)dndé

|y||9|/ SUp [(F(uta + 1)) -+ 6’ =€ )| (o (©)d di
107110

< |y|/(p(x> PO~ & — ) p(mp(E) dE i
RZ
<y (K2 + 0*2) < p ) (K2ly | + ¢y l), (2.36)

wherek; = [ B1/(1+ A% d.
Asin L1, using Lemmas 2.3 and 2.9, we obtain

Lz < |8]p (W) (k2 + ao) + 8] p (W) |2 (¢~ + ao)
and

L3 < |e|p(M) (k2 + ao) + €| p (M)Al (¢~ + ao).
Therefore,

Lo+ L3 < (lel +181) (o (M) + p(W)[A]). (2.37)
Now from (2.36) and (2.37) we get

Li+La+ L3S p(h) + o)Al

Hence, we obtain the following estimate &

A
13</(L1+L2+L3)e 3t 21BO1+2lnd)) 4o < |)\(9|)cz<cop()\) (2.38)

0

where we have choséhsuch thalf| > c2/(colA|).
The use of (2.26), (2.34) and (2.38) in the estimate (2.21) yields
=319 > 3c0(3) — cop(1) — cop(2) > coe™ /Y, (2.39)
Since|Af| > c3, the estimate (2.39) gives
—milAl 5 =IA/N

moe

with mg > 0,m1 > 0 constants. But this inequality is false for large value®dy’atndx if we
chooseN > 2/mj and|)A| > 2|logmo|/m1. This concludes the proof of the theorent
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Remark 2.11. Note that ifcg = maxc1, c2/co}, ¢ > 0 is a constant andl is sufficiently
large then it is easy to get the following relation:

c3 c
— <.
Al B+ [logp(M)])
So, we can choosesuch thaté| lies between these two values.

3. Solution with compact support at two different time

As mentioned in the introduction, this section is devoted to prove Theorem 1.1. Let us
start with the following remark of technical character.

Remark 3.1. We can supposg > 0. In fact, fora # 0 we can supposg = |«|/3.

If B <0 we definew(x, ) =u(x, —t) thenw is a solution to Eq. (1.1) satisfying (1.2)
or (1.3) and the coefficient of the third derivative is positive.

If B > 0anda # 0 we definav(x, 1) = u(a1x, r) with @ = |a|/38, thenw is a solution
of the equation

wy + ia&zwxx + ,3513wxxx + i)/|w|2w + 8&|w|2wx + G&wzu_)x =0.

Now |a|a?/3 = Ba® = |a|3/(27B%), moreover it is easy to see thatifatisfies hypoth-
esis (1.2) or (1.3), thew also satisfies the same hypothesis.

3.1. Exponential decay of solution
In sequel we need the following results.

Lemma 3.2. Letu = u(x, t) be a solution of Eq(1.1)such that

sup |u(. 0 Hi®) = €0 < 00
te[-T,T]

If for n > 0, e™ug € L2(R) thene™u € C([—T, T1; L3(R)).
Proof. By Remark 3.1 we can suppose thfat- 0 and|«|/3 < 8. Let us considery, €
C®(R), 0< g, < €™, 0, (x) =™, x <n; @ (x) = €2, x > 10n; 0 < ¢, (x) < N (x)

and|g, ) () <0/ gn(x), j =2,3.
Multiplying (1.1) by ¢,z and taking real part we get after integration,

d
E/|u|2(pn=2alm/8fuﬁ(pn—2,8 Re/ 33uiipy
—2(5+¢€) Re/ deui|u]’pn. (3.1)

Integrating by parts we get
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_ 1
Re/ Bxuu|u|2(pn=—£—1/|u|4(p;, (3.2)
2Re / d3uitg, = — / ulPed +3 / |0cu ). (3.3)
Im/&fuzhpn:lm/ué%c_ugo;. (3.4)

Sinceg;, > 0 and Im[ ud,ug), < 3([ |ul?p, + [ 13:ul?¢)), we get from (3.1)—(3.4),

d
E/w%m|a|/|u|2<o,;+|a|/|ux|2¢;+/3/|u|2¢,53>
6+¢€)
—Sﬁ/|axu|2<p;,+7/|u|“¢,;

=(|a|—3ﬁ)/|axu|2¢,;+|a|n/|u|2¢n+ﬁn3/|u|2¢n

6 +€)
+ > n/|u|4<pn

1)
<(|a|n+ﬁn3)/|u|2¢n+( Ze)nnuuio/mm. (3.5)

Integrating and applying Gronwall’s inequality we get

f uln < / luoPone®,

whereC = |a|n + Bn° + c&n(8 + €)/2 and in the limitue™ € C([—T, T1; L3(R)). O

In general we have the following lemma whose proof follows by induction.

Lemma3.3.Letn € Z,n > 1andu = u(x, t) be a solution of Eq(1.1)such that

sup |u(. 0 fn () < OO
te[-T,T]

If for n > 0, ™ uo, .. .,e"xE))’Z*luo € L%(R) then

sup He”xu(-, t)}
te[-T,T]

H-1(r) < O°-

3.2. Carleman type estimates
Let us prove some multiplier estimates which will be used in sequel.

Proposition 3.4. If ¢ () = as€® + axs? + a1& + ao, az # 0and f € C3(R?) then

/ei(x,t»(s,qs(s))j:(f)(g,¢(«§))d‘§

R

Slasl ™4 fll Lo gy, (3.6)
L8(R?)
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Proof. Let us define

V(0)volx) i= / FOEHOEN F(0) (£) dE = FH O F (00) ()) (x).
R
Then we have

[va-nigaiar = [ a0 EOR e g) de.
R R
Therefore, (3.6) is equivalent to

/V(t—t')f(x,t')dt/

R

—1/4
Slasl ™1 fll Lo gy,
L8(R?)

Using Theorem A.1 in Appendix A faf = 8 we get

[V @woll o, S last ™ *llvoll o).

201

(3.7)

(3.8)

(3.9)

Now, using the Minkowski inequality, (3.9) and fractional integration, we get

/V(t—/)f(x,/)dt’ < /HV(t—t/)f(x,t/)”La(R)dt’
R L) i ) L8®)
/
e [ CONer g
S las] ra dt
|t =)t 5
LP(®)

Slasl ™Y £l Lo gy
which concludes the proof.C
Proposition 3.5. For all 4 € Cg’l(Rz) and/ e R, [ # 0, we have

Il orey S 1BI7Y* (3 + BOP + iadZ + £ 0y +i6 + 1) || o7, g)-
Proof. Let

. 1
_ ixn-Go_ =
Sh(x,t)—//e (T_¢(§))_ilf(h)(é,r)dédt,
R R

whereg (§) = B&° + a5 — £& — 0.
So, (3.11) follows if we prove

|ShGx, 0| Loz, S 181741 Lo g2y,

Now we have

Sh(x,t) :/b(s)V(s)h(o, t—s)(x)ds,

R

(3.10)

(3.11)

(3.12)

(3.13)
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whereV (s) is the unitary group defined in (3.7)with =8, a2=«a,a1=—¢,a0=—0
and

et Ziﬂefl‘y)({5<0}(s) if ] <O,
bis) _/ T —il dr = { 2in’e_ls)({520}(s) if ] >0.

As |b(s)| < 2x for all I, s € R, using (3.9) and fractional integration we can obtain the
required result. O

Remark 3.6. By the result of the previous section fife Cg’l(Rz) is such thato, +ia8§+
B33 f =0thenf =0.

Now, we prove a Carleman type estimate which is the main ingredient in our argument
to prove Theorem 1.1.

Lemma3.7.If f € C3(R?) then

€™ £l sz < c(B) €™ (3 + iadZ + BOY) f | Lo g)- (3.14)

for all o, A € R with ¢ = ¢(B) independent of, «.

Proof. Itis enough to prove (3.14) for=+1. For, if

le* fll Lsre) < clle” (3 +iad? + ﬂaf)fHLsﬁ(Rz)! (3.15)
andx > 0, then making change of variablés, s) = (x /A, 1/23), we get

le* fill Loy = AM20€™ £l pare) (3.16)
and

a2 3
Hex (at + laax + lBax)f)\ || L8/7(R2)
=212 (05 + iand + B03) f | L7 ze)- (3.17)

Sincec = ¢(B) is independent of and A, using (3.16) and (3.17) in (3.15) we get
(3.14). The case < 0 is similar and the case= 0 follows from the case # 0 by taking
the limit asa — 0.

Observe that, if we prove

gl zare) < c(B)[| @ + BO3 — 3BOF + 3By — B+ ict +id? — 2iad)g | o7 ze,
=c(B)(3 + B@x — D> +ia @ — D?)g 57m2): (3.18)

forall g € Cg’l(Rz), then (3.15) follows by taking (x, t) = ¢* f (x, ). Hence our interest
here is to prove (3.18). For this we use Propositions 3.4 and 3.5.
Let us define

Lh = (3 + 03 — 3802+ 3B0x — B +iad? — 2iady, +ia)h.
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Then
FLh)E ) =[i(rt — &) + @ ]FM)E, 1) =&, 1 Fh)E, 1),

whereg (§) = B3 + ak? — 385 —a, (§) =3BE% + 208 — B.
As B #0, we havep(&, t) = 0 at the pair of points

2
1
Py — (£ F) = _j{_i o <+ +) )
c= @) = (a5 (5) +306)
Fora # 0, by Remark 3.1, we can consider- 0 and|«|/38 = 1. Therefore we have
+1/4/3 if o =0,
£ =1 -1+ V43 ifa>0,
1+./4/3 ifa<O.
In this way we get
£ >0, £ <0, |&|~1 (3.19)

Since h has compact support, we prove (3.18) by supposing S(R?), with
F(h)(P+) =0. Therefore (3.18) is equivalent to the following multiplier estimate:

|Sh(x, 0| L8z, < B8 2), (3.20)
where

. 1
_ i(x,1)-(§,7)
Sh(x,t)_R/R/e i(t_¢(§))+g($)]-"(h)(f§,t)d§dr. (3.21)

We prove (3.20) in the case supiph) C {(&,7): & > 0}. The case supp(h) C
{(¢,1): € <O} is similar.

From Littlewood—Paley theory it is enough to show (3.20) for edflh (see Step 5 in
[9]), where

F(Mh)E, 1) = x21()8 — &5 /27 FE, ), kel
So, we suppose that
SUPRF(h) € {(5,7): €20, 271 < e — g | <27}

We consider the casés< 0 andk > 0 separately. First, let us consider the caseO.
If & € suppF(h), then from (3.19) we get

@) ~|E—&f|le —&y| ~27F2 7~

In fact, as|g| < 27, & | S 2% we havel¢ — &1 27k. On the other hand, ifp =
£ — &, then we have k ¢ < 4 and for allk € Z,

& — &5 | = maxXco— 2, 2751 — cq). (3.22)

Hence & — &, | = 27% if k < 0. Using Proposition 3.5 it is enough to prove the inequality
for the multiplier
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1 1
i(T—¢E)+cE) i(t—pE)+27%
(272 — ¢(&))

= i=m1(§, 7).

li(x—¢ &)+ sE]Ili(t —pE) +272]°
If F(Sih)(x, 1) :=ma(x, ) F(Mgh)(x,t), we have

Sih(x,1) = f elr / D CION T (n) (£, (£)) dE d,
R R

where

2% —c®)
lit+c@)]lit+2%]
Using Proposition 3.4 and the fact thatis a multiplier inL? (R), 1 < p < oo, with norm

F(ho) (€. 2) =

F(Mih)(E, T+ 1).

2—2k|13|—l/4

Whellp S —S———a>
e 24 27%

(3.23)
we get
ISchllzocee) < [ Uhelsman dr < B Mxhl om s

R
Now, we consider the cage> 0. From (3.19) and (3.22) we have, fpe suppF(h),

s@E~E—g|le—& | ~27

The rest of the proof is similar to the cake 0, with 27 in place of 2%, o

As a consequence of Lemma 3.7 it is not difficult to prove the following results using
Lemma2.5in [9].

Lemma3.8. Letg € C3L(R x [t1, 2]). If for all > 0,

> lalg. 0] <epe™, 1 eln. ),

j<2
andg(x,t1) =g(x,t) =0forall x e R, then
”e)hxg”Ls(RX[fl,tz]) S c(,B)He)‘x (8f + iotaf + ﬁa)?)g”Lsﬁ(Rx[tl,tz])’ (3.24)

forall A € R, ¢ = ¢(B) independent of andc.
Lemma 3.9. Let u € C([r1, 12]; H*R)) N C1([11, 12]; HX(R)) be a solution of Eq(1.1)
such that

suppu(x, t1) € (=00, al.

Then for alln > 0,

Z‘E)}u(x, t)‘ Scegpe” ™, telt, ], x eR.
J<2
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3.3. Proof of the main result
Proof of Theorem 1.1. If u € C([r1, t2]; H*(R)) NCL([t1, 2]; HLX(R)), s > 4, is a solution
to Eq. (1.1) then we have

(3 +iad?+ B ug(x,1) = —pugVu + Fg, (3.25)

whereug (x,t) = ur(x)u(x,t), ur = nu(x/R), n € C*°(R), is nondecreasing for > 0,
given by

wor={} 122

Fr=ia(upu + 2uzdxu) + B(ugu + 3z oxu + 3/L’Rafu) (3.27)
and

V =iylul® +8iudeu + eudcii € LP (R x [11,121), p=>1. (3.28)

Since sUp.f;, 1,1 14 C, DIl gagr) < o0, (3.28) is justified by using Sobolev embedding
theorem lu|| e ) < ¢4 ||M||H1/2(R)' q>2).
From Lemma 3.9 we get

2

o |alwr) x| <CR. pa.me™, teln.a) xeR.
j=0

Moreover by (1.2)ug(x,t1) = ug(x,2) = 0 for large R. Therefore, by Lemma 3.8,
Holder’s inequality and (3.28), we get
le™ Rl 3oy 1o

A A
S clle™ urll s on 1V Las ez Ryxiin + €™ FRILS7®x(1y.101)
1 A A
< E ||€ qu”LB(RX[Il,tz]) + C”e XFR ||L8/7(R><[t1,12])' (329)

Since all the terms iFg have compact support R, 2R], from (3.29) we easily obtain

[7) 1/8
(/ / eBA(XZR)|u(x,t)‘8dxdt> < C(R) < 00, (3.30)

t1 x>2R
which is contradiction for. > 0 arbitrarily large unless supgr) C (—oo, 2R] for ¢ €

(71, 12].
On the other hand, if we considgre C*°(R), nonincreasing fox < 0, defined by

(x) = 1 ifx<-2
HY=10 if x > —1,

and use the above argument, it easy to get

[7) 1/8
( / / eSA(XJrZR)‘u(x, t)|8dxdt) < C(R) < 00,

t1 x<—2R
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which is again a contradiction for < 0, arbitrarily large unless supiz) C [—2R, 00),
fort € [11, 12].

Hence, supp(t) € [—2R, 2R], for all ¢ € [11, 2], and using Theorem 1.2 we conclude
thatu(r) =0, forallz € [r1,12]. O

Remark 3.10. The proof of Theorem 1.1 does not follow in a straightforward manner from
the theory developed in [9] although we can write (3.25) in the form

{8+ B Jur(x,1) = —purVu + Fp,
whereV as in (3.28) andy in (3.27) replaced with
Fr=—pg(iad?u) + B(1yu + 3y dsu + 3updiu).

As mentioned in the introduction, we cannotwlith this modificdion because the term
—y,R(iaafu) in Fg does not behave like other terms. This is due to the lack of compact
support and decay property for this term. As seen in the proof of Theorem 1.1 above, the
existence of compact support for the termginis essential in the argument we employed.
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Appendix A
Theorem A.1. Letug € LY (R), ¢ (§) = ap+a1& +azt? +azt®, a; € R, az # 0 and define

Lug(x) = / e PEOTIE L (o) (&) dE = ug x 19 (x),
R

where

19(x) = / FPEHTE g
R

Thenfor0<9<1,51+q_1/:1and _ (159)’

[

1 Luoll Loy < Clazl™3|luoll ' @), (A.1)

whereC is a constant independentaof, j =0,...,3.

Proof. See in Carvajal and Linares [5].00
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