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Abstract 

The topic of investigation is modeling basketball free throw shooting. Free throws appear simple, yet only one-third of NBA players shoot greater than seventy percent from the free throw line. This paper models free throw shooting and calculates the best angle to shoot a “swish.”

The original model studied does not account for any sideways error, air resistance, or spin of the ball, and assumes aiming for the center of the hoop results in the best chance for a swish. Given any shooting angle the model determines the initial velocity required for the center of the ball to pass through the center of the hoop. Once the initial velocity is found, it remains constant, but the shooting angle is varied to see whether the shot results in a swish. Using these assumptions and after deriving equations simulating the trajectory of the ball, Excel will be utilized to calculate the ideal free throw-shooting angle.


A new model was created since a considerable distance remained between the ball and the back of the rim. Instead of calculating the initial velocity of the ball to pass through the center, the new model calculates the ball to pass further towards the back of the rim. The best angle to shoot a swish slightly changed but created a greater variation of shooting angles and less distance between the ball and the rim.

Many assume aiming for the center of the hoop produces the best chance for a swish; the new model discredits this assumption. This finding may allow basketball teams to shoot better from the free throw line as free throws determine the outcome of many crucial games. This paper guarantees no cure-all for struggling free throw shooters, but it may help them gain an edge when their team needs the “free” points. 
Modeling Swishing Free Throws
Making free throw shots in basketball seems simple. They are worth but one point each, no defender present, and the distance to the rim is only fifteen feet. Regardless of this conception, only one-third of NBA players shoot greater than seventy percent from the free throw line [6, pg 775]. During the 1972-73 NBA season, 35.2% of players shot 80% or better from the free throw line. Twenty five years later, only 30% of NBA players shot that accurately [1, pg 17]. During the last five men’s NCAA championship games, the champions have made more free throws than the opponent attempted and shot 16% better from the free throw line [4]. Obviously, the skill of free throw shooting has lost its form throughout the generations of players which causes many coaches and players to fixate on the problem. Some researchers cite visual aids, visual repetition [9], or pre-shot routine [7, pg 318] as methods to improve free throw shooting. This model uses Newton’s Laws to find the best angle to shoot a swish from the free throw line and seeks to give advice to struggling free throw shooters from a mathematical standpoint.

The model studied in this paper was developed by Gablonsky and Lang and uses some of same notation when defining variables. This model does not account for sideways error, air resistance, or spin of the ball, and assumes aiming for the center of the hoop results in the best chance for a swish. A swish occurs when the ball passes through the rim missing all parts of the rim and back board. First, analyze the basic situation of shooting a free throw. The shooting release angle 
[image: image1.wmf]0

q

is measured from a line which originates at the shooter’s fingertips and extends toward the basket, running parallel to the floor. The vertical and horizontal distances from the release point of the ball to the center of the rim are represented by h and l, respectively. Lastly, the ball is shot with a certain initial velocity 
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 such that the middle of the ball passes through the center of the hoop. Later, the paper shows how initial velocity depends upon the shooting release angle of the ball in this model.  Figure 1 depicts this basic model.
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Figure 1.

Now the constants of this model must be stated. The college basketball player studied stands 6’6’’ and releases the ball consistently at a vertical height of 7’9’’ when shooting free throws. The height of the rim from the floor measures 10’ [5, pg 5]. The height (h), from the release point to the rim is 10’ minus 7’ 9’’ which is exactly 27 inches. Throughout the entire model, meters will be used, and h may be converted by taking 27 inches times 0.0254 meters/inch [8] yielding a height of 0.6858 meters.


In general, 13’6.5’’ is the horizontal distance 
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from the release point to the center of the hoop [6, pg 777]. Converting this horizontal distance to meters gives a horizontal distance of 4.1275 meters. Men’s college basketballs have a circumference of 30” or 0.762 meters [2, pg 33] and dividing the circumference by 
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 gives the ball’s diameter 
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 meters. The diameter of the rim
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 spans 18’’ or 0.4572 meters [5, pg 7]. Later, the horizontal distance from the release point to the front of the rim, 
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 will help validate whether the shot results in a swish. Using the constants 
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 or 3.8989, meters. Table 1 lists all of the constants used throughout the paper. 

	Table 1

	Description
	Inches
	Meters

	Horizontal distance to center of the rim
	162.5
	4.1275

	Vertical distance to the rim
	27
	0.6858

	Diameter of Rim
	18
	0.4572

	Diameter of Ball
	  30/π
	 0.762/π

	Horizontal distance to the front of the rim
	153.5
	3.8989


Figure 2 displays all of these constants in the model as well.
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Figure 2.

Using these constants and some basic physics equations, the model developed will find the best release angle for a 6’6’’ player to shoot a swish from the free throw line. First, the time measured from the release required for the ball to pass through the center of the rim will be calculated. Using this time and an arbitrary shooting release angle 
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, these are inputted into another equation. This equation yields the initial velocity required for the ball to pass through the center of the rim. After the initial velocity is found for 
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, the ball will be shot with the same initial velocity but with varying shooting angles from 
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 called
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 At the end of the paper, two inequalities will be derived to determine whether the shot results in a swish. Lastly, a function is defined to determine the best shooting angle to shoot a swish. 
To start the derivation process, apply physics equations to find the ideal shooting angle for the player studied. It is known that the horizontal component of velocity [3, pg 358] is
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Both components of velocity require the initial release angle 
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. Since the horizontal equation of motion is 
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 [11, pg 135], where 
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represents the horizontal distance for some velocity v and time t, substitute 
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Adapting this equation to the model where l spans the horizontal distance to the center of the hoop, substitute
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 The variable T represents the time for the center of the ball to reach the center of the rim and conclude that 
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Solving for T results in
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Now, shift the focus to the vertical components, recalling that 
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Develop the equation further by evaluating the time T when the center of the ball is at the rim height h, that is, when 
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Substituting T from equation 2 produces
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Simplifying the expression gives
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Subtract 
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Take the square root of both sides giving
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Multiplying by 
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Now divide by the square root and determine that
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Using the properties of square roots conclude that 
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Finally, multiply by (-1) throughout the radical and determine that 
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This initial velocity forces the basketball to pass through the middle of the rim shot at an arbitrary release angle 
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. In order for the ball to travel towards the hoop, release angles between zero and ninety degrees must occur. Recall from trigonometry that the range of tangent is positive for the set of 
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 [10, pg 82].  Knowing this, the acceptable range of release angles
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 values must be determined by setting the denominator of the radical in equation 5 equal to zero. Set the expression equal to 0 where 
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 defines the range of the shooting release angles. In order to reach an attainable initial velocity, a release angle 
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 and less than 90º is required. Since g = -9.8m/s², the quantities of the radical will remain positive given the 
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 restriction. Equation 5 produces real initial velocities given the range of 
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As part of the model, when a player shoots at a different angle from 
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 but with the same velocity, this angle is called 
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 determined the initial velocity 
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 for the center of the ball to pass through the middle of the hoop. When releasing the ball at angle 
[image: image62.wmf],

0

oops

q

 the center of the ball will not pass the ball through the center of the rim since the initial velocity remains constant throughout the process. Shooting the ball at 
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forces a different time when the center of the ball is at the rim height called 
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. In equation 3 substitute t = 
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Start solving for 
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 by subtracting h resulting in
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The quadratic formula will be used to solve for
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 Two solutions for 
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exist since the ball passes through the rim’s height at two different times on its take-off and on its descent. Using the quadratic formula determine that
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Since the model is only concerned with the time when the ball passes the rim, choose the larger value of 
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and multiply throughout the fraction by (-1) to obtain the time at which the ball is closest to the rim. Doing this results in
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Now, this time 
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 represents the time necessary for the ball to pass through the height of the rim when releasing the ball at a varying angle 
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Substitue 
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into equation 1 which results in the horizontal position of the ball at the time when the ball passes through the rim height:
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 From equation 6 substitute the value of 
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This 
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and is not dependent upon on any time. Later, this fact makes equation 7 extremely valuable in determining whether a shot results in a swish.    
Given the assumptions of the model, the ball must not hit either the front or the back of the rim. Two inequalities will determine whether a shot hits either part of the rim. First, analyze the “front of the rim” situation. The variable s represents the distance from the center of the ball to the front of the rim. The variable 
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and will be used in the inequality to determine whether the ball hits the front of the rim. Figure 3 depicts the situation with the variables s, a, and b.  The variable a is the horizontal distance from the front of the rim to the center of the ball, and the variable b is the vertical distance from the height of the rim to the center of the ball. 
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The horizontal distance from the front of the rim to the center of the ball is 
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 Similarly, the vertical distance from the center of the ball to the height of the rim is 
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. From Figure 3 notice that the triangle a, b, s is a right triangle. Recalling that s is a function of time, use the Pythagorean Theorem to discover that
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Save the square of 
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 for simplicity in solving the equation. If for any reason 
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results in a smaller distance than the radius of the ball squared, then the shooting angle 
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will not result in a swish. In order for the ball to completely swish, the following condition must be satisfied:
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Rewrite the inequality as
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                                                   (9) This means that the back of the ball barely misses the front of the rim leaving a small distance between the back of the ball and the front of the rim.


Another scenario may be derived to determine whether the ball hits the back of the rim using shooting release angles 
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 is the time when the center of the ball passes the rim height when shot at an angle 
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 represents the length to the center of the basket plus the radius of the rim. Using these measurements and concepts, the following inequality must occur for the front of the ball to miss the back of the rim:
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In order to solve for this situation, subtract the right side from both sides to obtain the inequality required for the ball to miss the back of the rim:
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Using inequalities 9 and 10, 
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 misses both the front and back of the rim. For many initial velocities, the ball misses the back of the rim regardless of the release angle, so inequality 9 established both 
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Recall from equation 5 that a certain shooting angle 
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determined a basketball’s initial velocity 
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 to travel directly through the center of the rim. The model selects a shooting angle 
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Choose the angle 
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which maximizes this function. It makes sense to accept this function to determine the angle 
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 to shoot free throws, because it would allow the player to shoot a marginal angle higher or lower from the angle 
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. Figure 4 demonstrates the required condition.
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Figure 4.


Gablonsky and Lang’s model used a computer program to determine the best release angle; while this model used Microsoft Excel. In the appendices there are some of the spreadsheets used to determine the ideal shooting angle. After deriving inequalities 9 and 10 and defining the function 
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 The time at which the ball was at the rim height was not the only time value used in inequality 9, but all the times when the ball was near the rim. The following equation is the initial time which was entered into Excel to determine whether the ball hit the rim where
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This equation is similar to equation 2 except that it represents the time at which the center of the ball is at a horizontal distance of 0.2286 meters 
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 away from the front of the rim. With Excel, increasing values of time from equation 12 were substituted into inequality 9 to verify whether the shot was a swish. If values from inequality 9 turned negative at any time, then the model disregarded the shooting angle. In order to verify whether the ball had indeed touched the rim at any time, inequality 9 must use small intervals of time. If the values of inequality 9 and 10 remained positive throughout the small intervals of time, then the model selected the shooting angle since it guaranteed a swish.


A broad range of shooting angles was selected. The whole numbers from 45 to 55 degrees were analyzed to approximate where the best shooting angle occurs. For instance, equation 5 calculates the initial velocity when releasing the ball at 45 degrees. Shooting with a release of 45 degrees minimally misses the front of the rim and passes through the center of the rim. Using inequality 9 the shooting angle may be increased until 57 degrees where the ball hits the front of the rim. While shooting at an initial velocity determined by 45 degrees, the ball never hits the back of the rim. Now, if the ball is shot with the same velocity and released at an angle of 44 degrees, the ball hits the front of the rim again. Using equation 11 and these results discover that 
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= 0. This procedure continued for all the angles up to 55 degrees.  After this procedure, the function appeared to be maximized between 50 and 52 degrees. Table 2 summarizes the results.
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From Table 2 it appears that the maximum peak exists around 51 degrees. Now, the angles from 50.5 degrees to 51.5 degrees, increased by steps of 0.1 degrees, were evaluated using the same method. When inequality 9 approached zero during the time when the ball approached the rim, the time interval was sharpened. Using time increments of 0.007 determined whether the ball hit the front of the rim. With inequality 10 the ball never hit the back of the rim while shooting at this angle. Using the two inequalities and equation 11, 50.5 degrees appeared to be the best release angle to shoot a swish from the free throw line. Since the maximum appeared to be at the endpoint, 
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 were less than the value of 
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. Even further analysis occurred to solidify if the time increments of 0.007 seconds were accurate enough to establish that 50.5 degrees was the best shooting angle. Time increments of 
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seconds were used in Excel, and the results solidified that 50.5 degrees was the best angle to shoot free throws for the 6’6” basketball player. Appendix 1 shows some of the main results from Excel.


When shooting with an angle of 50.5 degrees, using Gablonsky and Lang’s model, there remains a minimal distance of 0.1 meters or 3.94 inches between the ball and the back of the rim when the ball passes the rim’s height. A modified model could use the extra room between the ball and the rim. Likely, this modified model would allow a greater variation of 
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 if the initial velocity is calculated closer to the back of the rim. As part of the independent work, this paper begins to determine the validity of this assumption. Using equation 5, l = 4.1275 meters and determined the initial velocity for the ball to pass through the center of the rim. Equation 13 calculates the initial velocity to pass through 
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= 4.1275 + 0.1 = 4.2275 meters.  Now,
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Like the previous model, the best angle to shoot a swish will be determined using this new initial velocity. Excel was used to determine whether shots resulted in a swish. After this analysis Table 3 displays the broad results.

	Table 3
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Like Table 2 and its assumptions, the greatest amount of variation of 
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 seems to occur between 50 and 52 degrees. Angles from 50.5 - 51.5 degrees were increased by steps of 0.1 and evaluated using equation 11. After this process and reexamining the time intervals, 
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 and resulted in the greatest variation of 
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.  Appendix 2 shows the main results. Even when shooting at 0.1 meters closer to the back of the rim, there remains a minimal distance of 0.004 meters or 1/7 of an inch. The player practiced shooting closer to the back of the rim during the 2006-2007 season, and the player improved his shooting percentage from 70.3% to 72.9% from the previous season. By increasing the shooting angle by 0.1 degrees to 50.6 degrees and aiming 0.1 meters farther back to 4.2275 meters allows the player to increase its 
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 value by 2.78 degrees making it extremely desirable. According to this research, players have a greater chance of swishing a free throw when aiming closer to the back of the rim rather than aiming for the center. Aiming only 0.1 meters farther back almost doubles the amount of allowable error in release angles to make a swish. If players practice aiming closer to the back of the rim and shooting with the correct velocity, then it should allow them to become more successful free throw shooters according to the refined model.

In review, the model determined the best angle to shoot a swish from the free throw line for a person standing 6’6’’. This model did not account for air resistance, sideways error, spin of the ball, and assumes the best chance to shoot a swish is aiming for the center of the rim. After selecting a certain shooting angle [image: image147.wmf]0
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, the initial velocity [image: image148.wmf]0
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 was calculated for the center of the ball to pass through the center of the rim. Certain release angles 
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, were shot using [image: image151.wmf]0
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and analyzed to see whether the ball hit the front or back of the rim using derived inequalities and Excel. After entering derived equations into Excel, it calculated the best angle to shoot a swish.


After the study, shooting at 50.5 degrees allows the 6’6’’ player to have the greatest chance for a swish. When shooting at 50.5 degrees, 0.1 meters or 3.94 inches remained the distance between the ball and the back of the rim. Lastly, a variation to the model aimed 0.1 meters closer to the back of the rim and determined the initial velocity to pass through that point. The best shooting angle resulted in 50.6 degrees while almost doubling the amount of error in the shooting angles according to Gablonsky and Lang’s model. This refined models suggests that aiming closer towards the back of the rim gives the player a greater chance of swishing the free throw.
One could study the effect when the initial velocity and the shooting angles are varied by a certain percentage, but the initial velocity should vary less than the initial shooting angle [6, pg 794]. Another model could analyze how air resistance and the spin of the ball affects free throw shooting since the path differs 5 - 10% from a parabolic motion due to air resistance [3, pg 359]. A challenging model that studies the effect of sideways error would include horizontal release angles along with vertical release angles [6, pg 795]. One could study the effectiveness of  “bank shots” or shots hitting the rim. Lastly, in this model taller players have a greater variation of 
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 and 
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 from 
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 value since their release point is higher [6, pg 790]. One could study how Rick Barry became so successful shooting underhand free throws. 

Michael Loney is from Humboldt, Iowa studying undergraduate Mathematics Education at South Dakota State University. He wrote this paper to fulfill the requirements of the Senior Seminar. Michael plays basketball for the Jackrabbits and shot 72.9% from the free throw line for the 2006-2007 basketball season. He plans to graduate in May 2007 and apply for graduate school in Education Administration at South Dakota State University while finishing his last year of basketball eligibility. 

s





� EMBED Equation.3  ���





� EMBED Equation.3  ���





a





b























PAGE  
15

[image: image155.wmf](

)

h

D

l

r

,

2

-

[image: image156.wmf](

)

t

v

gt

t

v

oops

oops

0

0

2

0

0

sin

2

1

,

cos

q

q

+

_1224156454.unknown

_1226411314.unknown

_1236165380.unknown

_1236623248.unknown

_1236707857.unknown

_1236708142.unknown

_1236708498.unknown

_1236709250.unknown

_1236708479.unknown

_1236707938.unknown

_1236623306.unknown

_1236166788.unknown

_1236166840.unknown

_1236167153.unknown

_1236168741.unknown

_1236166811.unknown

_1236166163.unknown

_1226412239.unknown

_1226417336.unknown

_1235462329.unknown

_1235464244.unknown

_1235466389.unknown

_1235472745.unknown

_1235464367.unknown

_1235462368.unknown

_1226417405.unknown

_1226416495.unknown

_1226416934.unknown

_1226416984.unknown

_1226417014.unknown

_1226416785.unknown

_1226412468.unknown

_1226412477.unknown

_1226412430.unknown

_1226411796.unknown

_1226411831.unknown

_1226411437.unknown

_1226177039.unknown

_1226177157.unknown

_1226178350.unknown

_1226216521.unknown

_1226402862.unknown

_1226216552.unknown

_1226178426.unknown

_1226179849.unknown

_1226177832.unknown

_1226178342.unknown

_1226177413.unknown

_1226177090.unknown

_1226177121.unknown

_1226177050.unknown

_1224957109.unknown

_1224957648.unknown

_1224957969.unknown

_1225121384.unknown

_1225478145.unknown

_1225121102.unknown

_1224957664.unknown

_1224957229.unknown

_1224957268.unknown

_1224957124.unknown

_1224956458.unknown

_1224956522.unknown

_1224956756.unknown

_1224956510.unknown

_1224956190.unknown

_1224956269.unknown

_1224157338.unknown

_1224160171.unknown

_1219515201.unknown

_1221737919.unknown

_1221739430.unknown

_1221823211.unknown

_1221824227.unknown

_1221825613.unknown

_1221838993.unknown

_1223039083.unknown

_1221829593.unknown

_1221824252.unknown

_1221823543.unknown

_1221741630.unknown

_1221741643.unknown

_1221740238.unknown

_1221741565.unknown

_1221739021.unknown

_1221739398.unknown

_1221738584.unknown

_1220766696.unknown

_1221735601.unknown

_1221735723.unknown

_1221737531.unknown

_1220767790.unknown

_1220768647.unknown

_1220768863.unknown

_1220766931.unknown

_1220159719.unknown

_1220159764.unknown

_1220162115.unknown

_1220162259.unknown

_1220159741.unknown

_1220159471.unknown

_1220159564.unknown

_1219557520.unknown

_1215521641.unknown

_1215529939.unknown

_1216638868.unknown

_1216650325.unknown

_1216653536.unknown

_1216722295.unknown

_1216723288.unknown

_1216722192.unknown

_1216651847.unknown

_1216653490.unknown

_1216651494.unknown

_1216639252.unknown

_1215531600.unknown

_1216558639.unknown

_1215530572.unknown

_1215530831.unknown

_1215526319.unknown

_1215528469.unknown

_1215523732.unknown

_1215417905.unknown

_1215418446.unknown

_1215521476.unknown

_1215417930.unknown

_1215414688.unknown

_1215416664.unknown

_1215417551.unknown

_1215414719.unknown

_1215414051.unknown

