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Definition to know

A Fourier series is an expansion of a periodic function f(x)
in terms of an infinite sum of sines and cosines. The Fourier
series make use of the orthogonality relationships of the sine
and cosine functions.

The functions Sin ( mﬂX/L) and COS(mﬂX/L) ,
m =1, 2, ---- form a mutually orthogonal set of functions on
the internal  —L < X < Lsatisfying the following rela-
tions:
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The Fourier series of a function f(x) is given by:

f(x)= +Z(a C05T+bs m;erj

a =lj f(x )Cosnidx ,n=0,1,2, -
L L
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The standard inner product (u, v) of two real — valued
functions u and v on the interval ¢ < X < IB is defined

by (U,V) _[u v(x)dx

The functions u and v are said to be orthogonal on
a <X< [ iftheir inner product is zero that is

Iu dx 0

www.Cramster.com

Suppose that fand f* are piecewise continuous on the
interval —L < X < L so that it is periodic with period 2L.
Then f has a Fourier series.

:—+Z(a Cos—+b Sin %j
whose coefficients are:
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The Fourler series converges to f(x) at all points where f'is

continuous and to | f (X +) + f (X —):I 2 atall points
where f'is discontinuous.

A function f is an even function if its domain contain the
point —x wherever it contains the point x and if f(-x) = f(x),
for each x in the domain of f.

A function fis an odd function if its domain contains
—x wherever it contains x and if f(-x) = -f(x) for each x in the
domain of f.

Fourier cosine series: The Fourier series of any even func-
tion consists only of the even trigonometric functions

Cos ( n7Z'X/ L) and the constant term, such a series is called
Fourier cosine series. The series is given by:

f(x)= > +Za Cos nfx

2§ nzx
where a, = —J f (X)COS—dX , n=0,1,2,--
Ly L
Fourier series: The Fourier series of any odd function con-

sists only of the trigonometric functions Sin (nﬂ' X/ L
such a series is called Fourier sine series and it is given by:

Zb sin 72X

L
where bn=%jf( )SanLXdX , n=1,2, -
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Definition to know

Consider a straight bar of uniform cross section and homo-
geneous material. Let the x — axis be taken along the bar and
let x = 0 and x = L denote the ends of the bar. Suppose fur-
ther that the sides of the cross sectional dimensions are so
small that the temperature u can be considered constant on
any given cross section. Then u is a function of x and time t.
The variation of temperature in the bar is governed by a par-
tial differential equation, a’u x=U O0<x<L

(where o is a constant known as thermal diffusivity)
This equation is known as the heat conduction equation.

The solution of heat conduction equation o’ u, =u

O<x<L ,t<o0 t

with boundary conditions

u(0,t)=0 > u(L,t)=0 ,t>0
and the initial condition
u(x,0)=f(x) -0<x<L
is given by

u(xt)= ZCne‘”z”Z“Z‘/LZSinnLLX

Special cases:

1. Non — homogeneous boundary conditions:
If the boundary conditions are: U (O,t) =T,,
u ( L,t) =T, , t> 0 then the solution’is given by:

u(x,t)=(T,-T, )%+T1 + i“cne‘”z’”z”‘zt/“Sinm
n=lI

L
where ¢, =%ﬂf (0)(T, —Tl)%—Tl}SinnLLde

2. Bar with insulated ends:
If the bar has insulated ends, then in this case the boundary
conditions are: U, (O,t) =0 ,u, (L,t) =0 .,t>0

Then the solution is given by:

C - _ N7z X
u(x,t):—°+Zc e "V Cog 8
2 =7 L

L
where anzjf(x)COSmdx , n=0,1,2, -——--
L L

5 0

Definition to know

Suppose that an elastic string of length L is tightly stretched
between two supports at the same horizontal level, so that
the x-axis lies along the string.

Suppose that the string is set in motion so that it vi-
brates in vertical plane. Let u(x, t) denotes at the point x at
time t. If the damping effects are neglected and if amplitude
of motion is not so large then u(x, t) satisfies the partial dif-
ferential equation. azuxx = iylttdomain 0<x<t,t<0

This equation is known as one — dimensional wave equation.
The constant coefficient a” is given by T where T
a’=—
o,

is the tension in the string and p is mass per unit length.

The wave equation is: azuxx = Uy,
with boundary conditions U (O,t) =0,u ( L,t) =0,t>0

and initial conditions

Initial velocity: U, (X,O) =0 (X) ,0<x<L
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Where f and g are given functions with f (0
9(0)=g(L)=0

1. If the initial displacement is non — zero but initial velocity
is zero then the initial conditions are:

u(x,0)=f(x) - u(x0)=0.0<x<L
Then the solution of the wave equation is given by:

u(x,t):z'o:cnSinmCosnLat
=0 L L

L
where C| =£J‘f(x)8inmdx , n=1,2, -
L3 L
2. If the initial conditions are:
u(x,0)=0 ,u (x,0)=g(x) . 0<x<L

then the solution of wave equation is given by:

u(x.t)= Z‘::aninniLXSinrw—l_at

L
where kn=V2az[g(X)SinniLde , n=1,2, -
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The Laplace’s equation is given by: If u is function satisfying Laplace’s equation in a circular
Uy +U,, =0 (in two dimensions) region r < a subject to boundary condition (a’ 9) =f (9)

where f'is a given functionon )< @ <2, ,then

and Uy tUy, +U, = 0 (in three dimensions) Laplace’s equation in polar co-ordinates is

1 1
u, +Fu' +r—2u99 =0

and its solution is given by:

If the function u satisfies the Laplace’s equation

U.. +U. =0 intherectangle 0 <x<a,0<y<b and also G > n .
sa)gi(sfyinygy boundary conditions u (r’ '9) =5t z r (CnCOSH + anmne)
n=l1

U(X,0)=0 , u(x,b):() ,0<x<a

2z

1

u(0,y)=0 - u(a,y)="f(y) 0<y<b where g'c_ =;I f (6)Cosng d@ , n=0,1,2, -
where fis a given functionon () <y <p then its solution 2(;
is given by and a"kn=lj f(0)Sinng dg » n=1,2,-—

u(x,y)=2cn8inh@8inw g

o= b b
e 2% oy - Seff=Adjoint Boundary Value Problem

where ¢ Sinh——==| f (y)Sin—=dy s

A boundary value problem is said to be self — ad joint if
every pair of functions say u and v satisfying boundary con-
ditions satisfy the condition

(L[u],v)—(u,lb_[v])=0

(o

(o
S

(o

The Eigenfunction ¢, (X) associated with Eigen values d
A, of Strum Liouville problem are said to be normalized if (where (U, V) = ju (X)V ( X) X)
they satisfy the condition a
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Ifu and v be functions having continuous second derivatives
on the interval () < x <1 and satisfying boundary condi-

0
tions ;U (0)+au'(0)=0 . Au(1)+Bu'(1)=0
[ S OIS BOUNGERVAILERISBISMT  .nd (14(0)+'(0)=0 . gu(1)+ Ay (1)=0
It consists of a differential equation of the form

[P(X)y=a(x)y+Aar(x)y=0

then the Lagrange’s identity is

on the interval 0 <x, 1, together with boundary conditions I { L [U ]V —uL [V]} dx =0
a,y(0)+a,y'(0)=0 ’
ly( ) 2Y ( ) Results to know:
By()+Ay'(1)=0 e All the Eigen values of Sturm — Liouville problem are
real.
oNoe;[re'a:tg Z:f;;l;?ﬁucel_the hilear homogen'eo'us differential e If @ and @, are two Eigen functions of the Strum —
P ) . y [Y] - _I: p (X) y :I +q (X) y Liouville problem corresponding to Eigen values
then the differential equation and A, respectively, and if A, # A, then
[p(X)y']+a(x)y+Ar(x)y=0 '

can be written as L[Y]Zﬂr(x)y !r(x)¢1(x)¢2(x)dx:0

®  The Eigen values of the Strum — Liouville problem are
all simple, i.e. to each Eigen value there corresponds
only one linearly independent Eigen function.



