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Description Equation

Mass of the lamina with
density p(x,y) which oc-
cupies region D is given by

m = ”p(x,y)dA

The co-ordinates of centre o My _ 1
of mass (X, y) are X _W_EJ;;“X’O(X’ y)dA
_ Mx 1
y=—=—|[yp(xy)dA
m m-

Surface area : The area of
the surface with equation
7z=f(x, y), (x, y) € D where
fx and fy are continuous

As) =g\/[fx(x,y)]z+[fy(x,y)]z+1dA

[ (2] (2]

Description Equation

V(E) = jg dv

IX =m(y2 +2) (X, Y,Z)dv

Volume of region E

Moment of inertia about
X-axis :

Moment of inertia about
y-axis :

ly = M(xz +2°)p(X, Y, )V

Moment of inertia about
Z-axis :

Iz :m ¢ +y) (X, Y,Z)dv

Centre of mass (X,¥,7) X = Myz s Y= M ,
is given by m m
Mxy

www.Cramster.com

Description Equation

Mx = [[yp(x. y)dA

Moment of lamina about x-
axis

Moment of lamina about _ J' J‘

goamis My = |} xp(x, y)dA
D

Moment of inertia about | = H y2p(X, y)dA

X-axis i > '

Moment of inertia about | = J. J' x> o(x,y)dA

y-axis ! D

Moment of inertia about

origin:

l=[[0¢ +y")p(x y)ca
D

Radius of gyration y

with respect to x-axis

Radius of gyration X mx =
with respect to y-axis

Description Equation

If the density function of a
solid object that occupies
the region E is p(x, y, z) in
units of mass per unit vol-
ume then at any given
point (X,y,z), its mass is

m= Hj o(X,y,z2)dv

Moment about x-axis

M, = ”I Xp(X,Yy,z)dv

Moment about y-axis

M, = m' yo(X,y,z)dv

Moment about z-axis

M, = J” zp(X,Yy,z)dv
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If f is defined on a smooth curve C given by x=x(t), y=y(t), a Let f(x, y, z) be defined and differentiable at each point (x, y,

<t <b then the line integral of f along c is: 7) in a certain region of space, then the gradient of f written as
or grad fis defined as: y/f

[ f00yyds =1im D £(x,y)As, (6. 5. 0.
¢ AT vf =[—|+—j+—kjf
if the limit exists. Or OX oy 0

b 2 2 8f a 6f 2 5f ~

dx dy =—I1+—]+—KkK
f(x,y)ds = [ F(x(®), y©),[| — | +| == | dt ]

Jrocyds=| (()y())\/(dtj (dtj x oy o

If E is a continuous vector field defined on a smooth curve

b
J‘ f(x,y)dx = .[ f (x(t), y(t))x'(t)dt and ¢ given by vector function F(t),a <t <b, then the line
. A integral of F along C is:

b
¢ = =3 = = r 1
[ £y = [ £x0), vty et JFar = [Fr@n mdt
The line integral of f along C given by: x = x(t), y = y(t), If F= Pf+Qi + RK is a vector field on R® and
z=12(t), a<t<b then oP 8Q R
—,—and — exists then divergence of is defined
b dx 2 dy 2 4z 2 OX é'y Z
f(xy,2)ds=| f(xt),y@t),z®)),|| — | +| = | +|— | dt
!(y) !(()y()(»J[dJ (dtj (dt) o
as: divF =V.F
. CurlofavectorField _P QR
IfF =Pi +Qj + RK is a vector field on R® and the par- ox oy oz

tial derivatives of P, Q and R all exist, then Curl of
(u,v)eD is a vector field defined as:

Pk
- - = | 0 0 0 A vector field F is said to be conservative if there exists a
curlF =VxF = & 5 E function f such that Vf = F
P Q R

If |E is a continuous vector field defined on surface S with unit normal vector [i , then the surface integral of |E over S is
called flux of E .

Flux of E :H ﬁ.dgzjjlf.ﬁds
S S

~ . . ~ = 0 0
If F=PXY, 2l +Q(X,Y,2)J+R(X,y,Z)k AndS is given by z=g(x, y) then ” F.ds = 'U(—P&g— Eng R]dA
S

D
2
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If the surface S is the graph of a function of two variables
then it has equation of the form z=g(x, y), (X, y)eD and if
f is continuous on S and g has continuous derivatives,
then the surface integral of f over S is given by:

[[focy.as=] [foey.0) [%j {%} +10A

Now if the surface S has a vector equation

F(U,V) = X(U,V)T + y(u,v) ]+ z(u,v)k , (u,v)eD
Them

H f(x,y,z)ds=_” f(F(u,v))|F, xF, [dA

Theorems to remember

Let C be a smooth curve given by the vector function

r(t),a <t <Db. Letfbe a differentiable function of two
or three variables whose gradient vector V/f is continuous
on C, then

j Vi oF :i f(F(0)—f (F(b))

If F(X,y) = P(X, y)I + Q(X, )] is a conservative vec-
tor field, where P and Q have continuous first-order partial
derivatives on a domain D then

kP _RQ
oy ox

If a smooth parametric surface S is given by the equation
F(U,v) = X(U,V)I + y(uv)j+z(u,v)k , (u,v)eD

Then the surface area of Sis  A(S) = H| rxT, |dA
D

Where _.uzgi}\_l’_ﬂj_i_gk‘
ou au ou
And *v:gf+@j+glz
ov oV ov

is independent of path in region D if and only if

O C—
T
[oX
=l

J F.dF =0 for every closed path C and D.
C

Let F = Pi + Qj be a vector field on an open simply
connected region D. Suppose that P and Q have continuous
first-order derivatives and

P _aQ

—=< throughout D, then [ is conservative.

oy OXx

Green’s theorem: Let D be a closed bounded region in the xy-plane boundary C consists of finitely many smooth
curves. Let P and Q be continuous function of x and y having continuous partial derivatives

@and@ in D. Then .U(@:EJdA:deX-'_Qdy
D aX ay C

oy OX

the line integral being taken along the entire boundary C of D that C is positively oriented, piecewise- smooth and simple

closed curve.

1
Area of region D using Green’s theorem : A= D]xdy = —mUdX = 5 [ﬂ xdy — ydx
c c c

Stoke’s theorem: Let S be an oriented piecewise-smooth surface that is bounded by a simple, closed, piecewise-
smooth boundary curve ¢ with positive orientation. Let F (x’ Y, z) be a continuous vector function which has continuous

first partial derivatives in a region of space which contains S, then

[_ﬂﬁ.dr = jj(ﬁx F).Ads = ”(curllf).d§

Divergence Theorem: Suppose V is the volume bounded by a closed piecewise smooth surface S. Suppose F(x,y,z)
is a vector field which is continuous and has continuous first order partial derivatives in V, then

3

J” ?.Ifdv = ” IE.ﬁdS where Nis the outwards drawn unit normal vector to S.
v S
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* div(curlF) =0 ¥ curl(grad )= 0 ¥ div(F +G) = divF + divG
* curl(E +6) = curlE +curlG div( fF) = fdivF + F.Vf * curl(fF) = fourlF + (VF)x E
*

*  di(FxG)=GeurlF —Fcurle *

div(Vf xVg) =0

curl(curlF) = grad(divF) - V*F

* grad(F.G)=(G.V)F +(FV)G +G xcurlF + F xcurlG

Ordinary differential equation: If only ordinary deriva-

tives appear in the differential equation, it is said to be ordi-
nary differential equation.

Partial differential equation: If the differential equation
involves only partial derivatives it is said to be a partial dif-
ferential equation.

Linear and non-linear differential equation: An ordinary
differential equation F(t, y, y’, ----, y™) = 0 is said to be Lin-
ear if F is a linear function of the variables y, y’, ----, y™. A
similar definition applies to partial differential equations.

The differential equation which is not of the above form
is said to be non-linear.

Separable equation: An equation is said to be separable if
it can be written in the differential form:

M (x)dx+N(y)dy=0

Exact equation: A differential equation
M (X, y) +N (X, y)ﬂ = () is said to be exact if there
dx

exists a function y/(x, y) such that 6_!// =M ( X, Y)
OX
0
and 2¥ _ N (x, y)
oy
Second order linear equation: A second order

ﬂ =f (t’ y’ﬂj is said to be
dt? dt

differential equation

linear if the function f has the form

dy dy
flt,y,—=|=9g(t)-p(t)—=—q(t
(108 )-a-p0F-a)y
(A second order linear differential equation can also be writ-
tenasy"+p(t)y+a(t)y=g(t)

Second order homogeneous/non — homogeneous equa-
tion: A second order differential equation

y'+ p tt) y'+q (tll y=0 gt) is said to be homogeneous

if g(t) = 0 for all t, otherwise it is called non — homogeneous.

Two functions f and g are said to be linearly dependent on
an interval 1 if there exist two constants K, and K, , not
both zero such that, K, f (t) +k,g (t) =0 foralltinl.

Two functions f and g are called linearly independent if they
are not linearly dependent.

The wronskian of the function f1 5 fz. f3 ,——— = fn
is defined as:
f, f, ——————- f,
fl(l) fz(l) ______ £O0
W(f,f.f,————f)(t)=|: : :
fl(n—l) fZ(n—l) f (n—l)

If y, and Y, are solutions of the differential equation

L[y] =y"+ p(t) y'+ q(t) y = 0 where p and q are
continuous on an open interval I then the wronskian
W (y,,y,)(t) is given by W (y,,y,)(t)= Cexp[—j p(t)dt}

where c is a certain constant that depends on Y, and Y,
but not on t. Further W ( V.Y, )(t) either is zero for all t
in1(if ¢ = 0) or else is never zeroin I (if C = 0 )

To find the series solution of the equation

ay"+by'+cy=0 -(a=0) ,take

y=f(x)=> ¢, X" =C,+CX+C,X +CX +————
n=0
Find y’ and y”. Substitute for y, y’ and y” in the given equa-
tion and determine the values of the coefficients
c,.C .cC

0 °
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®  Characteristic equation: For the differential equation ay"+by'+cy =0 (a * 0) the characteristic equation is given
by ar’ + br + ¢ = 0 (obtained by taking y= g™ as a solution of differential equation)

e Solutions of homogeneous equation ay "+ by'+cy =0

Roots of characteristic General solution
equation: ar’ +br+c¢c =0

11, 1, real and distinct y=ce" +c,e”
h=hL=r y=ce"+c,te"

r,r, complex: @ = i,B y =e”(c, cos Bx+c,SinfXx)

®  The solution of non-homogeneous equation ay'+by'+Cy = g, (t) is:
y(t) = Solution of corresponding homogeneous equation + particular solution.

®  The particular solution of ay "+ by'+cy = o} (t) by the method of undetermined coefficients:

g (t) Yi (1)
P (t)=at"+at" +-———+a, (At + At +————— +A)
P.(t)=¢" £ (A" + At 4 - A e

P (t) = Sinft (At + At +————— + A, )e“Cospt +
" Cos St t . .
(Byt"+Bit"" +————+B, )e"Sinst

Note: Here s is the smallest non-negative integer that will ensure that no term in Y; (t) is a solution of corresponding homo-
geneous equation.

The equation of the type L [ y] X=X y"+axy'+ fy =0 where a and P are real constants, are called Euler equations.

Solutions of Euler equation: For the Euler equation X*y"+aXy'+ Y = 0 take Y = X" as a solution and obtain the
quadratic equation I (I’ - 1) +ar+ =0

Roots of quadratic equation:
r(r-1)+ar+p8=0
I, , I, are real and distinct
I, . r, complex: ¢ +if
r=r,=r



() -L" {1 (5)

L 1

L. t", n=positive integer
V. Sinat

VII. Sinhat

IX. e™Sinbt

XI.  t"e® , npositive integer
XuL u (t) f(t—c)

XV. flct)

XVIL §(t-c)

XIx. M (t)

1/s, s>0
n!
Sn+1 S>O

a
s’ +a’ 70
2 so e

b

- ,S>a
(s—a) +b’

n!

,s>a

(S_a)n+l
e “F(s)
lF(E),c>0
c c
e—CS

VL

VIIL

e* l/s—a.s>a

p

t" ,p>-1 F(p+l)’ o
Sp+1

Cos at S s>0
s’ +a’

Cos h at = S 2,s>|a|

e*Cosbt S_Za ,s>a
(s—a) +b’
—CS

uc(t) € ,$>0
S

e f (1) f(s—c)

A system of mn numbers arranged in the form of an ordered set of m — rows, each row consisting of an ordered set of n
numbers, is called a matrix. A matrix is denoted by capital letters A, B, C, -----
umn of A is denoted by a; - Then if A is mxn, then

a‘11 a12

a‘21 a22
A=| : :

aml amz

and the element in the i" row and j™ col-
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(a). Row matrix: An mxn matrix is called a row matrix if
m = 1. For example:

(1 0 2+3i)

(b). Column matrix: An mxn matrix is called a column of
n = 1. For example:

(BN o\

(c). Square matrix: An mXn matrix is called a square
matrix if m = n. For example

o

0 1
(d). Rectangular matrix: A matrix which is not square.

(e). Zero matrix: A matrix of whose each of the element is
zero. It is denoted by O

(f). Diagonal Matrix: A square matrix with all its non-
diagonal elements as zero. For example

x, 0 0
A=0 x, 0
0 0 x

3

(g ). Scalar matrix: A diagonal matrix all of whose diagonal
elements are equal.

(h). Unit matrix: A scalar matrix all of whose diagonal ele-
ments are equal to unity. (It is also called Identity Ma-
trix)

(1). Triangular matrix: If every element above or below the
diagonal is zero. For example:
2 3 1
A=|0 3 2| (Upper triangular matrix)
0 0 1
0 0 O
B= 3 0 (Lower triangular matrix)
5 4 7

If A= (aij ) and B = (bij ) are two matrices of same

order mxn then

A+B=(a +b)

mxn

(i). Scalar multiplication: If A =4, ) is a matrix of

order mxn and k is a scalar then
kA= (kay)
(ii). Matrix multiplication: If A = (ai. , B= (bik )

are two matrices of order mxn and nxp respectively
then their multiplication, AB = C = (cik )

n
where C, == Zaij bjk
i=1

—
=
S—

mxp

Note :- AB is not necessarily equal to BA.

The matrix obtained from a given matrix A by interchang-
ing its rows and columns is called the transpose of A and is
generally denoted by A' or AT

Any square matrix A = (aij ) is said to be symmetric if
a; =a; orif A= A

Any square matrix A = (aij ) is said to be skew
—a; ie.if A=—A'

symmetric if @, i

Note: If A and B are symmetric, then AB is symmetric if
and only if AB = BA.

The minor of an element of a determinant A is the
determinant obtained by omitting from A, the row and
column containing the element.

The co-factor of the element occurring in the m™ row and
th : m+n - . .
n"' column 1s(_1) times its minor.
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Let A= (aij ) be any square matrix. Then the matrix ( A )
where Aj denotes the co-factor of a;; in |A| is called the
adjoint of A and is denoted by adjA or A*.

®  The symbol in which any four

a2 2

numbers a, , @, , b1 and b, are arranged in square
array consisting of two horizontal lines and two vertical

' : ° In other words adjA is a matrix obtained after replacing
lines, and bounded by two vertical bars is called a de-

every (i, j)™ element of A by the co-factor of (j, i)™ element

terminant of second order. It is denoted by A. in |Al.
Ais denoted as: A =ab, —a,b,
o b erseorawawx
® The symbol |, b2 C,| in which nine numbers For the matrices A and B, if AB = BA =1 (identity matrilx)
b then B is called the inverse of A and it is denoted by A~
a'3 3 C3 ad j A
8,8, .b .b .b .C .C, .C; arear Note: If det A # 0 then A = ——
ranged in a square array, consisting of three rows and det A
three columns, bounded by two vertical bars is called
s determinant of third order. It is denoted by A and is _

defined as A set of n simultaneous linear algebraic equations in n

A= a (bzc3 —b302)+ bl (Cza3 —0332)-{— C (a2b3 - aabz) Variables

a X +apX, +————— a,X, :bl
N . .
The determinant of a square matrix X +a,X, +————— a, x b2
a, ayy = a,
a-21 ay = Ay
A = : M .
aln a'2n ------ a'nn anlxl + an2X2 t-———- ann Xn = bn
can be written as: AX =B
is given by:
a, a, —-—- a, a, ap, - a4, X
a a,, --—-—--- a X
a, Ay = Ay where A=| 7z X =]
|A(or det A) =] : :
N a'nl a'n2 ------ ann Xn
a'nl an2 ______ ann bl
b,
~ Eigenvaluesand Eigenvectors ™ P
The equation AX =Y can be viewed as a linear transforma- b,

tion that maps a given vector into a new vector Y.
The values of A that satisfy the equation det(A —Al) =0
Are called Eigen values of the matrix A and the non-zero

solution of equation (A —AI)X = O that are obtained by us-
ing such a value of A are called the Eigen vectors.



