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FUNCTIONS AND THEIR TYPES 

A function f is a rule that associates each element of a set X 
to a unique element of set Y. If x is an element of set x then f
(x) is an element of set Y. The set x is called the domain of 
function f and the set of all possible values of f(x) for all x in 
the domain set is called the range of  f. 

 

TYPES OF FUNCTIONS:  

Type  Diagram 

Power function : A function is 
called a power function if it is 
of the form f(x)=xa , where a is 
a constant. 
 
 
  * When a=n, where n is a  
     positive integer. 
     E.g. f(x)=x,      f(x)=x2, 
 
 
 
     f(x)=x3 

 

 

 

 

 

*Where a=1/n , where n is a  
  positive integer 
  E.g. f(x)=√x, 
 
 
 
   f(x)=x1/3 
 
 
 
*Where a=-1 
  E.g.  f(x)=x-1  
 

 

Type  Diagram 

Polynomials : A function is 
called a polynomial if f(x)= 
anxn +an-1xn-1----------+ a2x2 
+a1x +a0 where n is non-
negative integer and a0,a1,a2,--
-----an are all constants with 
an≠0. Here n is called the de-
gree of polynomial. 
For example: 
 f(x)=x2+x+1 
 
 
 
 f(x)=x3-x+1 

 

 

Constant function :  A func-
tion f is called a constant func-
tion if f(x)=c(a constant) for 
all x in the domain. 
For example: 
 f(x)=4  

 

Exponential functions : the 
functions of the form f(x)=ax, 
where a is a positive constant, 
are called exponential func-
tions. 
For example :   f(x)=2x,      
f(x)=ex 
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TYPES OF FUNCTIONS:  

Type  Diagram 

Rational function : If a func-
tion f is the ratio of two poly-
nomial function, then it is 
called a rational function. 
 
i.e. f(x)=h(x)/g(x) , where h(x) 
and g(x) are polynomials with 
g(x) ≠ 0 in the domain. 
 
For example: f(x)=2x4-x2+1/
x2-4 is a rational function with 
domain not containing        2. 
 
 
 
 
 
 
 
 

 

Type  Diagram 

Algebraic functions : If a 
function f can be obtained us-
ing algebraic operations on 
polynomials, then it is called an 
algebraic function. 
For example :   f(x)= √x2+1 
 
 

 

Logarithmic functions : The 
functions of the form f(x)
=logax, where base a is a posi-
tive number are called Loga-
rithmic functions. 
The domain of logarithmic 
functions is (0,∞) and the range 
is(-∞,∞). 
 
For example :   f(x)= log2x,    
 f(x)=log10x 

 

Type  Diagram  

Trigonometric functions : 
The functions involving trigo-
nometric ratios like sinx, cosx, 
tanx etc. are called trigono-
metric functions. 
 
For example :  f(x)=sinx,   
 
 
 
 
 
 
  f(x)=cosx 

 
 
 
 
 

 

±
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LIMITS AND CONTINUITY  

Name   Definition  

Continuous func-
tion  

A function f is continuous at a number a 
  
If                       =  
 

 

Discontinuous 
function   

A function is said to be discontinuous at a 
if it is not continuous at a.  

CONTINUITY 

Continuity on an 
interval  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

A function is a continuous on an interval 
if it is continuous at every point in the 
interval.  
 
 
 
 
 
 
 
 
 

The intermediate 
value theorem   

If f is continuous on the closed interval 
[a, b] and if M is a number such that  
f (a)<M<f(b) where f(a)≠ f(b) , then there 
exist a number c      (a, b) such that  
f(c)=M.  

Cauchy’s mean 
value theorem  
  

If the functions f and g are continuous on 
[a, b] and differentiable on (a, b) and 
g’(x)≠ 0 for all x in (a, b). Then there is a 
number c in (a, b) such that 

  
 
                = 
 
  

δ
| |fx ε− <l δ lim ( )f x

x a→
( )f a

0ε >
0δ > | ( ) |f x l ε− <
δ

lim ( )f x l
x a−

=

→

0ε >
0δ > | ( ) |f x l ε− <

a x a δ< < +

Note :                       if and only if 
      
 
                             =    

lim ( )f x l=
x a→

LIMITS   

Name  Definition 

Limit of a func-
tion  

A function f is said to have limit l at x=a if 
for every e>0 there exist a      >0 such that 
                        whenever 0<|x-a|<. 
   And the limit is denoted by  

Left– hand limit   A function f is said to have left – hand 
limit l at x=a if for every           there  
exists  a            such that                        
whenever  a-    <x<a and it is denoted by 
           
 
 

Right– hand limit  
 
 
 
 
 
 
 
 
 
 
 
 
Infinite limits  

   A function f is said to have right – hand 
limit l at x=a if for every           there exists 
a           such that                                  
whenever                         and it is denoted 
by 
       
                               + 

 

 
 
 
 
 
 
A function f defined on some open inter-
val that contains number a , is said to have 
infinite limit ∞ if for every positive num-
ber M, there exist a positive number  
     such that f(x)> M whenever  

 And it is denoted by 
 
A function f defined on some open inter-
val that contains number a , is said infinite 
limit -∞ number    such that  

 whenever  
 and it is denoted by 
 

 

lim ( )f x
x a

= ∞
→

( )f x N<
0 | |x a δ< − <

lim ( )f x
x a

= −∞
→

Note : The following functions are 
continuous at every point in their do-
main : 
i. Polynomials 
ii. Rational functions 
iii. Root functions 
iv.   Trigonometric functions  

Note : If g is continuous at a and f is 
continuous at g(a) then the composite 
function fog is continuous at a   

ε

lim ( )f x l
x a

=
→

lim ( )f x l
x a−

=

→

lim ( )f x l
x a+

=

→

δ

Definitions to know  

'( )
'( )

f c
g c

( ) ( )
( ) ( )

f b f a
g b g a

−
−

( ) ( )
( ) ( )

f b f a
g b g a

−
−
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00

0
0 0.∞

1∞

∞
∞

∞ − ∞

0∞

CONTINUITY 

Name   Definition  

 
L’Hospital’s rule’   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
If f and g are differentiable and g’(x) ≠ 0 
near a (except possibly at a), and if  
 
                      =0      and                      = 0 
 

  
or 
 
                       =          and                   = 
 
 
 
  then                      = 
 
 
 
  if the limit on right side exist (or ∞or -∞)  
 
 
 
 
 
 
 
 
 
 
 
 

 

LIMITS AND CONTINUITY  

The squeeze theorem   If f(x) ≤ g(x) ≤ h(x) when x is near a 
(except possibly at a) and 

 
                        =                    =L 
 
 
     

      then                     =L  
 

lim ( )f x
x a→

lim ( )h x
x a→

lim ( )g x
x a→

Note: Indeterminate  forms when we 
can use L’Hospital’s rule:  
 
*           *   
   
*           *                                                    
              
*          *         
 
*                            

lim ( )f x
x a→

lim ( )g x
x a→

lim ( )f x
x a→

±∞ lim ( )g x
x a→

±∞

( )lim
( )

f x
g x

x a→

'( )lim
'( )

f x
g x

x a→

LIMIT LAWS  

  Suppose that the limits                    and  
 
 
  exist and c is a constant, then  

  1.  
                                              = 
 

  2.  
                              = 
     

  3.  
                                        =                     X 
  

  4.  
      
                             =                                                  ≠  0 
 
 
 

  5.  
                                = 
 

  6. 
                                = 

  7. 
 
 

  8. 

  9.  
                                , 
 
 

where n is a positive in-
teger, a>0  

  10.  
                                       ,  
 
 

   where n is a positive   
   integer, a>0  

  11.  
                                   = e  
 

  12.  
                                  = e 

  13.  
                               =  
 
 

  14.  
                              =1  

  15.  
                                    =0 

lim ( )f x
x a→

lim ( )g x
x a→

lim[ ( ) ( )]f x g x
x a

±
→

lim[ ( )f x
x a→

± lim ( )g x
x a→

lim ( )cf x
x a→

lim ( )c f x
x a→

lim[ ( ) ( )]f x g x
x a→

lim ( )g x
x a→

( )lim
( )

f x
g x

x a→

lim ( )

lim ( )

f x
x a

g x
x a

→

→

lim ( )for g x
x a→

lim[ ( )]nf x
x a→

lim ( ) nf x
x a
⎡ ⎤
⎢ ⎥→⎣ ⎦

limc a
x a

=
→

lim x a
x a

=
→

lim n nx a
x a

=
→

lim n nx a
x a

=
→

lim ( )n f x
x a→

lim ( )
n

f x
x a→

1 /lim(1 ) xx
x a

+
→

1lim(1 )x

x
x

+

→ ∞

1lim

0

xa
x

x

−

→

ln a sinlim

0

x
x

x →

cos 1lim

0

x
x

x

−

→

lim[ ( )f x
x a→
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INDEFINITE INTEGRALS 

BASIC FORMULAS 

* 
 

* 
 

* 
 

* * * 

* 
 

* 
 

* 
 

* * * 

* 
 

* 
 

* 
 

* 
 

* 
 

* 

 Note : c denotes the arbitrary constant of integration   

1

1

n
n xx dx c

n

+

= +
+∫ sin cosxdx x c= − +∫ cos sinxdx x c= +∫

sec tan cscx xdx x c= − +∫

n | |dx l x c
x
= +∫ x xe dx e c= +∫

n

x
x aa dx c

l a
= +∫

tan n | sec |xdx l x c= +∫ n | sin |cotxdx l x c= +∫ sec | sec tan |xdx ln x x c= + +∫

csc | csc t |xdx ln x co x c= + +∫ 1

2 2
sindx x c

aa x
−= +

+∫ 1
2 2

sindx x c
a x a

−= +
+∫

1

2 2

1 secdx x c
a ax x a

−= +
−∫ 2 2

1 ln | |
2

dx x a c
a x a x a

+
= +

− −∫ 2 2

1 ln | |
2

dx x a c
x a a x a

−
= +

− +∫

Exponential and Logarithmic Formulas  

* 
 

* * 
2

1 ( 1)ax axxe dx ax e c
a

= − +∫ n nl xdx xl x x c= − +∫
1 ln | n |
n

dx l x c
xl x

= +∫

* 
 

* 
 2 2

sin ( sin cos )
ax

ax ee bxdx a bx b bx c
a b

= − +
+∫ 2 2

cos ( cos sin )
ax

ax ee bxdx a bx b bx c
a b

= − +
+∫

Inverse Trigonometric Formulas  

* 
 

* 
 

* 
 

* 
 

* 
 

* 
 

1 1 2sin sin 1xdx x x x c− −= + − +∫ 1 1 2cos cos 1xdx x x x c− −= − − +∫

( )1 1 21tan tan 1
2

xdx x x x c− −= − − +∫
2 2

1 12 1 1sin sin
4 4

x x xx xdx x c− −− −
= + +∫

2 2
1 12 1 1cos cos

4 4
x x xx xdx x c− −− −

= − +∫
2

1 11tan tan
2 2

x xx xdx x c− −+
= − +∫

Hyperbolic Formulas  

* * * 

* * * 

Note : c is arbitrary constant of integration   

sinh coshxdx x c= +∫ cosh sinhxdx x c= +∫ tanh n | cosh |xdx l x c= +∫

coth n | sinh |xdx l x c= +∫ 1sech | sinh |xdx yan x c−= +∫ ch n | tanh |
2
xcs xdx l c= +∫

lim 0nn
a

→∞
=

2c cotcs xdx x c= − +∫2sec tanxdx x c= +∫



 6 

 
CALCULUS 1                                                                    www.Cramster.com 

INDEFINITE INTEGRALS 

Reduction Formulas 

* 
 

* 

* 
 

* 

* 
 

* 

* 
 

* 

*  
 
 

1 21 1sin sin cos sinn n nnxdx x x xdx
n n

− −−
= − +∫ ∫ 1 21 1cos cos sin cosn n nnxdx x x xdx

n n
− −−

= +∫ ∫

1 21tan tan tan
1

n n nxdx x xdx
n

− −=
−∫ ∫ 1 21cot cot cot

1
n n nxdx x xdx

n
− −−

=
−∫ ∫

2 21 2sec tan sec sec
1 1

n n nnxdx x x xdx
n n

− −−
=

− −∫ ∫ 2 21 2csc cot csc csc
1 1

n n nnxdx x x xdx
n n

− −− −
=

− −∫ ∫
1

2
n [( 1) n 1]

( 1)

n
n xx l xdx n l x c

n

+

= + − +
+∫ 11n ax n ax n axnx e dx x e x e dx

a a
−= −∫ ∫

1 1
2

sin cos

sin cos 1 sin cos

n m

n m
n m

x xdx

x x n x xdx
n m n m

− +
−− −

= +
+ +

∫

∫
1 1

2sin cos 1 sin cos
n m

n mx x m x xdx
n m n m

− +
−−

= +
+ + ∫

Special Techniques for Solving Problems  

*     ax+b      Substitute         ax+b=t *                Substitute   *                 Substitute     
*                Substitute  *                 Substitute  *         Substitute  
*          Substitute *                  Substitute   

If the integrand is a function of :  

ax b+ ax b t+ = 2 2x a+ tanx a t=

2 2x a− secx a t= 2 2a x− sinx a t=
axe axe t=

nl x nl x t= sin ,cosx x tan
2
x t=

Integration of Rational Functions by Partial Fractions 

To integrate the rational function            when: 

   1.   When        is a product of distinct linear factors, we can  
           
         write                                                        then 
 

 2.   When g(x) contains irreducible quadratic factors i.e.  
 
                                           where                           , then   
 
 
 

   3.   When             is a product of linear factors, some of which are repeated, i.e.  
 

                                                                                            then  
 
 
 
 

   4.   When g(x) contains repeated irreducible factors i.e.  
 
                                                      where                             , then  

( )
( )

f x
g x

( )g x

1 1 2 2( ) ( )( ).............( )n ng x a x b a x b a x b= + + +

1 2

1 1 2 2

( )
( )

n

n n

AA Af x
g x a x b a x b a x b

= + + − − − − − − +
+ + +

2( )g x ax bx c= + + 2 4 0b ac− <

2

( )
( )

f x Ax B
g x ax bx c

+
=

+ +

( )g x

1 1 2 2( ) ( ) ( ).............( )k
n ng x a x b a x b a x b= + + +

( )(1) (2)
1 2 2

2
1 1 1 1 1 1 2 2

( )
( ) ( ) ( )

k
k n

k
n n

A AA A Af x
g x a x b a x b a x b a x b a x b

= + + − − − − − − + + + − − − − + +
+ + + + +

2( ) ( )kg x ax bx c= + + 2 4 0b ac− <

1 1 2 2
2 2 2 2

( )
( ) ( ) ( )

k k
k

A x B xA x B A x Bf x
g x ax bx c ax bx c ax bx c

++ +
= + + − − − − − +

+ + + + + +
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DEFINITE INTEGRALS 

BASIC PROPERTIES 

* 
 

* 

*     
 
          

*     If f is an even function i.e. f(-x)=f(x)  
 
           then 
 

*    If f  is an odd function i.e. f(-x)=-f(x)  
 
         then  
 

* 

*  

( )
b

a

cdx c b a= −∫ [ ( ) ( ) ( ) ( )
b b b

a a a

f x g x f x dx g x dx± = ±∫ ∫ ∫

( ) ( )
b a

a b

f x dx f x dx= −∫ ∫
0

( ) 2 ( )
b a

a

f x dx f x dx
−

=∫ ∫

( ) 0
b

a

f x dx
−

=∫ 0 0

( ) ( )
a a

f x dx f a x dx= −∫ ∫

0

( ) ( ) ( )
c b c

a a

f x dx f x dx f x dx= +∫ ∫ ∫

Comparison Properties 

*    If f(x)≥0 for a ≤ x ≤ b then  
 
 

*     If f(x)≥g(x) for a ≤ x ≤ b then  *     If m ≤ f(x) ≤ M for a ≤ x ≤ b, then  
( ) 0

b

a

f x dx ≥∫ ( ) ( )
b b

a a

f x dx g x dx≥∫ ∫ ( ) ( ) ( )
b

a

m b a f x dx M b a− ≤ ≤ −∫

Fundamental Theorem of Calculus  

Let f is a continuous function on closed interval [a, b]  
 
1.  .If                         , then  
 
 
 
2.                                                , where F is an  
 
 
      anti-derivative of f i.e. F’(x)=f(x)  
 

Mid Point Rule  

 
 
 
 
     where                   and 
 
 
 
 
 
 

( ) ( )
x

a

h x f y= ∫ '( ) ( )h x f x=

( ) ( ) ( )
b

a

f X dx F b F a= −∫

1 2( ) [ ( ) ( ) ( )]
b

k
a

f X dx Mn x f x f x f x≈ = ∆ + + − − − − +∫

b ax
k
−

∆ = 1

1 ( )
2i i ix x x−= +

Trapezoidal Rule  

 
 
 
 
     
      where                         and 
 

0 1 2 1( ) [ ( ) 2 ( ) 2 ( ) 2 ( ) ( )]
2

b

n k k
a

xf x dx T f x f x f x f x f x−

∆
≈ = + + + − − − + +∫

b ax
k
−

∆ = ix a i x= + ∆

Simpson’s Rule  

 
 
 
 
     where k is even and   b ax

k
−

∆ =

0 1 2 3 2 1( ) [ ( ) 4 ( ) 2 ( ) 4 ( ) 2 ( ) 4 ( ) ( )]
3

b

n k k k
a

xf x dx S f x f x f x f x f x f x f x− −

∆
≈ = + + + − − − + + +∫
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DIFFERENTIATION 

Definition  
The derivative of a function f at a number a, denoted by  
f’(a), is given by 
 
 
 
if the limit exists.  
 

       The derivative of function f at any number x is  
 
                                                                 if the limit exists. 
 
 
      Different notations for derivatives  
     If y=f(x) then the derivative of then the derivative of y with  
      respect to x is:  
     
 
 

* * 

* * 

Derivatives of Trigonometric Functions  

* * 

0

( ) ( )'( ) lim
h

f a h f af a
h→

+ −
=

0

( ) ( )'( ) lim
h

f x h f xf x
h→

+ −
=

'( ) ' ( ) ( ) ( )x

dy df df x y f x Df x D f x
dx dx dx

= = = = = =

(sin ) cosd x x
dx

= (cos ) sind x x
dx

= −

2(tan ) secd x x
dx

= (csc ) csc cotd x x x
dx

= −

(sec ) sec tand x x x
dx

= 2(cot ) cscd x x
dx

= −

Quotient Rule  

 
 
 
 
 
      (or                                   ) 
 

2

( ) ( ) ( ) ( )( )
( ) [ ( )]

d dg x f x f x g xd f x dx dx
dx g x g x

−⎡ ⎤
=⎢ ⎥

⎣ ⎦

'

2

' 'u vu uv
v v

−⎛ ⎞ =⎜ ⎟
⎝ ⎠

The Chain Rule  

    If f and g are both differentiable functions and  
                               is a composite function, then F is  
   differentiable and       
 
   OR:  If y=f(u) and u=g(x) are both differentiable functions 
      
    then,  
 

Differentiation Formulas  

*   Derivative of a constant function :  
 
*   If n is any real number :  
                     
                                         [power Rule] 

* 
 
*   Sum rule : If f and g are differentiable, then 

 
 

*   Difference rule :  
 
 

*   Product rule :    
 
 
       
 
        (or                                  )     

( ) 0d c
dx

=

1( )n nd x nx
dx

−=

[ ( )] ( )d dcf x c f x
dx dx

=

[ ( ) ( )] ( ) ( )d d df x g x f x g x
dx dx dx

+ = +

[ ( ) ( )] ( ) ( )d d df x g x f x g x
dx dx dx

− = −

( ) ' ' 'uv uv u v= +

( ) ( ( ))F x f g x=
'( ) '( ( ) '( ))F x f g x g x=

.dy dy du
dx du dx

=

Differentiation of Implicit Functions 

    Technique:  Differentiate both sides of equation wrt x and  
    then solve the resulting equation for y’  
 
   E.g.  If                         , find          ,  The given  
 
    equation is  
 
    Differentiating both sides with respect to x:  
 
                                              Or   
 
 
    Or   
 

3 3 3x y+ = dy
dx

3 3 3x y+ =

2 23 3 0dyx y
dx

+ =
2 23 3dyy x

dx
= −

2

2

dy x
dx y

−
=

Derivatives of Exponential and  
Logarithmic Functions 

* * 

* 
 

* 

( )x xd e e
dx

=
1n | |d l x

dx x
=

( ) nx xd a a l a
dx

=
1(log )
na

d x
dx xl a

=

[ ( ). ( )] ( ) ( ) ( ) ( )d d df x g x f x g x g x f x
dx dx dx

= +
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DIFFERENTIATION 

Derivatives of Inverse Trigonometric 
Function 

*                                 ,-1 < x < 1 
 

*                                  , -1 < x < 1  

* 

*                                    ,|x| > 1  

* 

Derivatives of Hyperbolic Functions  

* 

* 

* 

* 

* 

* 

1

2

1(sin )
1

d x
dx x

− =
−

1

2

1(cos )
1

d x
dx x

− = −
−

1
2

1(tan )
1

d x
dx x

− =
+

1

2

1(csc )
1

d x
dx x x

− = −
−

1
2

1(cot )
1

d x
dx x

− = −
+

(sinh ) coshd x x
dx

=

(cosh ) sinhd x x
dx

=

2(tanh ) sechd x x
dx

=

(csch ) csc co thd x h x x
d x

= −

(sech ) sec tan hd x h x x
d x

= −

2(coth ) cscd x h x
dx

= −

Higher Order Derivatives  
 

    
    Second derivative of y=f(x)  is the derivative of the  
      derivative of f  and is denoted by:         
 
 
 
      Third derivative of y=f(x) is :   
 
 
 
      nth  order derivative :   
 

 
                        

Derivatives of Inverse Hyperbolic  
Functions  

*                                  

*                                        , |x| > 1                       

*                                   , |x| ≠ 1 

*                                             

*                                       , -1 < x < 1 

*                                    , |x| ≠ 1 

2
11 2

2
( ) ( )d dy d y f x D f x

dx dx dx
⎛ ⎞ = = =⎜ ⎟
⎝ ⎠

2 3
(1) (1) 3

2 2
( ) ( )d d y d yy f x D f x

dx dx dx
⎛ ⎞= = = =⎜ ⎟
⎝ ⎠

( ) ( ) ( ) ( )
n

n n n
n

d yy f x D f x
dx

= = =

1

2

1(sinh )
1

d x
dx x

− =
+

1

2

1(cosh )
1

d x
dx x

− = −
−

1
2

1(tanh )
1

d x
dx x

− =
+

1

2

1(csc )
| | 1

d h x
dx x x

− = −
+

2

1(sech )
1

d x
dx x x

= −
−

2

1( h )
1

d cot x
dx x

= −
−

The First Derivative Test  

    Let c is a critical point of a continuous function f, 
  (a ). If f ‘changes sign from positive to negative at c, then f  
         has a local maximum at c. 
  (b ). If f ‘changes sign from negative to positive at c, then  
          f  has a local minimum at c. 
  (c ). If f ‘ does not change sign at c, then f has no local   
         maximum or minimum at c. 

                       
Second Derivative Test  

    Let f” is continuous near c.  
   (a ). If f’(c)=0 and f”(c)>0, then f has a local maximum  
          at c. 

         If f’(c)=0 and f”(c)<0, then f has a local minimum at c.   
                        

Concavity Test  

    (a ). If f”(x)>0 for all x in I, then the graph of f is concave 
              upward on I. 
       (b ). If f”(x)<0 for all x in I, then the graph of f is concave  
              downward on I. 

Rolle’s Theorem  

    Let f is a function such that 
          1. f is continuous on [a, b] 
          2. f is differentiable on (a, b) 
          3. f(a)=f(b)  
     then there exists a number                 such that  f’(c)=0 
 

( , )c a bε
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DIFFERENTIATION 

Scientific Applications of Derivatives 

*   If  s=f(t) is the position function of the particle moving in 
        straight line then: 
                          
     velocity             is the rate of change of displacement  
                                        
        with time. 
 
        Acceleration                            is the rate of change of  
 
       velocity with time. 

*    If m=f(x)  is the mass of a rod or piece of wire, then linear  
 
        density               is the rate of change of mass with  
 
        length.       
*   If Q=f(t) is the charge passing through the surface at time t, 
  
        then current                  is the rate of change of charge  
 
       with time. 
*   If w=f(t) is the work done in time t then Power  

       
                  is the rate of change of work done with time. 
 

Applications of Differentiation 

Maximum and Minimum values/Extreme values: 

*   Absolute maximum:  A function f has absolute maximum  
      at c if f(c) ≥ f(x) for all x in domain of f.  

*   Absolute minimum:  A function f has absolute maximum at 
      c if f(c) ≤ f(x) for all x in domain of f.  

*   Local maximum:  A function f has local maximum at c if f 
      (c) ≥  f(x) in some open interval containing c.  

*   Local minimum:  A function f has local maximum at c if f 
      (c) ≤  f(x) in some open interval containing c. 

*   The extreme value theorem:   If f is continuous on a closed  
      interval [a, b], then f attains on absolute maximum f(d) at  
      some c, d in [a, b].  

*   Fermat’s theorem:  If f  has local maximum or minimum at  
      c and if f’(c) exists, then f’(c)=0  

*   Critical number:  A critical number of function f is a  
       number c in the domain of f such that f’(c)=0 or f’(c)  
       does not exist. 

The Mean Value Theorem  

    Let f is a function such that  
      1. f is continuous on[a, b]  
         2. f is differentiable on (a, b) 
         3. f(a)=f(b)  
    then there exists a number                   such that  f’(c)=0 
                      

Increasing/Decreasing Test  

    (a ). If f’(x)>0 on an interval, then f is increasing on that  
              interval. 
 
      (b ). If f’(x)<0 on an interval, then f is decreasing on that  
              interval.  
 

( , )c a bε

( ) dsv
dt

=

2

2

dv d sa
dt dt

⎛ ⎞
= =⎜ ⎟

⎝ ⎠

( ) dqI
dt

=

( ) dwP
dt

=

SEQUENCES AND SERIES 

Limit of a Sequence  

A sequence          is said to have limit l if for every e>0 
there exists a positive integer N such that                               
whenever n>N  And limit is denoted by                 or 
            as    

 

*   If           an exists then we say that the sequence           is  
        convergent or otherwise we say that the sequence          is  
        divergent. 

{ }na
| |na l e− <

lim nn
a l

→ ∞
=

na l→ n →∞

lim
n→∞

{ }na
{ }na

Increasing/Decreasing Sequence  

       A sequence          is called increasing  
 
       if an < an+1 for all n ≥ 1 i.e.  
 
       A sequence          is called decreasing  
 
       if an > an+1 for all n ≥ 1 i.e.  

{ }na

1

( )f x d x
∞

∫
{ }na

1 2 3a a a< < < − − − −

Definitions to know  

( ) dm
dx

ρ =
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SEQUENCES AND SERIES 

Monotonic Sequence  

A sequence is called monotonic if it is either increasing or 
decreasing. 

Bounded Above/ Bounded Below  

A sequence            is bounded above if there is a number M 
such that an ≤ M for all n ≥ 1 
 
A sequence           is bounded below if there is a number M 
such that M < an for all n ≥ 1 

{ }na

{ }na

Bounded Sequence  

A sequence is called bounded if it is bounded above and 
below.  

Monotonic Sequence theorem  

Every bounded, monotonic sequence is convergent.  

Limit Laws of Sequences  

If            and           are convergent sequences and c is a  
constant, then 

 

* 
 
 

* 
 
 

* 
 
 

* 
 
 

* 
                                   if       
 
 

*                          if p>0  and an>0 

{ }na { }nb

lim( ) lim limn n n nn n n
a b a b

→∞ →∞ →∞
+ = +

lim( ) lim limn n n nn n n
a b a b

→∞ →∞ →∞
− = −

lim limn nn n
ca c a

→∞ →∞
=

lim( ) lim .limn n n nn n n
a b a b

→∞ →∞ →∞
=

lim
lim

lim
nn n

n
n nn

aa
b b

→∞

→∞

→∞

= lim 0nn
b

→∞
≠

lim lim
p

p
n nn n

a a
→∞ →∞

⎡ ⎤= ⎣ ⎦
Theorem  

 
If                          then 
 
 

lim | | 0nn
a

→∞
= lim 0nn

a
→∞

=
Convergence/Divergence of a series  

For a given series 
 
 
 
 
let Sn  denotes the partial sum  
 
 
 
If the sequence             converges to a real number s then  
 
the series               is also convergent and it converges to s. 
 
 
Otherwise the series is called divergent. 

1 2 3
1

n
n

a a a a
∞

=

= + + + − − − −∑

1 2 3n ns a a a a= + + + − − − +

{ }ns

1
n

n

a
∞

=
∑

Theorem  

 
If the series               is convergent, then  

1
n

n

a
∞

=
∑ lim 0nn

a
→∞

=

Test for Divergence  

If                 does not exists or if                       , then the        
 
                
             is divergent. 

lim nn
a

→∞
lim 0nn

a
→∞

≠

1
n

n

a
∞

=
∑

Definitions to know  

Theorem  

If             and           are convergent series then              , 
      
(c a constant),  
 
                       and                       are also series and   
 

*                          * 
 
 

* 
 
 

na∑ nb∑
nca∑

( )n na b∑ + ( )n na b∑ −

1 1
n n

n n

ca c a
∞ ∞

= =

=∑ ∑
1 1 1

( )n n n n
n n n

a b a b
∞ ∞ ∞

= = =

+ = +∑ ∑ ∑

1 1 1

( )n n n n
n n n

a b a b
∞ ∞ ∞

= = =

− = −∑ ∑ ∑

Convergence of Geometric series  

       The geometric series  
 
                                                                        converges  
 
       if |r| < 1 and diverges if |r| ≥ 1  

1 2

1

n

n

ar a ar ar
∞

−

=

= + + + − − − −∑



 12 

 

SEQUENCES AND SERIES 

Test for the convergence of series 

*   The integral test: Suppose f is a continuous, positive, 
        decreasing function on [1, ∞] and let an=if (x). Then the  
         
        series            is convergent if and only if the improper  
 
        
        integral                     is convergent.  
 
        Or 
 

         
       (i). If                   is convergent, then             is convergent. 
 
        
       (ii). If                   is divergent, then              is divergent. 
 
 

 
*   The P-test: The p-series               is convergent if p > 1  
         and divergent if p ≤ 1  
 

 
*   The comparison test: Let             and            are series 
         with positive terms. 
      
       (i). If             is convergent and               for all n, then  
         
        is also convergent 
 
       (ii). If            is divergent and                for all n, then  
         
        is also divergent 
 

*   The limit comparison test: Let              and                
         
        are series with positive terms. If                         where c is  
     
        a finite number and c > 0, then either both the series  
        converge or both diverge. 

 
 
 
 
 
 

1
n

n

a
∞

=
∑

1

( )f x dx
∞

∫

1

( )f x dx
∞

∫
1

n
n

a
∞

=
∑

1

( )f x dx
∞

∫
1

n
n

a
∞

=
∑

1

1
p

n n

∞

=
∑

1
n

n

a
∞

=
∑

1
n

n

b
∞

=
∑

nb∑ n na b≤ na∑

nb∑ n na b≥ na∑

na∑ nb∑
lim n

n
n

a
c

b→∞
=

Test for the convergence of series 

*   The alternating series test: If the alternating series  

 
 
      is monotonically decreasing and  
       
      then the series is convergent. 
 

*   The ratio-test: 
         
       (i). If  

 
 
             then the series              is convergent.  
 
 
        
        (ii). If                                    or 
 
                
               then the series               is divergent. 
 
 

*   The root-test: 
 
        (i). If                                    then the series        
 
              is convergent.  
 
        (ii). If                                    or                                , 
 
               
              then the series              is divergent.  
 

1
1 2 3 4

1

( 1) ( 0)n
n n

n

a a a a a a
∞

−

=

− = − + − + − − − − >∑
lim 0nn

a
→∞

=

1lim | | 1n

n
n

a
l

a
+

→∞
= <

1
n

n

a
∞

=
∑

1lim | | 1n

n
n

a
l

a
+

→∞
= > 1lim | |n

n
n

a
a
+

→∞
= ∞

1
n

n

a
∞

=
∑

lim | | 1n
nn

a l
→∞

= <
1

n
n

a
∞

=
∑

lim | | 1n
nn

a l
→∞

= > lim | |n
nn

a
→∞

= ∞

1
n

n

a
∞

=
∑

CALCULUS 1                                                                    www.Cramster.com 

Definitions to know  

Absolutely Convergent  

A series ∑an is called absolutely convergent if the series of  
 
absolute values                   is convergent. 

1

| |n
n

a
∞

=
∑

Conditionally Convergent  

 
A series               is called conditionally convergent if it is  

 
convergent but not absolutely convergent. 

1
n

n

a
∞

=
∑
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SEQUENCES AND SERIES 

Theorem  

 
If the power series                            has radius of convergence R > 0, then the function f defined by 
 
 
 
 
     is differentiable and continuous on the interval (a - R, a + R) and 
 
(i).  
 
 
 
 
(ii).  
 
 
 
 
     the radii of convergence of power series in equation (i) and (ii) are both R.  

( )n
nc x a−∑

2
0 1 2

0

( ) ( ) ( ) ( )n
n

n

f x c c x a c x a c x a
∞

=

= + − + − + − − −− = −∑

2 1
1 2 3

0

'( ) 2 ( ) 3 ( ) ( )n
n

n

f x c c x a c x a c x a
∞

−

=

= + − + − + − − −− = −∑

12 3

0 1 2
0

( )( ) ( )( ) ( )
2 3 1

n
n

n

c x ax a x af x dx c c x a c c c
n

+∞

=

−− −
= + − + + − − − − = +

+∑∫

Good to know  

Theorem  

If a series ∑an is absolutely convergent, then it is convergent. 
 

TAYLOR AND MACLAURIN SERIES 

Taylor series of a function f at a  

 
 

( )

0

2

3

( )( ) ( )
!

'( ) "( )( ) ( ) ( )
1! 2!

"'( ) ( )
3!

n
n

n

f af x x a
n

f a f af a x a x a

f a x a

∞

=

= −

= + − + −

+ − + − − − −

∑

Maclaurin’s series of a function f  

 
 

( )

0

2

(0)( )
!

'(0) "(0)(0)
1! 2!

n
n

n

ff x x
n

f ff x x

∞

=

=

= + + + − − − −

∑

Binomial Series  

If k is any real number and |x| < 1, then  
 
 
 
 
 
 
 
Where                                     and 

 

k 2 3

0

k(k-1) k(k-1)(k-2)(1+x) =1+kx+
2! 3!

k n
n

n

x x

c x
∞

=

+ + − − −

= ∑
!

!( )!
k

n

kc
n k n

=
− 0 1k c =

Some important Maclaurin series  

 

*                                         , 
 
 
 

*                                                                          , 
 
 

*                                                                     , 
 
 

*                                                            , 
 
 

*                                                                    , 
 
 

*                                                                            , 
 

2 3

1
1! 2! 2!

x x x xe = + + + + − − − − ( , )xε −∞ ∞

3 5 7

sin
3! 5! 7!
x x xx x= + + + + − − − − ( , )xε −∞ ∞

2 4 6

cos 1
2! 4! 6!
x x xx = − + + + − − − − ( , )xε −∞ ∞

2 31 1
1

x x x
x
= + + + + − − − −

−
( , )xε −∞ ∞

2 31 1
1

x x x
x
= + + + +−−−−

−
( 1,1)xε −

3 5 7
1tan

3! 5! 7!
x x xx x− = − + + + − − − − ( 1,1)xε −


