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A function f is a rule that associates each element of a set X
to a unique element of set Y. If x is an element of set x then f
(x) is an element of set Y. The set x is called the domain of
function f'and the set of all possible values of f{x) for all x in
the domain set is called the range of f.

TYPES OF FUNCTIONS:

Type Diagram Type Diagram
Polynomials : A function is y Power function : A function is v
called a polynomial if f{x)= called a power function if it is 4 yx
P G N ) G — + ax’ of the form f{x)=x" , where a is

. 21

+a;x +ag where n is non- a constant.
negative integer and a,a;,a,,-- X
----- a, are all constants with y
a,70. Here n is called the de- , > x * When a=n, where n is a
gree of polynomial. 0 1 positive integer. y=x
For example: E.g flx)=x, f{x)=x", /
Sflo)=x*+x+1 y x

fo)=xx+1 f 1\/ f)=x’ / y=x |
Y

y=

*Where a=1/n , where nis a
. positive integer
Constant function : A func- y E.g. f{x)=\x, g x
tion f'is called a constant func-
tion if f(x)=c(a constant) for

all x in the domain. -
For example: : ! fe=x" W ,

nn

are called exponential func-

feo=4 o —
Exponential functions : the v
functions of the form f{x)=a", b y=e' *Where a:'ll o
where a is a positive constant, E.g. flx)=x A ”

. 1 &1t
tions. !
For example : f{x)=2%, 0

fix)=¢*



TYPES OF FUNCTIONS:

Type

Rational function : If a func-
tion f'is the ratio of two poly-
nomial function, then it is
called a rational function.

i.e. f(x)=h(x)/g(x) , where h(x)
and g(x) are polynomials with
g(x) # 0 in the domain.

For example: f{x)=2x"*-x*+1/
x*-4 is a rational function with
domain not containing 4 2.

Type

Trigonometric functions :
The functions involving trigo-
nometric ratios like sinx, cosx,
tanx etc. are called trigono-
metric functions.

For example : f{x)=sinx,

f(x)=cosx

~T
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Type

Algebraic functions : If a
function f can be obtained us-
ing algebraic operations on
polynomials, then it is called an
algebraic function.

For example : f{x)= Vx%+1

Logarithmic functions : The
functions of the form f{x)
=log,x, where base a is a posi-
tive number are called Loga-
rithmic functions.

The domain of logarithmic
functions is (0,00) and the range
is(-00,00).

For example : f{x)=logyx,
J(x)=logiox

Diagram

Diagram
y
12
o/ | X
R

y=sinx

\ _

|

N

N _—
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Name

Limit of a func-
tion

Left— hand limit

Right— hand limit

Infinite limits

Definition

A function fis said to have limit | at x=a if
for every e>0 there exista § >0 such that

| fx—?|< & whenever 0<|x-a|<. §

And the limit is denoted by

f(b)-f(a)
g(b)—g(a)

A function fis said to have left — hand
limit 1 at x=a if for every &€ > 0 there
exists a &> 0such that | /(X)=I<é
whenever a- d<x<a and it is denoted by

lim f(x)=1
xX—>a

A function fis said to have right — hand
limit 1 at x=a if for every ¢ > (ythere exists

a § > 0 such that | f(x)-l<e
whenever ; « y < 4 + 5 and it is denoted

by lim f(x)=1
xX—>a®

Note : lim f(x) =/ if and only if

x—a
lim f(x)=1 = lim f(x)=/
xX—>a x—>a

A function f defined on some open inter-
val that contains number a , is said to have
infinite limit oo if for every positive num-
ber M, there exist a positive number

such that f{x)> M whenever
And it is denoted by [im f'(x) =«

A function f deﬁned)g)n_;gme open inter-
val that contains number a , is said infinite
limit -oo number  such that f(x)< N
whenever 0<|x—a|<§

and it is denoted by lim f'(x) = —0

X—>a

Name

Continuous func-
tion

Discontinuous
function

Continuity on an
interval

The intermediate
value theorem

Cauchy’s mean
value theorem

Definition

A function f is continuous at a number a

ir lim f(x) = f(a)

X —>a

A function is said to be discontinuous at a
if it is not continuous at a.

A function is a continuous on an interval
if it is continuous at every point in the
interval.

Note : The following functions are
continuous at every point in their do-
main :

1. Polynomials

ii. Rational functions

iii. Root functions

iv. Trigonometric functions

Note : If g is continuous at a and f is
continuous at g(a) then the composite
function fog is continuous at a

If f is continuous on the closed interval
[a, b] and if M is a number such that

f (a)<M<f(b) where f(a)# f(b) , then there
exist a number ¢ & (a, b) such that
f(c)=M.

If the functions f and g are continuous on
[a, b] and differentiable on (a, b) and
g’(x)# 0 for all x in (a, b). Then there is a
number c in (a, b) such that

[ fO)-f(a)
g'lc) gb)—g(a)
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Suppose that the limits [jm f(x) and |im g(x) Name Definition

X —>a X —>a

exist and ¢ is a constant, then If f and g are differentiable and g’(x) # 0

near a (except possibly at a), and if

L’Hospital’s rule’

lim[ /' (x) £ g(x)] = lim[ f(x) + limg(x) lim f(x) =0 and Jimg(x) =0
X—>a X —>a X —>a X—>a XxX—>a
2. or
limef (x) = clim f(x) i .
xX—>a xX—>a lim f(x) = oo and hmg(x)=ioo
; xX—a xX—>a
. 1. _ . : '
im[f(x)g(x)] = lim[ f(x) x limg(x) hen i d o o L)
X—a X—a xX—a g(x) g'(x)
4. lim f(x) X—a xX—>a
i f(x) _ x>a forlimg(x) £ 0 if the limit on right side exist (or coor -o0)
g(x) lim g(x) X —>a Note: Indeterminate forms when we
X = a X—>a can use L Hospital’s rule:
5. ’ % * 00
lim[ f(x)]" =| lim f(x) £ 0 . 17
xX—>a xX—a ©
p % — % 00— 00
Climgf () _ fim f(x) -
xX—>a XxX—a -
7 lime=a 8 limx=a
xX—a X—>a
9. 10.
limx" =a" lim4/x =¥a
xX—>a xX—>a

11.

where n is a positive in-
teger, a>0

lim(1+x)"" —¢

X—>a

lim® ! = Ina
X

x—0

limcosx—l -0
X

x—>0

where n is a positive

integer, a>0

2. 1
lim(1+—)" =¢
X
X —
14 sin x
lim =1
X
x—0

The squeeze theorem If f(x) < g(x) < h(x) when x is near a
(except possibly at a) and

lim £(x) _ limh(x) _
X —>a

xX—>a

then 1M g(x) -,
X —>a
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LS xn+1 * . * .
jx"dx= iy Ismxdx:—cosx+c Icosxdx:slnx+c
n+1
% 5 % %
jsec xdx =tanx +c Icsczxdx:—cotx+c Isecxtanxdx:—cscx+c
* dx * gy = ot * e
—=In|x]|+c Ie x=e"+c Iaxdx: ‘e
X Ina
% % . %
Itanxdx:ln|secx|+c Icotxdx=ln|smx|+c Isecxdx:ln|secx+tanx|+c
* * dx X * X
Icscxdx:ln|cscx+cotx|+c J—=sm —+c j —— =sin. —+c¢
at +x? a a +x a
* dx 1 x * d * -
. x 1 xX+a dx 1 xX—a
I—Z ==—sec' —+c j—z —=—1In| | +c .[—2 -=—In| | +c
xNx —a a a a —-x  2a xX—a X —a 2a x+a

Note : c denotes the arbitrary constant of integration

‘

*

%k
J.xe‘“dx=L2(ax—1)e“"+c Ilnxdx=xlnx—x+c I ! dx=In|lnx|+c
a xlnx

* ax %k ax

[ e sinbxdx = ——— (asinbx—bcosbx) +c [ e cosbxdx = ——— (acosbx—bsinbx) + ¢
a +

Q
S
Sy

Q
Sy

* *

J.sin"1 xdx = xsin"' x++1-x> +¢ J‘cos"1 xdx =xcos" x—+1-x" +c¢

* *

1 _ 2
J.tan’1 xdx=xtan’1x—5(1—x2)+c J‘xsin’l xdx = sin” x+ I-x +c
* 2 2 % 2
_ — x +1 X
J.xcos’l xdx = 2x 1(:05’l x—xl—x+c J.xtan" xdx = tan' x—=+c
4 4 2 2
* . * . *
J.smh xdx =coshx+c J-cosh xdx =sinhx+c¢ J-tanh xdx =I[n|coshx|+c
* *

[ coth xdx = In |sinh x| +c [sechxdx = yan™ |sinhx|+c ¥ Icschxdx=;n|tanh£|+c
2

Note : c is arbitrary constant of integration lim a, = 0

n—x0
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n—1 n—1

) 1. . . * 1 L. _
jsm” xdx = ——sin"" xcosx + Ism" *xdx jcos" xdx = —cos"" xsinx + Icos" *xdx
n n n n
* n n-1 n-2 * n - n-1 n-2
J- tan” xdx = tan” x I tan" " xdx Icot xdx = cot xj cot" " xdx
n-1 n-1
* n n-2 n— n-2 * n n-2 n— n-2
J- sec” xdx = tan xsec" " x j sec” " xdx '[ csc” xdx = cotxcsc” x j csc" “xdx
n-1 n-1 n-1 n—1
* xn+1 * n ax 1 n ax n n— ax
Ix”lnxdx=—2[(n+1)lnx—1]+c jxe dx =—x"e ——Ix 'e“dx
(n+1) a a
* : n m
sin” xcos” xdx
—sin"' xcos""'x n-1¢. ., i sin"'xcos""'x m-1g¢ ., -
= + Ism xcos” xdx = + J-sm xcos" ™ xdx

n+m n+m n+m n+m

If the integrand is a function of :

*oaxth  Substitte  axtb=t ¥ [orqp Substitute [ortp=r ¢ X +a’ Substitute y— gtans
\Jx? —q® Substitute  — ;qect a® —x* Substitute . _ ooing e Substitute o™ —¢

* . * . ; x
Inx Substitute ;.. _; sin x,cosx Substitute 5, = _;

‘

To integrate the rational function f(x) when:

g(x)
1. When 2(x) is a product of distinct linear factors, we can 2. When g(x) contains irreducible quadratic factors i.e.
WIHE o (1) = (@ +b,)(@,x + b, ) (ax+b,) then g(x)=ax’ +bx+c Where p2 440 < () - then
SO A A LA J) __ AxtB
g(x) ax+b ax+b, ax+b, g(x) ax’+bx+c

3. When 2(x) is a product of linear factors, some of which are repeated, i.e.

g(x)=(ax+b) (@, x+b,).ccuue.... (a,x+b) then

) &) 4D 4
feo_ AN A LA A A
g(x) ax+b (ax+b) (ax+b) a,x+b, ax+b,

4. When g(x) contains repeated irreducible factors i.e.
g(x)=(ax’ +bx+c)t Where 2 450 - then

f(x)  Ax+B N A,x+ B, Ax+B.x

= + +
g(x) ax’+bx+c (ax’+bx+c) (ax® +bx +c)"
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% b * b b b

[edx = c(b-a) [Lr) g = [ f(x)dx+ [ g(x)dx
* oo ‘ * Iffis an even function i.e. f{-x)=f(x)

j F(x)dx = —j F(x)dx ) )

“ ’ then j F(x)dx =2 j F(x)dx
* Iff is an odd function i.e. f-x)=—f{x) *

, jf(x)dx:jf(a—x)dx
then j F(x)dx =0 0 0

%k c b ¢
[ fGodx = [ f(x)dx+ [ f(x)e

* * *

If f{x)>0 for a <x <b then If fix)>g(x) for a <x <b then

jf(x)dx >0 jf(x)dx > jg(x)dx m(b—a) < jf(x)dx <Mb-a)

If m <f(x) <M for a <x <b, then

Let f'is a continuous function on closed interval [a, b]

r jf(X)dxzM”=Ax[f(fl)+f(72)+————+f(fk)]
1. If h(x)zjf(y) , then h'(x) = f(x) ,
‘ where Ax:b;a and :%(xi_l +X,)

i

2. jf(X)dx — F(b)—F(a) ,WhCI'CFiS an

anti-derivative of fi.e. F’(X)=f(x)

J e = 1, =S50+ 27 (6) 4 2 ()4 ===+ 2 (5 )+ £(x)

where Ax = b—a and
k

X =a+ilAx

J.f(x)dx ~ Sn :%[f(xo)+4f(x1)+2f(xz)+4f(x3)___+2f(xk—2)+4f(xk—1)+f(xk)]
b—a

where k is even and Ax =
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The derivative of a function f'at a number a, denoted by *
f(a), is given by —(sinx) = cos x —(cosx) = —sinx
dx dx
\ f (a+ h) f(a)
f(a)= * 4 ) * d
—(tan x) =sec” x —(cscx) =—cscxcotx
if the limit exists. dx dx
- . . * d * d
The derivative of function f at any number x is —(secx) =secxtanx —(cotx) =—csc’ x
dx dx
=g EEREE i
h—>0 h
Different notations for derivatives d [ f(x) g(x) f(x) - f(x) 7g(x)
If y=f{x) then the derivative of then the derivative of y with e 2(x) (2T

respect to X is:
(x)= v'= dy df d (or [ X | = yu'—uv' )
r=y =Ll L = prw =) (4] -2

_ L Fand g are both iTerentable fonctons an

Derivative of a constant function : F(x)= f(g(x)) is a composite function, then F is
(c) 0 differentiable and F '(x) = 1 '(g(x)g'(x))

OR: If y=f{u) and u=g(x) are both differentiable functions

* Ifnis any real number : then. d_y _ ﬂ a’_u
i( x") = nx"" [power Rule] dx du dx
o  iterentation of i uncions
* Technique: Differentiate both sides of equation wrt x and
i[cf( x)] = Ci f(x) then solve the resulting equation for y’
Eg If ¥ + ¥y =3, find ﬂ , The given
* Sum rule : If fand g are differentiable, then dx
equationis x° 4 j° =3
d d d
E[f () +g(x)]= E )+ E g(x) Differentiating both sides with respect to x:
dy 2 dy >
OI' 3 — = —3
* Difference rule : 3¢% +3y7—- dx =0 Y dx x
dy —x
d d d Or ——=—
—[f(x)—g(x)]=—f(x)-—-g(x) dx y
dx dx dx
* Product rule : _
* d * d 1
d d d (e =¢ ——In|xj=—
- X).2\X)]| = xX)—g(x)+ X)— X
&)= () g () + ()2 /() 0 o .
% % d
(Or(uv)l:uvl_l_ulv ) a(a ):alna a(log“x)lena
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- = sl<x<l —(sinh x) = cosh x
T (sin ') = ——A— £ (sinh )
* d .
* i(cosfl x)=-— 1 ,-l<x<1 —(cosh x) = sinh x
* — (tanh x) = sech” x
* d -1 1 dx
—(tan x) = .
dx 1+ x " d
— (csch x) = —csc hxcoth x
sk 1 dx
—(cse™' x) =— > 1 . d
xJxi =1 E(sech x) = —sec hx tanh x
* d 1 * d
—(cot x)=-— —(coth x)=-—csch’x

Second derivative of y=f{x) is the derivative of the — (smh x) = -
derivative of / and is denoted by: 1+ x
d dy d ’ 1 * d 1 1 |x| >1
— = = D’ f(x —(cosh™ x) = ——— ’
dx(dxj =/ (x)=D"f(x) I T
Third derivative of y=f(x) is : * i (tanh~' x) = 1 x| #1
5 dx 1+ x?
d’y) d'y
="' =—|—5|=-5=D"f(») x4 |
a’ ) dx a4 hly)= -~
(csch ' x)
dx |x|~x?+1
n™ order derivative :
* d 1

—(sechx) = ———— ssl<x<l

— 0 =2 =D " S

* d 1 1
S L T
dx( ) 1-x

Let c is a critical point of a continuous function f, *
(a). If f“‘changes sign from positive to negative at c, then f
has a local maximum at c.
(b). If f ‘changes sign from negative to positive at ¢, then
£ has a local minimum at c.
(c). If £ does not change sign at ¢, then f'has no local
maximum or minimum at c.

Let f'is a function such that
Let f” is continuous near c.

) ) . 1. fis continuous on [a, b]
(a). If f’(c)=0 and f”(c)>0, then fhas a local maximum 2. fis differentiable on (a, b)

Iff( 3t:C~0 and f”(c)<0, then f'has a local minimum at 3-/@)=(b)
¢ o= ¢ then there exists a number ce(a,b)such that f(c)=0

(a). If f”(x)>0 for all x in I, then the graph of f'is concave
upward on I.

(b). If /”(x)<0 for all x in I, then the graph of fis concave
downward on I.
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Let f'is a function such that
1. fis continuous on[a, b]
2. f1is differentiable on (a, b)
3. fla)=ftb)

then there exists a number cg(a,b) such that f°(c)=0

(a). If f’(x)>0 on an interval, then f'is increasing on that
interval.

(b). If f°(x)<0 on an interval, then f'is decreasing on that
interval.

If s=f(t) is the position function of the particle moving in

straight line then:

velocity (v) = % is the rate of change of displacement

with time.

Acceleration g = ﬂ(: d_zsj is the rate of change of
dt\ dr’

velocity with time.

* o m=f{x) is the mass of a rod or piece of wire, then linear
densi dm . .
ensity ( p)=—o 71 the rate of change of mass with
dx
length.
* oqf Q=f(1) is the charge passing through the surface at time t,
then current () = Z’_q is the rate of change of charge
t
with time.
*

If w=f{?) is the work done in time t then Power

(P) = d_w is the rate of change of work done with time.

Maximum and Minimum values/Extreme values:

Absolute maximum: A function f'has absolute maximum
at ¢ if f{c) > f(x) for all x in domain of /.

Absolute minimum: A function f'has absolute maximum at
c if f{c) <f{x) for all x in domain of f.

Local maximum: A function fhas local maximum at c if f°
(¢) = f(x) in some open interval containing c.

Local minimum: A function fhas local maximum at c if
(¢) < f(x) in some open interval containing c.

The extreme value theorem: If fis continuous on a closed
interval [a, b], then fattains on absolute maximum f{d) at
some ¢, d in [a, b].

Fermat’s theorem: If f has local maximum or minimum at
c and if °(c) exists, then f’(c)=0

Critical number: A critical number of function f'is a
number c in the domain of f'such that /°(c)=0 or f’(c)
does not exist.

A sequence {a,} is said to have limit / if for every e>0
there exists a positive integer N such that | a, =/ |< e
whenever >N And limit is denoted by lim a, =/ or
a, > ag n—> o

*oaf llrn an exists then we say that the sequence {a } is

convergent or otherwise we say that the sequence {a } is
divergent.

A sequence {an } is called increasing

ifa,<a, foralln>1 i.e.j f(x)dx
1
A sequence {an } is called decreasing

ifa,>a, foralln>1lie. g, <a, <a, <———-—
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If {a,} and {b,} are convergent sequences and c is a A sequence is called monotonic if it is either increasing or
constant, then decreasing.
lim(a, +b,) =lima, +1limb,
n—w n—»0 n—»0
* A sequence {q, } is bounded above if there is a number M
lim(a, —b,) =lima, —limb, such that a,< M foralln > 1
n—w n—w n—»w
* i —cli A sequence {a, } is bounded below if there is a number M
,EE ca, =c }E.} a, such that M < a, foralln>1
lim(a,b,) =lima,.limb,
n—»w n—»0 n—»w
" A sequence is called bounded if it is bounded above and
: below.
1‘ an !11—1;13 a” lf 1. b 0
1m-—= = = mb #
n—x0
* Every bounded, monotonic sequence is convergent.

p
limay =|lima, | ifp>0 anda,>0

n—»w n—>x0

For a given series If li_I)Il la, [=0 then limg =0

n—>0

da =a+a,+a,+———-

n=1

let S,, denotes the partial sum

If the series Z_ @, s convergent, then lim@, =0
s =a ta,+a,+———+a, "

If the sequence { s, } converges to a real number s then

© If lima, doesnotexistsorif lima, # 0, then the
the series z a, s also convergent and it converges to s. o 1o
n=1 0
Z a, is divergent.
Otherwise the series is called divergent. n=1

If Xa, and Y b are convergent series then Seca The geometric series
n n

(c a constant), o
Zarm —a4ar+ar®+——__ converges

2(a,+b) and Y (a —b ) arealso series and ifl|=%| <1 and diverges if r| > 1

* Yea=cYa, ¥ Y +b)=Ya+3b,
n=l1 n=1 n=l1 n=1 n=1
£ Y (a,-b)=a -3

11
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*  The alternating series test: If the alternating series

a, +————(a, >0)

d(-D)"a,=a,-a, +a, -
n=1

is monotonically decreasing and limg =0

n—w

then the series is convergent.

*  The ratio-test:

@. If lim | - Gt =1<1

n—»o0
ﬂ

o0
then the series Z q is convergent.
n

n=1

(i). If lim | == Lt [=1>1 or Jim|—=L Lt |= o0
a a

n—»o
n n

then the series z a, is divergent.

n=1

The root-test:

0

(. If limzf| a, | =/ <1 then the series Zan

n=l1

is convergent.
ii). If 1 ! = 1 n = 5
(ii) lnlﬂrgﬁn a,|=I0>1or !11331” a |=o

then the series z a s divergent.
n

n=1

A series Y a, is called absolutely convergent if the series of

0
absolute values Z| a, | is convergent.

n=1

A series Z a, is called conditionally convergent if it is
n=l1

convergent but not absolutely convergent.

The integral test: Suppose fis a continuous, positive,
decreasing function on [1, o] and let a,=if (x). Then the

series Z a, is convergent if and only if the improper

n=1
integral I f(x)dx is convergent.
1

Or

0

@1). If I f (x)dxis convergent, then z a, is convergent.

n=1

(ii). If I f(x)dx is divergent, then Za is divergent.

n=1

=1
* The P-test: The p-series Z— is convergent if p > 1
and divergent if p < 1 o n’

*  The comparison test: Let Zan and an are series
with positive terms. n=l n=1

(1. If an is convergent and ¢, < b for all n, then Z a,
is also convergent
(ii). If z b, is divergentand @, = b, for all n, then Z a,

is also divergent

*  The limit comparison test: Let > aand Db,

~ = wherecis

n—>w0
n

a finite number and ¢ > 0, then either both the series
converge or both diverge.
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If a series Y a, is absolutely convergent, then it is convergent.

If the power series Z c, (x —a)" has radius of convergence R > 0, then the function f defined by

f(xX)=¢, +¢(x—a)+c,(x—a)’ +———= ch(x—a)"
n=0
is differentiable and continuous on the interval (a - R, a + R) and
@@).
f'(xX)=¢ +2¢,(x—a)+3c,(x—a)’ +———= ch(x—a)”'l
n=0
(i)
(x—a)’ (x—a) = c (x—a)"
dx=c+ —-a)+ +c ————=c+) —
[fdr=cre(xr-a)+q=—"+e 2=

the radii of convergence of power series in equation (i) and (ii) are both R.

w (n) — N m "

" [ . " _ f'(O) f"(O) 2 —_———
=f(a)+‘f1(|a)'(x—c1)+‘f2(|a)'(x_a)2 BEA A TR TR
+f';(!a)(x_a)3+____ 2 3

- * e"=1+1£!+;—!+;—!+———— s x&(—00,00)

If k is any real number and |x| < 1, then ox X

sinx=x+—+—+—+-————  x&(—0,0)
kik-1) .  kk-D(k-2) 3150 7!
+x) =1+kx+ 2 AT *
(1+x)* =1+kx o X+ 3 X+ I ,
w cosx=1——'+—'+—'+———— x&(—00,0)
:chx" %* 2! 41 6!
" L e S x&(—00,00)
Where ‘¢, = k! nd e =1 %« l-x
" nl(k—n)! ‘ 1 :
—=l+x+xX +x +———— xe(=LD
*  1-x
3 5 7 ’
tanx=x— 4> X 4 xe(-11)
* 31 57



