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Problem 1. 





Consider the following 4-DOF manipulator shown & its zero adjustment position.


�
�



1.Solve the forward Kinematics 


2.Solve the inverse Kinematics 


3.Compute d1,d2,d3,θ4 in order


        For the end-effector of this robot 


        To be perpendicular at the plane


         P =  [ 0, 0, 1/z4, 1]




















SOLUTION


1.





    We assign the center of each link and define the axis origins of each system, using the equations: 


 


                 ZinZi+1 = Oi                                                  (1.1)   








        Xi = ±Z i-1 x Z i /¦Z i-1 x Z i¦            (1.2)





    So ,  x1,x2,x3,x4 are defined as below:





X0 = arbitrary 


X1 = -Z0 x Z1


X2 = -Z1 x Z2


X3 =  Z2 x Z3


X4 = -Z3 x Z4


                    


 




















Links and D-H parameters:








Links�
di�
ai �
αi�
Θ?�
�
1�
d1*�
0�
-90�
0�
�
2�
d2*�
0�
+90�
0�
�
3�
d3*�
0�
-90�
0�
�
4�
0�
0�
+90�
Θ4*�
�












A(0,1) = Rot(z,θ1)Trans(z,d1)Trans(x,α1)Rot(x,α1)=








   �EMBED Mathcad���








A(1,2) = Trans(z, d2* )Rot(z, 90)Rot(x,-90) = 


 





�EMBED Mathcad���


A(2,3) = Trans(z, d3* )Rot(x, 90) = 


 


�EMBED Mathcad���











A(3,4) = Rot(x,-90)Rot(y,-θ4) = 





�









































We have all the intermediate matrixes and can calculate the A(0,.4) matrix (post multiply):








A(0,4) = A(0,1)A(1,2)A(2,3)A(3,4) =





�EMBED Mathcad���











2.Inverse Kinematics











Having the final matrix A(0,4):


	


�EMBED Mathcad���


we are going to find the θ4, and the position of the original axis.Suppose we were given a Known final matrix A(0,4):





�EMBED Mathcad���


Note: It is obvious that Ny,Ox,Qy,Oz must be equal to zero, and Oy equal to -1. If not the system is unsolved.














The x0,,y0,z0 axis will in respect with the final position , will be located  in :








                              X0 = sin(θ4)*X4 – cos(θ4)*Ζ4 – d3*


                              Y0 = -Y4 + d2*            


		          Z0 = -cos(θ4)*X4  - sin(θ4)*Z4 +d1*


			d3* = -Px


			d2* =  Py


			d1* =  Pz








Though the equitions :





Sin(θ4)     =   Nx


Cos(θ4)    = - Nz        





�EMBED Mathcad���





or 





 Cos(θ4)     = - Qx


 Sin(θ4)      = - Qy





�EMBED Mathcad���			





Note: It is clear, from  the  above, THAT:





			�EMBED Mathcad���   








�EMBED Mathcad���














Thus the final matrix must be formatted as below:





�EMBED Mathcad���     


         and   


                                             �EMBED Mathcad���














3.





Two cases : A)	θ4 = -90


			d3  on x axis


			d2 on y axis


			Z4-l = d1 on z axis


θ4 = +90


d3 on – x axis 


d2 on y axis


Z4 + l = d1 on z axis











*	                         END OF PROBLEM No1				   *














Problem 2.





�
�
For the following robot (spherical rist


+ prismatic joint) solve the forward &


inverse kinematics)






































SOLUTION





1.Forward kinematics


    


We assign the center of each link and define the axis origins of each system, using the equations: 


 


                 ZinZi+1 = Oi                                                  (1.1)   








        Xi = ±Z i-1 x Z i /¦Z i-1 x Z i¦            (1.2)





    So ,  x1,x2,x3,x4 are defined as below:








X0 = arbitrary 


X1 =  Z0 x Z1


X2 = -Z1 x Z2


X3 =  Z2 x Z3 = 0 thus arbitrary


X4 =  Z3 x Z4 = 0 thus arbitrary




















Links and D-H parameters:








Links�
di�
ai �
αi�
??�
�
1�
0�
0�
-90�
Θ1*�
�
2�
0�
0�
+90�
Θ2*�
�
3�
0�
0�
0�
Θ3*�
�
4�
d4*+d03�
0�
0�
0�
�






A(0,1) = Rot(y, 90) Rot(z, 90) Rot(y,θ1) =








�EMBED Mathcad���











We calculate the A(0,4) matrix:








�EMBED Mathcad���
















































































2.Inverse Kinematics


�EMBED Mathcad���





Note 2,3: If Qz was 0=> sin(θ2)=0=>θ2 = 0 or π


                or cos(θ2) = 0 => θ2= ±90


	      We would have had infinite solutions (singularity)	




















*	                         END OF PROBLEM No2				   *








Problem 3. 





Consider the following Planar 3-DOF robot.How many solutions (dx,dy,dz) exists to the


�
�



1.A the inverse position problem?


2.B the inverse position/orientation     problem?























SOLUTION


1.A





    We assign the center of each link and define the axis origins of each system, using the equations: 


 


                 ZinZi+1 = Oi                                                  (1.1)   








        Xi = ±Z i-1 x Z i /¦Z i-1 x Z i¦            (1.2)





    So ,  x1,x2,x3,x4 are defined as below:





X0 = arbitrary 


X1 = -Z0 x Z1


X2 =  Z1 x Z2


X3 = -Z2 x Z3





                    


 























Links and D-H parameters:








Links�
di�
ai �
αi�
Θ?�
�
1�
Dy�
0�
+90�
0�
�
2�
Dx�
0�
�
0�
�
3�
0�
0�
+90�
Θ3*�
�






�EMBED Mathcad���


























As usual we calculate the final matrix, from the aboves:











�EMBED Mathcad���





INVERSE KINEMATICS





we are going to find the θ4, and the position of the original axis.Suppose we were given a Known final matrix A(0,4):





�EMBED Mathcad���


Note: It is obvious that Ny,Ox,Qy,Oz must be equal to zero, and Oy equal to -1. If not the system is unsolved.











�EMBED Mathcad���

















Note: It is clear, from  the  above, THAT:





			�EMBED Mathcad���   








�EMBED Mathcad���











1.B.








The x0,,y0,z0 axis will in respect with the final position , will be located  in :


�EMBED Mathcad���





(we need some help here…may we say that A(3,0)= inverse of A(0,3)???


And if yes , may we calculate the initial position of the axis from it?


And if yes , is that what are u asking for ?!?!?!



































*	                         END OF PROBLEM No3				   *








Problem 4.





�
�
Find d1(t),θ2(t),θ3(t),θ4(t), functions of time st.


1.The position of the end-effector lies (always) in the plane P=[1/x4 , 0 ,0 ,-1]


 (where |x4| less or equal to l2+l3)


2.The end-effector  is always perpendicular to this plane (orientation constraint)


3. The end-effector moves from point 


    A[-x4,yA,zA,1] to point b[-x4,yB,zB,1]


    With a constraint velocity v=(B-A)/dt


     And:  |x4|²+|yA|² less or equal (l2+l3)²	     |x4|²+|yB|² less or equal (l2+l3)²





Find d1(t),(2(t),(3(t),(4(t) s.t.


Constrains A.1 and A.2 are satisfied


the end-effector moves with a constant linear velocity on the circumferance of a cicle described by y²+z²=c² and x=-x4 w.r.t. the base coordinate frame


Plot the coordinates d1(t),(2(t),(3(t),(4(t) for the following  l2=2m,l3=1m, x4=2.5, yA=0.3, zA= 1m, zB= 2m, dt=2sec, c=0.2 m


			








SOLUTION


�EMBED Mathcad���























1.)





Inverse  Kinematics


Assume  A(0,4) =�





From the final matrix we calculate: 


-l3*cos(q2+q3) - l2*sin(q2) = Px


-l3*sin(q2+q3) - l2*cos(q2) = Py


cos(q2+q3) = Nx


sin(q2+q3) = Ny


-sin(q2+q3) = Ox


cos(q2+q3) = Oy


tan(q2+q3) = Ny/Nx


tan(q2+q3) = -Ox/Oy


sin(q2) = (-l3*Nx-Px)/l2


cos(q2) = (-l3*Ny+Py)/l2


tan(q2) = (l3*Nx-Px)/(l3*Ny+Py)


q2 = atan(   (l3*Nx-Px)/(l3*Ny+Py)   )


q3 = atan( Ny/Nx) - atan(   (l3*Nx-Px)/(l3*Ny+Py)   )





A.1)   Px=-x4


In order to have the end-effector position in the plane x= -x4 , Px which is the translation of x0 axis in its own direction  must equal -x4.So Px=-x4 is the desired constraint.





A.2) 





In order to have the end-effector perpendrecular to the plane x= -x4 plane,the axis alongside the end-effector (z4) must be the same direction as x0 axis.So Qx= -1  Qy,z=0  are the desired constraints.


Given Matrix Form so 


that constraints are satisfied.     A=�


�


A.3) 


�


B.1) 





In order to have the end-effector perpendrecular to the plane x= -x4 plane and on the plane,the axis alongside the end-effector (z4) must be the same direction as x0 axis and Px must equal -x4 the same time.So Qx= -1  Qy,z=0   and Px=-x4are the desired constraints.


Given Matrix Form so 


that constraints are satisfied.     A=�





All the above constrants (Px=-x4,Qx=-1,Qy,z=0) must be met plus a constraint in Py so that 


when the matrix of end-effector is given ,the Py of this matrix must be calculated by the 


equation of Py = �.This way when a specific Pz is applied the Py is always calculated


in a way that the end-effector is on the specified circle.








B.2) 


Given Matrix Form so 


that constraints are satisfied.     A=�
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