> restart, #Ond Scalat where hbar noted as h because is more covenable;

2m & I’ " p2
> eqb=—— | E+— + 7 k|- f(p) +diff (p:f(p), p, p) #Onduscular;
h P 2-mep 2-m R
2 2 2
om|E+ & 4 L 2—21‘ 0 £(p)
et = P 2mp 77 #2% (o) +o [ 1(p)
hZR dp de

> change of vars = { tho=rb-r, f(tho) =g(r)};
change of vars == {p=rbr,f(p) =g(r)}
> PDEtools:-dchange(change of vars, eq6, [g(r), r]);

2 2 2 2
2m(E+ ¢ + Lzz—zn];]rbzrzg(r) z(ig(r)) r(d—zg(r)j

rbr
Zmré) 7 i dr n dr
R rb rb
B 2 2 2 2
L Wk d
2m (E—i— 4 — - ]rbzrzg(r) 2 (ig(r)) r(—z g(r)j
. rbr 2 mrb y 2m dr dr
> eql == 5 + +
PR rb rb
2 2 2 2
L hk d
2m(E+ Z 22 75 ]rbzf’zg(l”) Z(ig(r)) r(—zg(l’)J
ror 2mrb ¥ m dr dr
eql = > + +
R rb rb
>
4 . 2
> subs(Ez n?zez 5 -E0, rb= 4-Pi Ezh , Ij,
32:-Pi"-e“-h m-e
4 4 2 4 2
32 [ e EO0 em L me Ik nezrzg(r) d
321t2€2h2 Ameh’r 321t262h4r2 2m n (Eg(r))me
me* R 2 ek’
dZ
me r[F g(r)j
+ —
dmeh
B
. 2 4, 2 5 2
. 8-Pi-e L h-km-e % )
> eq2 = | E0+ . + 22 —16-Tj-—'g(r) +diff (r-g(r),r,r)
¥ m-e
Sme  [2 16h* ke &
E0 + + ) > 4 rzg(r) )
eq? = T Ky e +2L e+ L gn)
q R dr g d?’z g
Sme  I° 16 h*km ezj # d &
> eq2:= |E0+ + — gr)+2 —g(r)+r|— glr)|;
h2 r2 mze4 R dr dr2
2
Sme 2 161tk &
E0+ + = >4 7 g(r) )
a2 = i hr m_e 2 YL
q R dr g d7"2 g
B 2
8 2 16h*kn &
> TFreeOT’d:= [E_0+ Le 2L2 - 2 4TC < j'rz.g(r)a
R rR hrR m e R

0y

()]

(&)

©))

()

)

(8



TFreeOrd =

— + + rg(r)

2
E0  8me > 16hkn &)
R rR hzrzR mze4R

2
8 2 16 h*kn €
> sort[[%rz—l— 71:er—l— L _ e rz],r];

R h2~R mze4R
2
E04  16hkw &4 Smer  I2
R 2 4 TR T2
me R h" R

2
E0F 16h*kn &7 | 8mer | L
N 2 4 + T
R m e R R h™R

#Onduscular equation.

2

(Eoﬁ 165 kw74 | Smer I
eq2 =

> eq2 =

R m2 e4R R th s

> restart,

Feyman

2
> eql == _2h72n ~(E+ < ) p-f(p) +diff (p-£(p), p, p) ;#Schrodinger;
p

2
Zm[EJr%pr(p) ;
+2 — +

2 ” f(p) +p
> change of vars == { tho=rb-r, f(rho) =g(r) };
i change of vars == {p=rbr,f(p) =g(r)}
> PDEtools:-dchange(change of vars, eql, [g(r), r]);
2

d2
2m(E+e—)rbrg(r) 2(d (r)) ”( 28(”)]
rbr n

W rb rb

eql =

2
e 2
2m(E+—rbr)rb rg(r) L2 .
+— ( r-g(r))#we multiply rb ;

> eq2 =

i dr
2
2m(E—|—e—jrb2rg(r) 5
. rbr d d
eq2 = 5 +2——g(r) +r| —5 gr)
h dr dr
B 4 . 2
> Subs(E=%-E0, rb=w,eq2);
32-Pi“-€-h m-e
#with wacuum permittivity e and EQ=energy in Rythberg unit
4 4
32 mez £0 + £ mz Tc2 ezhzrg(r)
32T 2R dmeh r y d N d>
_ me dr gl ar? gl
E0 Pi-¢ > d d*
> eq2==32~( + ) -h -r-g(r)+2—g(r)+r[—g(r));
32-0° 4y dr dr?
2
eq2:232( E02 + n; thrg(r)-l—Zig(r)-l—r(d—zg(r)]
32K 4k dr dr
— 3 [ E0 | Tme d &)
> eq2~—32( 0 +4'r) r-g(r) +2 & g(l’)—l—r(dr2 g(r)],

2
— + + ]g(r)-l—Z—rg(r)-i-r[%g(r)

#ScrodingeScal where hbar noted as h because is more covenable; we start from eqation 19.8

®

®

(10)

an

(12)

13)

(14)

15)

(16)



2
eq2::32(—+— +2—g(r)+r(d—2 g(r)]
i dr
8-m-e 4>
> eq2 = (EO—I— " )'V'g(r)‘i‘?( r-g(r));
8 d d’
eq2 = (EO-l— ;te) g()+2d— ()+r[¥g(l”)J

> restart# we have the Schrodinger Scaled equation with wacuum permittivity €

T 2
> eq3 = (EO + 8me ) - pflp) + d—z (p-f(p)); Hegation (1) with wacuum permittivity e
p dp
d

8“]pf<p)+zd—pf<p>+ (dpz £(p ))

eq3 = [EO +

> restart#now we have the Schrodinger Scaled eql with wacuum permittivity €;

> eql = (Eo+ Bme j o £(p) +dd—22(p-f(p));
P
eql = [Eo+ 87 ] o/ (p) +2 -3 £(p) +p(d—2 f(p>j
p dp dp

> change_of vars = { tho=rb-r, f(rtho) =g(r) 2ZR—rrb };

2-R
g(r) (-rbr+2R) }
2R

change of vars := {p =rbr,f(p) =

> PDEtools:-dchange(change _of vars, eql, [g(r),r]);

d
= ~rbr+2R)
8me (dr g(r))( : g(r)rb]
(EO-%— by )rbrg(r)( rbr+2R) \ 2 R >R
2R rb
d2 d
< g | (-rbr+2R) (—g(r))rb
dr _ \dr
2R R
i + rb
8T
(EO—i— )rbrg( ) (-rbr+2R)
> eq?2 = simplify rbr
2R
(i (r)) (-rbr+2R)
o | Lar & _glnrb
n 2R 2R
rb
d? d
— g(r) | (-rbr+2R) (_g(r)),,b
. dr _ \dr
N 2R R .
rb ’
1 2 ) d? d # E0 rb’
g2 = 5 [(—r rb+2Rr (? g(r)] + (-4rbr+4R) (5 g(r)) +2 (T

+7r(EOR—4Tme) rb+8Rne—1) rbg(r))

a7

(18)

19)

(20)

@1

(22)



_ (-Arbt2Rr) r (& (-4rbr+4R) (d 2 (
> eq2 = 2rbR & &) 2rbR (dr g(r)) + Rg(r)
2 2
—# +7r(EOR—4me) rb+8Rne—1);
d2
(-F2Fb+2RI”)I’(—2 g(l’)] (-4rbr+4R) (ig(r))
eq2 = & + dr (24)
1 2rbR 2rbR
2 2
2g(r) (—# +r(EOR—4ne)rb—l—8Rne—1)
_ (-rrb+2R)r ([ & (-4rbr+4R) ( d 2 # E0 b’
> eql == . (r) | + g |+ —gr)| -
7 2rbR d? & 2rbR dar ¢ R® 2
+r(EOR—4Tme) rb+8Rne—l);
d2
(—rbr+2R>r(—2g(r)] (-4rbr+4R)(ig(r))
eq2 = dr + dr (25)
1 2rbR 2 bR
2 2
2g(r) (—% +r(EOR—4ne)rb—l—8Rne—1)
B 2
r d (-4rbr+4R) d 2-g(r)
> eq2 = . —g(r)j—l— -(—g(r))—i— (
2rbR [drz 2rbR-(-rrb+2R) \ dr R-(-rrb+2R)
2 2 ~
—M+r(E0R—4ne) rb+8Rn‘e—1);#( 4rbr+4R) ~2;
2 (-rrb+2R)
d2 d
r F g(r) (-4rbr+4R) (d— g(r))
eq2 == 4 + r (26)
2rbR 2rbR (-rbr+2R)
2 2
2g(r) (—% +r(EOR—4Te) rb+8R1te—1)
_|_

R(-rbr+2R)

=D L (EOR—4me) rb+8Rne—1)

2
+ -rbr+2R g(r);
e 2=y d_2 (}") _’_21 (,,-) (27)
1 dr? g ar
# E0 rb’
2rb(— ) +7(EOR—4me) rb+8R1tE—l)g(7”)
i + -rbr+2R
rzEOrb2

2

{2rb( —I—r(EOR4ne)rb+8Rnel)]
> TFreeOrd = simplify b r+ 2R ;

b (-7 EOrb* +2EORrrb—8merrb+ 16 Rme—2)
-rbr+2R

TFreeOrd = (28)




, (rb(—rzEOrb2+2E0Rrrb—81terrb+16Rﬂ;e—2) )
> series , s
-rbr+2R

2
rb" (8Rme—1)
rb(16Rme—2) | 1 rb (2EORrb—8merb) + 7 ,,
2R 2 R
3 2
b’ EO + rb (2E0§ 1) \ 5 6
+ L 2R poLonbt s 1 s L s s
2 R 8 4 16 R5 32 R6
¢’ d rb (16Rme—2)
> eq3 = —_ 7 &
E ’”( 4 g(r)j * dr glr) + R
b~ (8 R —1
1 rb(2EORrb—8nerb)+r ( Rne )
+3 R r
3 2
B E0+ TP (2E012e 1)
1 ZR 2 .
Ty ¥ | -g(r) #Aproximative
2 R
d’ d rb (16 Rme—2)
3:: —_— 2_
eq r[drz g(r))—l— " a(r) + -
2
R —1
(rb(ZEORrb—Snerb)—i— rb (8 RTCE ) J”
i 2R
3 ' (2EOR*—1) \
[—rb EO0+ > ),,
2R
I " 2R g(r)
| 2
rb" (8 Rme—1)
rb(16Rme=2) 1 rb (2EORrb—8merb) + z
2R 2 R r
3 2
-rb> EO + rb (2E0§ 1) . . o 2
I 2R , E0A  16KkT 4 8mer L
+ 2 B . L2
2 R R 2R R PR
#Aproximation;
2
b (8Rme—1)
rb (16 Rme —2) (rb(zEORrb—gﬂerbH 2 jr
3 2
B0+ 2 (2E0§ 1) 2 2 . 2
2R E0F 16Kk km €7  8mer L
+ _ _ N N
= R . R W R
= X ,
_Vb3E0—|— Vb (2E0]§ 1) \ , 2
> solve| | = 2R _E0 _16hkn e
2 R R AR

(29)

(30)

(€2Y



8Rme—1)

2
rb- (
[Vb(2EORFb—8n€rb)+ R J _ 8Tt e }"b(16RT[E—2) - L2

2R R’ 2R 2RI

{R, k, EO} |;

2w R (R +2m 0 +20) i+ L
b (B +202 Wb +1Y) 7 Smelrb’
:mze4(hzrb6+2h2rb3+4rbh2+4L2)
i (B> +2 12 W2 rb + 1)
b +1°
Smehrb

E0= k (32)

> R =

2 2
R::I”b/’l—'zL 33)
Emeh rb

2

4meh’
[ Te -i-Lz]me2

. 2 2 2
S Subs[rb: 4-Pi-e-h” rbh”+L ]

m-e2 ’ 8neh2rb

2

2 et

> simplify

41teh4—|-Lzme2

2T eh

(35)

| > restart,

> m=9.109-10">"; ¢ := 8.8541878128 x 10~ '%; hbar := -19

6.6256 1073* e :=1.602-10""; ¢ :=

2-Pi
299792458; h == 6.6256-10 >%; rb := 5.292410932 10 ~''; @ := 20-21-hbar’; [ := 20; Tq :

1.76536-10"1% W = 5.78-10 >:#magnetron Bohr#E0=1:#m=[kg]: ¢ = [ < ]; h=[Js]
N-m

or[eV-s],e=[C];
= 9.109000000 103!

= 8.854187813 1012
= 1.054496991 103
= 1.602000000 10~
¢ == 299792458
h == 6.625600000 10
rb = 5292410932 10!
a = 4.670248397 10%°
[:=20
Tq == 1.765360000 10~"°
1 == 0.00005780000000 (36)

® I m 3




4 mehbar’ +a-mé
> evalf 5 p ;
32w € hbar
i 3.566211881 10* 37
4 1 ¢ hbar” +1-(I+ 1)-hbar2-m- &
> evalf 5 p ;
32w € hbar
i 3.566211881 10% (38)
| > restart,
2 4, 2 52 2
16 h' k 8 .
>eq0nd:=[E0r — zzter + n€r+l(l+1) ()+2ig(r)-|-r(—2
R m° e R R R dr dr

g(r) ] ;#Onduscular equation.

2
eq2 = (7.107*/* 4+ 6.014324624 1073 r + 1.135135135 10~ 2°) g(r) 42 di g(r) +r [d—z (39
r 7
g(r)J
>
b (-PEOrb* +2E0 -Rrrb—8-3.14159-¢ -rb- r+ 16 R -Pi- € —2) d
> eqSchro = br+2R g(r)+2 4
2
g(r) +r [d—z g(r)];#Schrodinger scaled aproximation;
dr
0g3 i 3292410932 107" (-6.014324624 10~ +8409400328r+1646722082 10") g(r) 40)
-5.292410932 10! » 4 7.400000000 10°>
2
2L o)+ [d—2 g(r))
dr dr
S Sm.es[ 5292410932 10! (-6.014324624 103 +8409400328r+ 1.646722082 10'°) .
-5.292410932 10! » 4+ 7.400000000 10** )

1.177720263 10720 + 6.014324627 1023 1 4 2.145571999 107 /* + 1.534493068 10108 ;% 41)

+1.097455120 104! /* +7.848896585 107175 ° + 0(+°)

> eqSchro == (2.145571999 1077° /* + 6.014324627 103 r 4+ 1.177720263 1072°) -g(r) +2 %

2
g(r) —I-r[ ;1 5 gl )];#Schrodinger scaled aproximation;
| v
> Ser = 2.145571999 10~7° /? + 1.534493068 10198 ,? 4+ 1.097455120 10~ 14! /*
+ 7.848896585 10175 ;7
Ser = 2.145571999 1073 2+1534493068 107198, 4 1.097455120 10141 /* 42)

| +7.848896585 10717°

> subs(r=rb, Ser);
6.009664236 10 7° (43)

> Serl = evalf(7. 10~4. rbz);
Serl = 1.960672943 10~ (44)

>




