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Algebra ll
Lesson 6-5
Theorems about Roots of Polynomial Equations
Is there a simple way to predict how many roots/zeros/answers are possible? Yes! It is called the Rational Root

Theorem. This theorem basically states that if we factor the constant term (p) and the leading coefficient(q), make a
factor of constant term

ratio of all possible combinations of the factors: - then the ratios that result in a zero

factor of leading coefflaent
when put into the equation ARE ROOTS. To better understand this process, Iet s look at an example:

Identify all of the real roots of: x* —3x%2 —4 =0

p=4, g=1, Identify the constant term and the leading coefficient
factorization of p: +1, 42, +4; factorization of q:+1 Factor each term
so P4l 4242 List all ration combinations

—1"—1"—1

Plug ratios into the polynomial equation and evaluate

¥ —3(1)2—4=-6 #0 -~ notaroot
—1*—-3(-1)?—-4=—-6# 0 . notaroot
24 —3(2)2 —4=0-ro0t
(=2)*=3(=2)2—4=0 -~ root
(H)* —3(4)> —4 =204 # 0 ~ not aroot
(—* —3(—4)2—4 =204 # 0 . not aroot

Root: x=2
Root: x=-2

Notice that this theorem is called the Rational Root Theorem; this is a means of finding rational roots. Irrational
roots are possible as well as complex roots. To find these roots, you must reduce the polynomial down to a
guadratic by dividing the real factors into the original polynomial, and use the Quadratic Formula to solve.

Summary:
When given a polynomial to solve, we can find all real roots by
1. using the Rational Root Theorem to find the rational roots,
2. use synthetic division to reduce the polynomial,
3. and use the quadratic formula to find the remaining roots.
Always check the graph to make sure the roots match the graph.

Example: Identify all roots for

3x3—18x2—9x+132=0 Is there any number/variable in common with all 4
3 —6x2—-3x+44=0 terms? Yes. Factor out.
1. Use Rational Root Theorem: Constant term and leading
p=44, q=1 coefficient
factor|zat|on p: +1,+2,+4,+11,+ 22 44 q:+1 Factor terms
P_ _|_ S+ i’i %,i 1T’i % i List ratio combinations

13 _ 6(1)2 —3(1) + 44 = 36, not 4 root Plug ratios into the polynomial and evaluate

—13 —6(=1)? — 3(—1) + 44 = 40, not aroot

(2)2-6(2)?—3(2) + 44 = 22,not aroot

(=2)3 —6(—2)? —3(-2) + 44 = 18, not aroot
3_ 2 _ _

4) 3 6(4) 3(4) +44=0 " Root Rootx =4 ; Givesa factor of (x —4)

(—4)° —6(—4)* —3(—4) + 44 = —104,not aroot

Testing the remaining values will show that none of the

remaining ratios will be roots



2. Now do synthetic division to reduce the polynomial:
x3—6x2—3x+44=0

ﬂ1 -6 —3 44
1 2—11|0_|

x> —6x—11=0

Factored, we get: (x —4)(x2 —6x—11)) =0

3 X = —(=2)+/(=2)2-4(1)(-11) Now use the quadratic formula to solve for the
' 2(1) remaining solutions using: a=1, b=-2, c=-11
2++4+ 44
X=—
2
2448  2+16V3
YT T T
2143
T
x=1+2V3
So all the possible roots for this polynomial are
x=4,1+2V3

Remember: If you have one irrational root, there will be a second irrational root. The Irrational Root Theorem
states that if you have a root of a + /b, then you will also have the root of a — vb. These are called conjugates
Likewise for imaginary roots we always have conjugate solutions as well: if you have the root of a + bi, then you
will also have the root a — bi. (These are known as complex conjugates.)



