	Cauchy Integral Formula
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Cauchy's integral formula states that 
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where the integral is a contour integral along the contour [image: image6.png]


enclosing the point [image: image7.png]


. 

It can be derived by considering the contour integral 
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as an infinitesimal counterclockwise circle around the point [image: image10.png]


, and defining the path [image: image11.png]


as an arbitrary loop with a cut line (on which the forward and reverse contributions cancel each other out) so as to go around [image: image12.png]


. The total path is then 
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so 
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(4)

From the Cauchy integral theorem, the contour integral along any path not enclosing a pole is 0. Therefore, the first term in the above equation is 0 since [image: image15.png]


does not enclose the pole, and we are left with 
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. Then 
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(6)


But we are free to allow the radius r to shrink to 0, so 
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(7)


giving (1). 

If multiple loops are made around the point [image: image29.png]


, then equation (7) becomes 
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is the contour winding number. 

A similar formula holds for the derivatives of f(z), 
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(9)


Iterating again, 
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Continuing the process and adding the contour winding number n, 
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	Cauchy Integral Theorem
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	If f(z) is analytic in some simply connected region R, then 
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(1)

for any closed contour [image: image51.png]


completely contained in R. Writing z as 
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(2)

and f(z) as 
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(3)

then gives 
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(4)


From Green's theorem, 
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so (4) becomes 
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But the Cauchy-Riemann equations require that 
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so 
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Q.E.D. 

For a multiply connected region, 
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	Darboux's Formula
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	Darboux's formula is a theorem on the expansion of functions in infinite series and essentially consists of integration by parts on a specific integrand product of functions. Taylor series may be obtained as a special case of the formula, which may be stated as follows. 

Let f(z) be analytic at all points of the line joining a to z, and let [image: image72.png]


be any polynomial of degree n in t. Then if [image: image73.png]


, differentiation gives 
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(1)
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, so integrating t over the interval 0 to 1 gives 
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(2)

The Taylor series follows by letting [image: image80.png]
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(Whittaker and Watson 1990, p. 125). 
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	Riemann Integral
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	The Riemann integral is the integral normally encountered in calculus texts and used by physicists and engineers. Other types of integrals exist (e.g., the Lebesgue integral), but are unlikely to be encountered outside the confines of advanced mathematics texts. In fact, according to Jeffreys and Jeffreys (1988, p. 29), "it appears that cases where these methods [i.e., generalizations of the Riemann integral] are applicable and Riemann's [definition of the integral] is not are too rare in physics to repay the extra difficulty." 

The Riemann integral is based on the Jordan measure, and defined by taking a limit of a Riemann sum, 
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are arbitrary points in the intervals [image: image95.png]
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, respectively. The value [image: image98.png]


is called the mesh size of a partition of the interval [a, b] into subintervals [image: image99.png]


. 

As an example of the application of the Riemann integral definition, find the area under the curve [image: image100.png]


from 0 to a. Divide (a, b) into n segments, so [image: image101.png]


, then 
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(4)
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(5)

[image: image108.png]



[image: image109.png]



[image: image110.png]



(6)


By induction 
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so 
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For example, take r = 2. 
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so 
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(11)

Riemann integrals can be computed only for proper integrals
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	Riemann Sum
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Let a closed interval [a, b] be partitioned by points [image: image133.png]


, where the lengths of the resulting intervals between the points are denoted [image: image134.png]
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, ..., [image: image136.png]
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be an arbitrary point in the kth subinterval. Then the quantity 

[image: image138.png]



is called a Riemann sum for a given function f(x) and partition, and the value [image: image139.png]


is called the mesh size of the partition. 

If the limit [image: image140.png]


exists, this limit is known as the Riemann integral of f(x) over the interval [a, b]. The shaded areas in the above plots show the lower and upper sums for a constant mesh size. 
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	Upper Sum
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For a given function f(x) over a partition of a given interval, the upper sum is the sum of box areas [image: image148.png]


using the greatest value of the function [image: image149.png]


) in each subinterval [image: image150.png]
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